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PREFACE 

Although in the 'writing of this book the needs of 
students in the warions departments of Engineering and of 
Architecture in Cornell University have recei-ved the hrst 
consideration, care has also been taken to make the Avork 
suitable for the general student and at the same time useful 
as an introduction to a more advanced course for those 
students who may wish to specialize later in mathematics. 
Among the features of the book are: 

(1) An extended introduction (Chaps. II, 111, IV;, m 
which it is hoped that the fundamental problems of the ^b- 
ieot are clearly set forth and sufficiently illustrated. The 
chief difficulty which the beginner in Analytic Geometry 
usually has to overcome is the relation betiveen an equation 
and its locus; having really mastered this, he easily and 
rapidly acquires a knowledge of the properties to which this 
relation leads, and especial care has therefore been given to 
this matter. Analytic Geometry is broader than Conic Sec¬ 
tions, and it is the firm conviction of the authors that it is 
far more important to the student that he should acquire a 
familiarity with the spirit of the method of the subject than 
that he should be required to memorize the various properties 

of any particular curve. ^ ^ 

(2') The making use of some intrinsic properties ot curves 
rsee 4rts 106, 112, 118), which experience with many 
classes has shown to give the student an unusually strong 
grasp on the equation of the second degree from which the 

:r//-term is absent. ^ 

' (8 ) rntfoduction of the demonstrations of general theorems 
by numerical examples. This not only makes clear to the 
student what is to be done, but shows also the method to 
be employed, — it generalizes after the student is acquainted 

with the -pi • 

Easy but rigorous proofs of all the theorems within 

the scope ot‘ the book. in Art. 6< it is proved, and 
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Yery simply, too, that the vanishing of the discriminant is 
not only a but also the sufficient condition that the 

quadratic equation represents a pair of straight lines. 

It may also be mentioned here that, in the early part ot 
the book, two or more figures are given in connection with 
a proof and so lettered that the same demonstration applies 
to each. It is hoped that this will help to convince the 
student of the generality of the demonstration. A copious 
index which enables one almost instantly to tiiin to anything 
contained in the book has also been added. 

The engineering students at Cornell University study 
Analytic Geometry during the first terin of their freshman 
year, and experience has shown that it is best to devote a 
few lessons at the beginning of the term to a rapid review 
of those parts of the Algebra and Trigonometry that are 
essential to the reading of the Analytic Geometry. The first 
twenty “three pages are devoted to this matter, and may, of 
course, be omitted by those classes that take up the subject 
immediately after reading the Algebra and rrigononietry. 

The book contains little more than can be mastered by a 
properly prepared student of average ability in from twelve 
to fourteen weeks ; if less than that time can be devoted to 
the work, the individual teacher will know best what parts 
may be most wisely omitted by his pupils. A list of lessons 
for a short course of eleven weeks is, however, suggested on 
the next two pages. 

A few specific acknowledgments of indebtedness are made 
in foot-notes in the appropriate places in the book. Of the 
large number of examples which are inserted, many are origi¬ 
nal, while many others have come to be so comnion in text¬ 
books that no specific acknowledgment for them can be 
made. We take great pleasure in expressing here our 
thanks to the other authors of this series of books for their 
many helpful suggestions and criticisms; to our colleagues, 
Dr. J. I. Hutchinson and Dr. G. A. Miller, who have so 
greatly assisted us in reading the proof, and the latter of 
whom" also read the manuscript before it went to press; 
to Mr. Peter Field, Fellow in Mathematics, and Mr. E. 
A. Miller for solving the entire list of examples ; and to 
Mr. V. T. AVilson, Instructor in Drawing in Sibley College, 
for the care with which he has made the figures. 
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ANALYTIC GEOMETRY 


PART I 


CHAPTER I 
INTRODUCTION 

ALGEBRAIC AND TRIGONOMETRIC CONCEPTIONS 

1. Number. A number is most simply interpreted as 
expressing the measurement of one quantity by another 
quantity of the same kind first chosen as a unit of measure; 
it is positive, or +, if the measuring unit is taken in the 
same sense as the thing measured; and negative, or if 
this measuring unit is taken in the opposite sense. 

E.g., the unit dollar may be regarded as a dollar of assets, 
or as a dollar of liabilities; if it is regarded as a dollar of 
assets, then assets measured by it produce positive numbers, 
while liabilities measured by it produce negative numbers. 

The above detiiiitioii is consistent with the one usually 
given; viz. that numbers are positive or negative according 
as they are greater or less than zero. 

If the operations of addition, subtraction, multiplication, 
division, raising to integer powers, extracting roots, or any 
combination of these operations, are performed upon given 
numbers, the result in every case is a number; it is imaginary 

tan. AN. GEOM. — 1 



2 


ANALYTIC GEOMETRY 


[Ch. I. 


if it involves in any way whatever an indicated even root of 
a negative number; otherwise it is real. 

Every imaginary number may be * reduced to the form 
^ j V— 1, where a and h are real, and 5^0. 

2. Constants and variables. If AB and AQ are two given 
straight lines making an angle a at 
the point J., and if any two points 
X and F, on these lines, respectively, 
are joined by a straight line, then 

Area of triangle AXY = AX- J.F* sin a, 
i,e,^ A = ^ - X-y • sill a, 

where x is the length of AX^ y is the length of A F, and A is 
the area of the triangle. 

If now the points X and F are moved along the lines AB 
and AO in any way whatever, then A, and y will each pass 
through a series of different values, — they are variable num¬ 
bers or variables ; while ^ and sin a will remain unchanged,— 
they are constant numbers or constants. 

It is to be remarked that ^ has the same value wherever it 
occurs, — it is an absolute constant; while a, though constant 
for this series of triangles, may have a different constant 
value for another series of triangles, — it is an arbitrary 
constant. 

Because x and y may separately take any values what¬ 
ever they are independent variables; while A, whose value 
depends upon the values of x and y, is a dependent variable. 

The illustrations just given may serve to give a clearer 
conception of the following more formal definitions. 

An absolute constant is a number which has the same value 
wherever it occurs; such are the numbers 2, 7, f, 6"', tt, 6^ 
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(where tt = 3.14159265---, approximately the ratio of the 
circumference of a circle to its diameter 5 and. 

6=2.71828182... =l + ^ + j|+|-|+-, 

approximately the base of the Naperian system of loga¬ 
rithms). 

An arbitrary constant is a number which retains the same 
value throughout the investigation of a given problem, but 
may have a different fixed value in another problem. 

An independent variable is a number that may take any 
value whatever within limits prescribed by the conditions of 
the problem under consideration. 

A dependent variable is a number that depends for its 
value upon the values assumed by one or more independent 
variables.* 

A number that is greater than any assignable number, 
however great, is an infinite number; one that varies and 
becomes and remains smaller (numerically, not merely alge¬ 
braically less) than any assigned number, however small, is 
an infinitesimal number. All other numbers are finite. 

3 . Functions. A number so related to one or more other 
numbers that it depends upon these for its value, and takes 
in general a definite value, or a finite number of definite 
values, when each of these other numbers takes a definite 
value, is a function of these other numbers. E.g., the cii- 
cumference and the area of a circle are functions of its radius; 
the distance traveled by a railway train is a function of its 
time and rate; ify=3a^-p5a:-8, then y is a function of a:. 

* All these kinds of numbers will be met and better illustrated in succeed- 
ing chapters of this book. E.g^, see Art. 55, Note. 
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4. Identity, equation, and root. If two functions involv¬ 
ing tlie same variables are equal to each other for all values 
of those variables they are identically equal. Such an 
equality is expressed by writing the sign ~ between the 
two functions, and the expression so formed is an identity. 
If, on the other hand, the tAvo functions are equal to eacli 
other only for particular values of the variables, the equality 
is expressed by writing the sign = between the two func¬ 
tions, and the expression so formed is an equation. The 
particular values for which the two functions are equal, i.e., 
those values of the variables which satisfy the equation, are 
the roots of the equation. 

E,g,^ (z + y) 2 = 4.2 4 - y% (x a) (x - a) + 

and = 

a; —1 a;—1 

are identities; while 3x^-10x+2 = 2x^-4:x-6, or, what is the same 
thing, X- — 6 a; + 8 = 0, is an equation. The roots of this equation are 
the numbers 2 and 4. 

Special attention is called to the fact tliat an equation 
always imposes a condition, 

E.g,, + 8 = 0 if, and only if, a: = 2 or a: = 4. So also the equa¬ 

tion. ax + iy^c = 0 imposes the condition that x shall be equal to 

-by-c 
a 

5 . Functions classified. A functional relation is usually 
expressed by means of an equation involving the related 
numbers. If the form of this equation is such tliat one of 
the variables is expressed directly in terms of the otliers, then 
that variable is called an explicit function of the others; if 
it is not so expressed, it is an implicit function. 

E.g., the equations y = Vo-x\ x^ + ,/ = 5, and x = v'express 
the same relation between x and in the first y is an explicit function 
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of X, in the second each is an implicit function of the other, while in 
the third x is an explicit function of y. 

The Avord ‘‘function” is, for brevity, usually represented 
by a single letter, such as /, -F, <^, thus y = (^0 ^^^^ans 

that y is a function of the independent A^ariable x, and is read 
“y equals the </)-function of :r”; so also z == F (u^ x) 
means that 2 ; is a function of the independent variables u, v, 
and X, and it is read, “ 2 ; equals the J'-function of u, v, and x'" 

A function is algebraic if it involves, so far as the inde¬ 
pendent variables are concerned, only a finite number of the 
operations of addition, subtraction, multiplication, division, 
raising to integer poAvers, and extracting roots. All other 
functions are transcendental. 

O 2^2 _ 11^*2 

E.g., 2a;3 - 5 a; - 17, xy + 2/2 _ 7^, and _ 7 ^2 algebraic 

functions; while 2^, a* sin a;, tan“'^;2, and logt are transcendental func¬ 
tions. 

6. Notation. In general, absolute constants are repre¬ 
sented by the Arabic numerals, Avhile arbitrary constants and 
variables are represented by letters. A few absolute con¬ 
stants are, however, by general consent, represented by let¬ 
ters; examples of such constants are tt and e (4rt. 2). 
Variables are usually represented by the last letters of the 
alphabet, such as x^ z \ AAdiile the first letters, 

are reserved to represent constants. 

Particular fixed values from among those that a variable 
may assume are sometimes in question; e.g., the values, 
.T = 2 and 2 ; = — 1, for Avhich the function 0 ?— x — 2 vanishes; 
such values may conveniently be denoted by affixing a sul)- 
script to the letter representing the Auiriable. 1 bus jq, aq, aq,* • * 
Avill be used to denote particular values of the variable x. 

Similarly, variables Avhich enter a problem in analogous 
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ways are usually denoted by a single letter having accents 
attached to it; thus a:', a;", x"\ ••• denote variables that are 
similarly involved in a given problem. 

Again, each of the two equations, y=3a:^—4a:+10 and 
y=(f)(x), asserts that y is a function of x; but while tlie 
former tells precisely how y depends upon x, the latter 
merely asserts that there is such a dependence, witliout 
giving any information concerning the form of that depend¬ 
ence. If several different forms of functions present them¬ 
selves in the same problem, they are represented by different 
letters, each letter representing a particular form for that 
problem, though it may be chosen to represent an entirely 
different form in another problem. 


E.g., if the form of <f>, in a given problem, is defined by the equation 


^ 2 x+l ' 


then, m the same problem, 


7. Continuous and discontinuous functions. In general a 
function takes different values when different values aro 
assigned to its independent variable. If y = tlieii, 

for x = a and x = h, the function becomes = (p(a) and 
^2 = and is in general different from y^. Tlie func¬ 
tion (f)(x) is said to be a continuous function of x between 
x = a and x = b, if, while a; is made to pass successively 
through aU real values from a to b, y remains real and finite 
and passes correspondingly through all values from y^ to y,. 


This definition may be more precisely stated, thus : If x, and x are 
any real values of x -which lie between the values a and I, and if the cor 
responding values of y. vis. and are real auk finUe; td 
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a positive numbei' r] can be found, such that by taking, numerically, 

X^—X^< 1), 

it will follow that, numerically, 

< e, 

where e is any assigned positive number, however small; then <f>(x) is a 
continuous function of x for values from a to 5. 

Or, in words: y is a continuous function of x for all values of x in the 
interval from a to b, if, by taking any two values of x m the interval 
sufficiently near together, the difference between the corresponding values 
of y can be made less than any assigned number, however small. 

A discontinuous function is one that does not fulfil the 
conditions for continuity. It is, however, usually discon¬ 
tinuous for only a limited number of particular values of its 
independent variable, while between these values it is con¬ 
tinuous. 

As familiar examples of continuous functions may be 
mentioned: the length of a solar shadow; the area of a 
cross-section of a growing tree, or of a growing peach; the 
height of the mercury in a barometer ; the temperature of a 
room at varying distances from the source of heat; and 

interest as a function of time. 

So, also, 2 / = 3a.-2-p4a: + l is a continuous function of a: 

for all finite values of a;. 

For, y remains real and finite so long as x remains real and 
finite, and, if and ai^ he any two finite values of a: which 
differ from each other by 77 , i.e., if x^ = x^± 77 , then 

y^ — y-^ = Sx^^ + 4: x^ + 1 — +-^ ^'1 + 

= 3 (ail ± 77)2 + 4 (ail ± 77 ) - 1 -1 - (3 x^^ -|- 4 aj -h 1), 

= ± (fiaii -1-4-1-377)77. 

Now to show that y = 3 a^ -f- 4 a -I- 1 is continuous for 
it only remains to show that, by taking 77 sufficiently 
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small, bj taking sufficiently near ciui be made 

to differ from y-^ by less than any assigned number (e), liow- 
ever small. But this is evident; for r; may be taken as near 
zero as desired, hence the factor 6 + 4 + 8 r; as near b +- 4 

as desired, and the product therefore as near zero as is neces¬ 
sary to be less than e. 

On the other hand, if, at regular intervals of time, apples 
are dropped into a basket, the combined weiglit of the basket 
and apples will increase discontinuously; i.e., their total 
weight is a discontinuous function of the time. 

EXERCISES 

1. If Ax-\-By + C = 0, prove that ?/ is a continuous function of x: 
and X, of y. 

2. If 4 = 0, prove that ^ is a continuous function of x, when 

2>x>-2. 

= ^ is a continuous function of y, when 

b>y>-b. 

'*• Pi - 1 = 0, is a: a continuous function of y? 

5. If St — 9 = 0 , is s a continuous function of 11 

6 . If ifi - 3 u = 0 , is « a continuous function of v ? Is v a continu- 
ous function of ? 

7 . Show that all functions of the form 

V" + + ... + + n„, 

where o„, Uj, a^-a„ are constants, are continuous for all finite viiliics 

y — I — 

8. If ^ ^ — 5 x 1 ^ show that y is discontinuous for x = 1. 

9. Find the value of x for which y, = c is discontinuous. 

6x-« + I 
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10. Interest on money loaned is calculated by the formula 
I =p.R.T, 

Is the interest (/) a continuous or a discontinuous function of P? 
of PV of P? 

8 . The present work will be concerned for the most part 
with algebraic functions involving only the first and second 
powers of the variable, Pe., with algebraic equations of the 
first and second degree. A review is therefore given of the 
solution and theory of the quadratic equation, presenting in 
brief the most important results which will be needed in the 
Analytic Geometry. The student should become thoroughly 
familiar with this theory, as well as with the review of the 
trigonometry which follows it. 


9. The quadratic equation. Its solution. The most general 
equation of the second degree, in one unknown number, may 
be written in the form 

aa? hx + c — 0^ . . . (1) 

where (X, 5, and c are known numbers. This equation may 
be solved by the method of “completing the square,” which 
^ives 

O t ✓TNO/7\0. 




ff-i 

iaj a 


i.e., ar + _=±^f- 


b \2 e 


- — 4 ac*, . 

1 

■ • (3) 

4 ac. 

■ O) 


whence a: = — ^ ± — 4 ac*. . . . (4) 

2a 2a 

If a\ and are used to denote the roots of eq. (1), they 
may be written 

— h —1 1 — /) — V/>^ — 4 ac 

^ and =---. . • • 

^ 2a " 2 a 
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The nature of the roots (5) depends upon the number 
under the radical sign, i.e., upon 5 ^ _ 4 giving three 
eases to he considered, viz.: 

if 52 - .4 a<? > 0, then the roots are both real and uncciual, 
if 52 — 4 ac = 0, then the roots are both real and equal, 
ifh^~iac< 0, then the roots are both imaginary. 

^ Thus the character of the roots of a given quadratic equa¬ 
tion may be determined without actually solving tlie eipmtion, 
by merely calculating the value of the expression — 4 acl 
This important expression is called tlie discriminant of tlie 
quadratic equation; when equated to zero it states the con- 
dition that must hold among the coefficients if the equation 
has equal roots. 





1. Show which of the following equalities are identities: 

(1) x=-4j + 4 = 0; (4) (p + vy=p'> + f + 3prj(;> + ,,y, 

(-) + = (5) :r“ + 5a:+6 = (x + 3Xx + 2) 




a + /3 

2. Determine, without solving the equation, the nature of the roots of 
3 + 8 a; ^ 4 _ ()_ 

Solution. Since J2 _ 4 _ 04 _ . 

the roots are real and unequal; again, sincel, ft''kn7°l\r.5l !oSir 
therefore both roots are negative (cf. eq. (4), Art. 0). 

^4. Given the equation - 3x — ni(z + 2x-+ 4) + 3 . 

Find the roots. For what values of m are these roots equal V 

(1) 5.= -2. + 5 = 0; (2):rH7 = 0; C3)3l^-t = 19. 
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6 . Determine the values of m for which the following equations shall 
have equal roots: 

( 1 ) x‘^-2x{l 4 3 ?? 2 ) + 7(3 + 277 i )= 0 ; 

(2) mx^ 4 - 2 X- — 2 ??i = 3 mx — 9 a; 4 lO; 

(3) 4 X- 4 (1 4 ^ 4 1 = 0 ; (4) x^ 4 (6 4 ??^)2 = aK 

1. If in the equation 2 ax {ax 4 ^c) 4 {n^ — 2) = 0, x is real, show 

that n lies between — 2 and 4 2 . 


8 . If X is real in the equation ——^-- = a, show that a lies 

between 1 and — x — o x 4 

9 . For what values of c will the following equations have equal roots ? 

(1) 3x-^44x4c = 0; (2) (w^x46•)2=4/x; (3) 4x249(2x4c)2 = 36. 

10 . Solve the equations in examples 2, 3, and 5. 


11 . Solve the equations: 
( 1 ) x4-25x2 = -144; 


(^) 


3x-2 2x41 12 

X — 2 x42 x2 — 4 


10. Zero and infinite roots. In the following pages it will 
sometimes be necessary to know the conditions among the 
coefficients of a quadratic equation that will make one or 
both of its roots zero, or the conditions that will make one 
or both of the roots infinitely large. In equations (5) of 
Art. 9, x-^ and i-e, the roots of ax^ -h lx + c = 0, were 
found; and it is at once seen that 


„ 5 q. V ^>2 „ 4 

2 a 


_ — ^ +— 
2 a 

and that 


— 6 — 

— 6 — — 4 ^76’ 


2 ^? 


— 6 — — 4 ac 


^ ( 1 ) 




5 „ V 52 - 4 


ac 


2 a 


— 6 4" — 4 at’ 




Equations (1) and (2) show that: 

(1) If a and h remain unchanged while c grows smaller, 
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then x-^ grows smaller and grows larger; and if = 0 / 

h 

then Xj = 0 , while = — 

(2) If « remains unchanged while d? 0 and 5 = 0, then 
j = 0 and rrg = 0 . 

( 3 ) If h and c remain unchanged while = 0, then — 
and 2*2 becomes infinitely large. 

(4) If 0 remains unchanged while <2 = 0 and b = 0, then 
both x-^ and become infinitely large. 

(5) If a and c remain unchanged while 5 = 0, then 




and ^^2 = — 


The student should translate (1), (2), (3), (4), and (5) 
into more general terms by reading “the absolute term 
approaches zero as a limit” instead of “ 6 ’ = 0 ,” etc. 


11 . Properties of the quadratic equation. By adding the 
two roots of 

ao? -\rbx-\- c = Q . . . (1) 

and also multiplying them together, the relations 


— anda;.a;9=- . . . ( 2 ^ 

a a ^ ' 

are obtained; or, if equation ( 1 ) is written with tlie coolli- 
cient of the term of the second degree reduced to unity, as 

a?A’pxA-q=0, . . . (3) 

these relations become 


+’ ^2 = • • • (4) 

Or, expressed in words: the coefficient of the term of the 
second degree being unity, the coefficient of the term of 

* The sign = is read “ approaches as a limit.” It was introduced by the 
late Professor Oliver of Cornell University. 
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the first degree is the negative of the sum of the roots, 
while the term free from x is the product of the roots. 

If, therefore, the roots of a quadratic equation are not 
themselves needed, but only their sum or product is de¬ 
sired, these may be obtained directly from the given equa¬ 
tion by inspection. 

the half sum of the roots of the equation 
— 2 Z)a; -f = 0 

^ — 2Z) _ 2 I - hm 

2 2 

Moreover, if and are the roots of the equation 

-h prr 4- 5 = 0, 

then x — x-^ and x — x^ are the factors of its first member. 
For, by equation (4) above, this equation may be written 

oc?^ px q = x^ -(x^-^ Xc^ X + = 0, 

and x^ - (x^ + x^)x-{- x^x^ = (a; - 0 :^) (a; - x^), 

hence x^ + pxq^^x — x{)Qx - x^ . 

Conversely: if a quadratic function can he separated into 
two factors of the first degree, then the roots can be imme¬ 
diately written by inspectioin 

For, if a;2 + -f ^ =(a; - x^{x - x^^, then the first mem¬ 
ber will vanish if, and only if, x — = 0 or x — aq = 5 

^ px q = ^ if X =x^ or x — x^, hence aq and aq are the 
roots of the equation px q — (cf. Art. 4). 


12. The quadratic equation involving two unknowns. One 

equation involving two unknown numbers cannot be solved 
uniquely for the values of those numbers which satisf} the 
equation; but if there is assigned to either of those num- 
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bers a definite value, then at least one definite and corre¬ 
sponding value can be found for the other, so that, tins pair 
of values being substituted for the unknown numbers, tlie 
equation will be satisfied. In this way an infinite nuinber of 
pairs of values, that will satisfy the equation, may be found. 

If, hoAvever, the equation is homogeneous in the two un¬ 
knowns, of the form 

ao? -f hxy + = 0, 

then the ratio x : y may be regarded as a single number, and 
the equation has properties precisely like those discussed 
in Arts. 9, 10, and 11. 

To solve a system consisting of two or more independent 
simultaneous equations, involving as many unknown ele¬ 
ments, it is necessary to combine- the equations so as to 
eliminate all but one of the unknown elements, then to solve 
the resulting equation for that one, and, by means of the 
roots thus obtained, find the entire system of roots. 


EXERCISES 

1. Given the equation + 3 a: - 4 -f m (3 - 4) - 2 mx^ = 0, find the 

sum of the roots; the product of the roots; also the factors of the first 


2 . Factor the following expressions: 

(1) ar2~5:r-f4; (3) 

(2) a;--8 ; (4) ax‘^-\-hxy-\-cy^\ 

3. Without first solving the equation 


(5) 3^o^--94^<;'^~64; 

(6) ll-27y-lS/-. 


(a: + 2a:2+4) =0x2 + 3 

find the sum, and the product, of its roots. For what value of m are its 

L°rt%T 11 th^ f 

iacta rf .hits™ “ “» 

4. t\ithout first solving, determine the nature of the roots of the 
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For wliat values of m are the roots equal? Real? One infinitely 
great ? Both infinitely gi-eat ? One zero ? Find the factors of the first 
member of the equation. 


5 . Find five pairs of numbers that satisfy the equation: 

(1) a:+3y-7=0; (3) 2/2= 16a;; 

(2) a;2 + y2 = 4; (4) 3a;+6a:y-8y2+3a;2=0. 

6 . Without solving, determine the nature of the roots of the equation : 

9 a;2 + 12 a;?/ 4 y2 = 0, Z u“ — uv 0. 


7. 


Solve the following pairs of simultaneous equations : 

(1) 3 a; - 5 2 / -h 2 = 0, and 2a;4-7^-4 = 0; 

(2) 5 2 / 4 - 22 : -f 3 = 0, and 7y + 4;2 + 2 = 0; 

(3) 2 / = 3 a; 4- c = 0, -and 2/2 = 9 a; ; 

(4) a ;2 4 - 2 /^ = 5, and y 2 = 60 ;; 

(5) 62^2 ^ ^ 2^2 _ and y = aa: 4- 


(6) £!+.v! = 1, and^'-^=l. 
16 9 16 9 


8 . Determine those values of h for -which each of the following pairs 
of equations will be satisfied by two equal values of y: 

(1) {*2 +y2 = a2^ y = 6x +5}; (2) {y = mx+6, y^ = 4a;}; 

(3) {8y + 2x = 6, 6x2 + y 2 _ 12 }. 

9. Determine, for the pairs of equations in Ex. 8 , those values of I 
which will give equal values of x. 


TRIGONOMETRIC CONCEPTIONS AND EORMULAS 

13. Directed lines. Angles. A line is said to be directed 
wlien* a distinction is made between the segment from any 
point A of the line to another point B, and the opi^osite seg¬ 
ment from B to A. One of these directions is chosen as 
positive, or 4-, and the opposite direction is then negative 
or —. 

The angle formed by two intersecting directed straight 
lines is that relation between the positions of the two lines 
which is expressed by the amount of rotation about their 
point of intersection necessary to bring the positive end 
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of the initial side into coincidence with the positive end 
of the terminal side. The point in which the lines in¬ 
tersect is called the vertex of the angle. The angle is 
poBitive^ or +, if the rotation from the initial to the ter¬ 
minal side is in counter-eloehivise direction; the angle is 
negative^ or if the rotation is cloekivise. 

The angle formed by two directed straight lines in space, 
which do not meet, is equal to the angle between two inter¬ 
secting lines, wliich are respectively parallel to the given 
Hues. 

For the measurement of angles there are two absolute 
units : 


(1) The angular magnitude about a point in a plane^ i.e., 
a complete revolution. One fourth of a complete revolution 
is called a right angle, of a right angle is a degree (1°), 

of a degree is a minute (!'), and of a minute is a 
second (1^^) ; 

(2) the angle whose subtending eircidar arc is equal in 

length to the radius of that arc; this angle is called a 
radian it is independent of the length of the radius. 

<^^^‘cumference semi-circumference n , 

f^ince —----=---= 7 J. it follows that 

diameter radius 

the angle formed by a half rotation, i.e., 180°, is tt radians; 


z.e., 


also 


180° = 
180° 


'22Y^'> 

fj 


approximately; 


A right angle is 90° or 


_ gyo 44 . gn approximately. 

(r) ' . 


When there is no danger of being misunderstood, the index 
(r) is omitted, and ^ radians is written simply as -, and 

' \ir) ^ '^9. 


not [~ 
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14 . Trigonometric ratios. If from any point P in tlie ter¬ 
minal side of an angle 6, at a distance r from the vertex, a 
perpendicular MP is drawn to the initial side meeting it in 




M, and if MP be represented by y and VM by a:, then, by 
general agreement,- 2 / is -t- if MP makes a positive right 
angle with the initial line, and — if this right angle^ is 
negative ; similarly, a: is -h if F-M" extends in the positive 
direction of the initial line, and - if it extends in the 
opposite direction. 

The three numbers r, x, and y form with each other six 
ratios; these ratios, moreover, depend for their value solely 
upon the size of the angle 6, and not at all upon the value of 
r. These six ratios are known as the trigonometric ratios or 
functions of the angle 6, and are named as follows : 

sine 0 = -, tangent 0 = ^, secant 6 

cosine 0 = -, cotangent & = cosecant ^ • 

r y ^ 

The abbreviated symbols for these functions are sin 9, 
cos e, tan 6, cot 9, sec 9, and esc 9, respectively. The func¬ 
tions are not all independent, but are connected by the fol- 
lowing relations : 

(1) sin (9 • CSC = 1, 0>) cot 9 = cos 9: sin 9, 

(2) cos 9-sec 9 = 1, (6) 0 + cos^ 6> = 1, 

(3) tan 9 • cot 9 = 1, (7) ^ 4- 1 = sec^ 9, 

(4) tan 9 = sm 9: cos 9, (8) cot^ ^ + 1 = esc^ 0. 
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By means of these eight relations all the trigonometric 
functions of any angle may be expressed in terms of any 
given fun’6tion. H.g., suppose the sine of an angle is given, 
and the tangent of this angle, in terms of the sine, is wanted: 

sin 6 


tan 6 = - 


cos 


e 


eos0 = Vl — sin^^, 


by (4), 

and by (6), 
hence 

VT^— sin^^ 

If the mimerical value of sin 6 is given, this last fomula 
gives the corresponding numerical value of tan 6 ; e.g., if 
sin 0 = I, then ^ ^ g 


tan 6 =. 


vr 


bz=;=±~* 

■Qy 4 


15. Functions of related angles. Based upon the defini¬ 
tions of the trigonometric functions the following relations 
are readily established. 

If 0 is any plane angle, then"*^ 

(1) sin ( — = — sin 

tan ( — ^) = — tan 0, 


sec (--0) = +sec 6, 

(2) sin (tt ± 6) sin 
tan (tt ± ^) = i: tan 0, 
sec (tt ± 0 ) = — sec 

(3) sin ± = -j- cos 0, 

tan^l^qr^^^ipcot^, 


cos (- (9) = + cos 0, 
csc(- 0) = - CSC (9, 
cot ( — 0) = — cot 0 ; 
cos (tt ± 0 ) = — cos 0, 

CSC (tt ± 0) = q: CSC 0, 

cot {tt ±0')=± cot 0 I 
COS^|±0^=T sin(9, 

CSC ^± 0]= + sec 0, 


sec T = T CSC 0, cot ± = :p tan 0. 


c student should thoroughly familiarize himself with these formulas 

and those of Art. 16, as well as with the derivation of each. ’ 
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16. Other important formulas. If and 6 ^ are any two 
plane angles, then 

sin (^1 ± 6 ^ = sin cos 6 ^ ± cos 6 -^ sin 6 ^, 

cos (^1 ± ^ 2 ) = ^2 ^ ^ 2 > 

, , d ^ _ tan g, ± tan V . 

tanCdjida) ^ :p ^^n 0, tan ^2 


If e is any plane angle, then 
sin 2 0 = 2 sin 0 cos 

cos 2 0 = cos^d - sin20 = 1 - 2 sin^^ = 2 cos^^ - 1 , 

^ ^ 2 tan d 

sin ^ = V-^Cl •" cos (f), 

A 

cos — “ Vi-(1 + cos^), 

2 

6 ^ |l — cos 6 _ 1 — cos 6 _ sin 6 _ 

tan 2 ~ Vp + cos 0”" sin0 1+cos^ 

If a, 5, and c are the sides of a triangle lying respectively 
opposite the angles A, J5, and (7, and if A is the area of this 

triangle, then 

^2 _ ^2 _ 2 6e cos A, and A = ^ 6c sin A. 


EXERCISES 


1. Express in radians the angles; 
15°; 60°; 135°; -252°; i rt. angle; 


10° 10'10"; 88° 2'; (Stt)”. 


2. Express in degrees, minutes, and seconds, the angles: 

/ 7 r\W /'IV’- — of a revolution; ^ rt. angle. 

U) ’ It) ’ U) ’ U) ’ 10 4 ^ 

3. Find the values of the other trigonometric functions, given: 

(I) tane = 3; (2) secx = -V'2; (3) cos<#.= —(4) sini-r 

(5) cot xj/ = }•, and (6) esc u = — 2. 



20 


ANALYTIC GEOMETRY 


[Cn. I. 


Solution of (1). If tan 6= 3, then substituting this value in (3) of 
Art. 14, gives cot^ = substituting these values in (7) and ( 8 ) of the 
same article gives the values of sec 6 and of esc and substituting those 
values in ( 1 ) and ( 2 ) gives sin 6 and cos 0. 

Another method: Construct a right triangle ABC with the sides 
AB = 1 and i^C = 3, then ABAC is an angle whose tangent is 3. If 
AB = 1 and = 3, then AC = VlO, and the other fiinc- 
y(C tions of the angle BAC are at once seen to be: 

sin 6 - cos d = esc 0 = 

VlO VlO 'I 

sec ^ = VlO, and cot $ = -J. 

Either of these methods may be employed to solve the 
other parts of this example; the second method is usually 
to be preferred. 

4. By means of a right triangle, with appropriate acute 
angles, find the numerical values of the trigonometric 
ratios of the followdng angles: 

30°; 45°; 60°; 90°; 135°; and -45° 

5. Express the following functions in terms of functions of positive 
. angles less than 90° : 

tan 3500°; -esc 290°; sin (- 369°); - cos and cot (-1215°-). 

5 ^ 

6 . Solve the following equations: 

(1) sin^ = -cos210°; (2) cos^ = sin2(9; (3) _^2A^:=V3; 

sina:cot^a: ’ 

and (4) (sec^s - l)(csc2i: + 1 )= 

7. In the following identities transform the first member into the 
second: 

( 1 ) ^ ~ - 2 ^ ^ sec X + CSC 3: _ 1 + oot x . 

tan 0 -j- cot 9 esc- 0 sec x — esc x 1 — cot x ’ 

(3) esc 2 ’ (sec x-1)- cot x (1 - cos x) = tan a: - sin .r; 

(4) (2 ?' sin a cos a)^ + r-(cos^a — sin^a)‘^ = ?*-; 

(5) (cos a cos 7; + sin a sin 5)2 + (sin a cos J- cos a sin 5)2=1; and 

( 6 ) (r cos 0)2 -f (f sin 0 cqs 5)2 -f. (^ gjii 0 sin 5) 2 = 1 . 
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17. Orthogonal projection. The orthogonal projection * of 
a point upon a line is the foot of the perpendicular from 
the point to the line. In the figure, M is the projection 
of P upon AB. The projection of a segment of a 




line upon another line AB, is that part of the second line 
extending from the projection of the initial point of the seg¬ 
ment to the projection of the terminal point of the segment. 
Thus MN is the projection of PQ upon AB, and NM is the 
projection of QP upon AB. 

The length of the projection can easily be expressed in 
terms of the length of the segment and the angle which it 
makes with the line upon which the segment is projected; for 


MN 

PQ 


PIT 

PQ 


= cos a, 


3IN=PQ ■ cos a; 


i.e., the projection of a set/ment of a line upon another line 
is equal to the product of its lenpth hy the cosine of the angle 
ivhich it makes with that other line. 

A line made up of parts QR, RS,--- (big- da, bJ ), wliicli 
are straight lines having different directions, is a broken line ; 
and the projection of a broken line upon any line is the 
algebraic sum of the projections of its parts upon the same 


* Hereafter, unless otherwise stated, projection will be understood to 
mean orthuyonal p>rojectiu}i. 
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line. Thus the projection of PQRST upon AB is the pro¬ 
jection of PQ -f- the projection of QR + upon AB-, i.e., 

proj. PQRST upon AB = MN + NK-vKL A- LE^ ME; 



but ME is the projection of the straight line PT which joins 
the first initial to last terminal point of the broken line. In 
the same way it may be shown that the projection of any 
broken line upon a straight line equals the projection, upon 
the same straight line, of the straight line which joins tlie 
extremities of the broken line. It follows, therefore, that 
the projection of the perimeter of any closed polygon iqx)!! 
any given line is zero. 

If 6^, ^ 3 , and 6^ be the angles that PQ, QR, RS, 
ST, and PT respectively make with the line AB, tlien the 
projection of the broken line upon AB may also be expressed 
thus: 

proj. PQRST upon AB = MN-\- EK+ KL + LE=^ ME 
= cos -f QR cos ^2 + RS cos ^3 -p ST cos 9 ^ 
= PPcos^g. 

The projections of two parallel segments of equal lengtli 
upon any given line in space are equal. It therefore fol¬ 
lows that: 

(1) The projection of a segment of a line upon any straight 
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line in space equals the product of its length by the cosine 
of the angle between the two lines. 

(2) The projection of any broken line in space upon any 
straight line equals the projection, upon the same line, of 
the straight line which joins the extremities of the broken 
line. 

EXERCISES 

1 . Two lines of lengths 3 and 7 respectively meet at an angle find 
the projection of each upon the other. 

2 . The center of an equilateral triangle, of side 5, is joined by a 
straight line to a vertex; find the projection of this joining line upon 
each side of the triangle. 

3 . A rectangle has its sides respectively 4 and 6 ; find their projec¬ 
tions upon a diagonal. 

4 . Find the length of the projection of each edge of a cube upon 
a chosen diagonal. 

5 . A given line AB makes an angle of 30° with the line ifiV, and 
BC is perpendicular to A B and of length 15; find the projection of 
BC upon MN. 

Solve this problem if the given angle be a instead of 30°. 

6 . Two lines in space, of length a and h respectively, make an angle 
0 ) with each other; find the projection of b upon a line that is perpen¬ 
dicular to a. 

7. Project the perimeter of a square upon one of its diagonals. 



CHAPTER II 

GEOMETRIC CORCEPTIORS. THE POINT 

1. COORDINATE SYSTEMS 

la Coordinates of a point. Position, like magnitude, is 
relative, and can be given for a geometric figure only by 
reference to some fixed geometric figures (planes, lines, oi 
points) wliicli are regarded as known, just as magnitude 
can be given only by reference to some standard magni¬ 
tudes which are taken as units of measurement. The posi¬ 
tion of the city of New York, for example, when given by its 
latitude and longitude, is referred to the equator and tlie 
meridian of Greenwich, — the position of these two lines 
being known, that of New York is also known. So also 
the position of Baltimore may be given by its distance and 
direction from Washington; while a particular point in a 
room may be located by its distances from the floor and 
two adjacent walls. 

If, as in the last illustration, a point is to be fixed in 8j)ace^ 
then three magnitudes must be known, referring to three fixed 
positions. If, on the other hand, the point is on a known 
surface, as New York or Baltimore on the surface of the 
earth, then only tioo magnitudes need be known, referring to 
two fixed positions on that surface; while if the point is on 
a known line, only one magnitude, referring to one fixed 
position on that line, is needed to fix its position. 

These various magnitudes which serve to fix the position 
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of a point, — in space, on a surface, or on a line,— are called 
the coordinates of the point. 

19. Analytic Geometry. Coordinates may be represented 
by algebraic numbers; the relations of the various points, 
and the properties of the various geometric figures which are 
formed by those points, can be studied through the corre¬ 
sponding relations of these algebraic numbers, or coordinates, 
expressed in the form of algebraic equations. This fact is 
the basis of analytic, or algebraic, geometry, the main object 
of which is the study of geometric properties by algebraic 
methods. 

Analytic geometry may be conveniently divided into two 
parts : Plane Analytic Geometry, which treats only of figures 
in a given plane surface ; and Solid Analytic Geometry, which 
treats of space figures, and includes Plane Analytic Gteometry 
as a special case. The plane analytic geometry, being the 
simpler, will be studied first, in Part I of this book, and 
Part II will be devoted to the study of the solid analytic 
geometry. In this first part of the subject it will therefore 
be understood that the work is restricted to a given plane 
surface. 

Two systems of coordinates will be used, the Cartesian 
and the Polar. They are explained in the next few articles. 

20. Positive and negative coordinates. If a point lies in a 
given directed straight line, its position with reference to a 
fixed point of that line is com¬ 
pletely determined by one coor- 
dinate. E.g.^ let X'OX be a 
given directed straight line, 
and let distances from 0 toward X be regarded as positive, 
then distances from 0 toward X' are negative. A point P, 



Fig. 6. 
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in this line and 3 units from 0 toward X may be designated 
by 4 - where the sign + gives the direction of the point, 
and the number 3 its distance, from 0, Under these circum¬ 
stances the point P' lying 3 units on the other side of 0 
would be designated by — 3. 

In the same way there corresponds to every real number, 
positive or negative, a definite point of this directed straight 
line; the numbers are called the coordinates of the points; 
and <9, from which the distances are measured, is called the 
origin of coordinates. 


21. Cartesian coordinates of points in a plane. Suppose 
two directed straight lines X'OX and Y'OY are given, 
fixed in the plane and intersecting in the point 0. These 
two given lines are called the coordinate axes, X' OX being 
the a;-axis, and Y'OY heing the y-axis; their point of inter¬ 
section 0 is the origin of coordinates. Any other two lines, 

parallel respectively to these fixed 
lines, and at known distances from 
them, will intersect in one and l)ut 
one point P, whose position is thus 
definitely fixed. If these lines 
through P meet the axes in M and 
L respectively, then the directed 
distances LP and iHfP, measured 
parallel respectively to the axes^ are the Cartesian coordinates 
of the point P. The distance LP, or its equal Oif, is the 
abscissa of P, and is usually represented by x, while MP, or 
its equal OP, is the ordinate of P, and is usually represented 
by y. The point P is designated by the symbol (x, y),—often 
written P = (a;, y), — the abscissa always being written first, 
then a comma, then the ordinate, and both letters being 
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inclosed in a parenthesis. Thus the point (4, 5) is the 
point for which OM = 4 and MF = 5; while the point 
(■^ 3, 2) has OM= - 3 and MF = 2. 

22. Rectangular coordinates. The simplest and most com¬ 
mon form of Cartesian coordinate axes is that in which the 
angle XOY is a positive right 
angle; the abscissa (a;) of a 
point is, in this case, its perpen¬ 
dicular distance from the y-axis, 
and its ordinate (^) is its perpen¬ 
dicular distance from the a;-axis. 

This way of locating the points 
of a plane is known as the rec¬ 
tangular system of coordinates. 

The axes divide the entire plane into four parts called quad¬ 
rants, which are usually designated as first (I), second (II), 
third (III), and fourth (IV), in the order of rotation from 
the positive end of the a;-axis toward the positive end of the 
2 /-axis, as indicated in the accompanying figure. 

These quadrants are distinguished by the signs of the 
coordinates of the points lying within them, thus : 

in quadrant I the abscissa (x') is -h, the ordinate (g') is + ; 

in quadrant II the abscissa (x) is the ordinate (y) is -f; 

in quadrant III the abscissa {x} is —, the ordinate (y) is —; 

in quadrant IV the abscissa is -P, the ordinate (y) is —. 

Four points having numerically the same coordinates, but 
lying one in each quadrant, are symmetrical in pairs with 
regard to tlie origin, even though the axes are not at right 
angles; if, however, the axes are rectangular, then these 
points are symmetrical in pairs, not merely with regard to 
the origin as before, but also with regard to the axes, and 
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they are severally equidistant from the origin. Because ot 
this greater symmetry rectangular coordinates liave many 
advantages over an oblique system. 

Li the follou'ing pages rectangidai^ coordinates will always 
he understood unless the contrary is expressly stated, 

EXERCISES 

1 . Plot accurately the points: (1, 7), (“4, “5),* (0, 3), and (~3, 0). 

2 . Plot accurately, as vertices of a triangle, the points: (1, 3), (2, 7), ‘ 
and (“4, -4). Find by measurement the lengths of the sides, and the 
coordinates of the middle point of each side. 

3. Construct the two lines passing through the points (2, “7) and 
(-2,7), and (2,7) and (“ 2 , -7), respectively. What is their point of 
intersection? Find the coordinates of the middle point of each line. 

4 . If the ordinate of a point is 0, where is the point? if its abscissa 
is 0 ? if its abscissa is equal to its ordinate? if its abscissa and ordinate 
are numerically equal but of opposite signs? 

. 5 . Express each of the conditions of Ex. 4 by means of an equation. 

6 . The base of an equilateral triangle, whose side is 5 inches,'coincides 
with the x-axis; its middle point is at the origin; what are the coordinates 
of the vertices? If the axes are chosen so as to coincide with two side^^of 
this triangle, respectively, what are the coordinates of the vertices ? 

7 . A square whose side is 5 inches has its diagonals lying upon the 
coordinate axes; find the coordinates of its vertices. If a diagonal and 
an adjacent side are chosen as axes, what are the coordinates of the 
vertices? of the middle points of the sides? of the center? 

a Find, by similar triangles, the coordinates of the point which 
bisects the line joining the points ( 2 , 7 ) and ( 4 , 4 ). 

■9. Sh ow that the distance from the origin to the point (r?, li) is 
How far from the origin is the point (-a h)‘I 

(cf. Art.-22.) 

10 . Prove, by similar triangles, that' the points: ( 2 , 3 ), ( 1 , - 3 ), and 
(3, 9) lie on the same straight line. 

11 . Solve exercises 1 to 4 and 10 if the coordinate axes make an angle 
of 60°. Also if this angle be 45°. 


^ These minus signs are written high n^erely to indicate that they arc 
signs of cjualitij and not of operation. 
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23. Polar coordinates. If a fixed point 0 is given in a 
fixed* directed straight line OR. then the position of any 
point P of the plane will be fully determined by its distance 




OP = p from the fixed point, and by the angle 6 which the 
line OP makes with the fixed line. 

The fixed line OR is called the initial line or polar axis, the 
fixed point 0 the pole of the system, and the polar coordinates 
of the point P are the radius vector p and the directional or 
vectorial angle 6 . The usual rule of signs applies to the 
vectorial angle and the raditis vector is positive if meas¬ 
ured from 0 ^long the terminal side of the angle 6, The 
point P is designated by tlie symbol (/>, 6), 

F^*om what has just been said it is clear that one pair of 
polar coordinates (i.e., one value of p and one of O') serve to 
determine one, and but one, point of the plane. On the 
other hand, if 6 is restricted'to values lying between 0 and 
2 TT, then any given point may be designated hj four different 
pairs of coordinates. 



the polar coordinates 

qI T> /'i D 

lISc Lib B'lore 

516.3 M98_ 



(3, 60° j determine the position 
- - "nd makes an angde of 60° 
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with the initial line Oi?, but the same point may be given 
equally well by the pairs of coordinates: ( 3, 240°), 

(3, “300°), and (“3, “120°); and so in general. 

Ad 

n 

-T ^-—> 

Fig. 0.^^ 

EXERCISES 

1. Plot accurately the following points: (2,20°), ^ 7, 

(0> f). (o, j), (6, 0“), and (“6, 0°). 

2. Construct the triangles whose vertices are: f2,-V f;], —^ 

f 5 \ S / \ 4: J 1 

\ ^ T*] ’ measurement the lengths of the sides and the coordi¬ 

nates of their middle points. 

3. The base of an equilateral triangle, whose side is 5 inches, is taken 
as the polar axis, with the vertex as pole; find the coordinates of the 
other two vertices. 

4. Write three other pairs of coordinates for each of the points 
(2,|); (-3,75°); (5,0°); (0,60°). 

5. Where is the point whose radius vector is 7? whose radius vector 
is -7? whose vectorial angle is 25°? whose vectorial angle is whose 
vectorial angle is ~ 180°? 

6 . Express each of the conditions of Ex. 6 by means of an equation.. 

7. What is the direction of the line through the points (s,~] and 

24. Notation. In the following pages, to secure uniformity 
and in accordance with Art. 6, a variable point will be desig- 
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nated by P, and its coordinates by (x^ y) or (p, O'), If 
several variable points are under consideration at the same 
time, they will be designated by P, P\ P", P^", •••, and 
their coordinates by (x, y), (x^, y'), (x^^, y^^), Qx^'^, y"'), 
or by (p, 6), (p\ e% (p''', 6'^% .... Fixed points 

will be designated by P^, P^, •••, and their coordinates by 
Vi)^ (% ^2)’ iPv ^1)’ (P 2 ’ ^2)’ ***• 

II. ELEMENTARY APPLICATIONS 

25. The methods of representing a point in a plane that 
have been adopted in the previous articles lead at once to 
several easy applications, such as finding the distance be¬ 
tween two points, the area of a triangle, etc. The form of 
the results will depend upon the. particular system of coordi¬ 
nates chosen, but the method is the same in each case. 
Here, as in the more difficult problems that arise later, to 
gain the full advantage of the analytic method the student 
should freely use geometric constructions to guide his alge¬ 
braic work, but he should, at the same time, see clearly that 
the method is essentially algebraic. 

26. Distance between two points. 

(1) Polar coordinates. Let OP be the initial line,^ 0 the 
pole, and let P^ = Of) and P^ = ^ 2 ) given 




* The demonstration applies to each tigure. 
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fixod points. It is roc^iiirGd to find tli6 disttiiicG ^ 

in terms of tlie given constants P 2 ’ ^ 2 * 

triangle OPiP^, (cf- Art. 16) 

= 5+ Oi? - 2. 0 P[ . OP, . cos P, OP,, 
i.e., P = Pi^ + - 2 P1P3 cos Ce, - 6>i), 

hence = Vpi* + - 2piP2Cos (0^- Oi) . . . [1] 


( 2 ) Cartesian coordinates; axes 7 iot ‘rectangular. Let 
OX and OF be the coordinate axes, meeting at an angle 



XOY—on, and let P^ = (x^. y{) and P, = (x,. y,) be the two 
given points ; it is required to find the distance PiP^ = 
in terms of x-^.' x,. g,. and <». 

Construction : Extend the abscissa LiPi of the point P^ 
to meet the ordinate M,P, of the point P,. in Q ; then in 
the triangle P^QP, (cf. Art 16 ) 


F;F; = ^ ^ - 2 • Pi(3 . < 2 P 2 . cos P^QP,, Fig. 11«, 

p^p;- =p;^'"+p;:^ - 2. Pi<?. p,^ • cos p^Qp,, Fig. 11", 
iVP/ =W^- + P^- 2 - QP,. P,^Q ■ cos P^QP^, Fig. 11 -; 
which gives, for each figure, 

d= V(a;i- *3)*+ (Vi - i (Xi - x^){yi - j/slcos u.t 


^ The demonstration applies to each figure. 

t By examining other possible constructions the student should assure 
himself of the generality of this formula. 
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(3) Rectangular coordinates. If co = i.e. if the coordi¬ 
nate axes are rectangular, then cos w = 0, and the formula 
for the distance bet-ween the two given points becomes 

d =V(a5i - icg)''* + (J/i - y*)®. • • • [2] 

Since either of the two points may be named Pj, this formula 
may be expressed in words thus : In rectangular coordinates, 
the square of the distance between hco given points is the square 
of the difference beUveen their abscissas qolus the square of the 
difference beltoeen their ordinates. 

27. Slope of a line. By the slope of a line is meant the 
tangent of the angle which the line makes with the positive 
end of the a;-axis.* 

From this definition it at once follows that the slope m of 
the line joining the two points Pj = (xi, y{) and P 2 = (x-ii yfti 

the axes being rectangular, is m = ; that is, 


2/3 - 2/1. 

X3 — CCi 


[ 3 ] 


EXERCISES 

1. Find the distances between the points (1,3), (2, 7), and (~4, “4), 
taken in ipairs. 

2. Find the distances for the points of Ex. 1, if the axes are oblique 
with CO = 60°. 

3. Prove that the points (-2,-1), (1,0), (4,3), and (1,2) are the 
vertices of a parallelogram. 

4. Find tlie distance between the points (a 4- c + n) 

(c + a, 6 + c‘) ; also between (u, 1) and {~it, ~b). 

5. Find the distances between the points (2, 30°), ^3,-pj,and 

taken in pairs. 

^ The slope of a roof or of a hill has the same meaning. Thus if the 
slope of a hill (to the horizontal) is it rises 3 feet vertical in lOO feet 
horizontal. 
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6. Prove that the points (0, O’-), h, | j, and f 3, | j form an equi- 
lateral triangle. 

7. One end of a line whose length is 13 is at the point (”4, 8), the 
ordinate of the other end is 3; what is its abscissa? 

8 . Express by an equation the fact that the point P=(a;, y) is at the 
distance 3 from the point (~2, 3) ; from the point (0,0). 

9. Express by an equation the fact that the point P~{x, y) is 
equidistant from the points (""2, 3) and (7, 5). 

10 . Find the slopes of the lines which join the following pairs of 
points: (3, 8) and (-1,4) ; (2, ”3) and (7, 9); (1, -4) and (“3, 5) ; (4, -2) 
and (“2, “1). 

28. One great advantage of the analytic method of solv¬ 
ing problems lies in the fact that the analytic results which 
are obtained from the simplest arrangement of the geometric 
figure with reference to the coordinate axes are, from the 
very nature of the method, equally true for all other arrange¬ 
ments. Thus formulas [1], [2], and [3] can be most readily 
obtained if the points are all taken in quadrant I, i.e., with 
their coordinates all positive ; but because of the convention 
adopted concerning the signs as essential parts of the coordi¬ 
nates, these formulas remain true for all possible positions of 
Pi and Pa- By drawing the figures and making the proofs 
when Pi and Pa are taken in various other positions, the 
student should assure himself of the generality of formulas 
[1], [2], and [3] of articles 26 and 2T. 

29. The area of a triangle. 

1. Rectangular coordinates. Given a triangle witli the 
vertices Pi = {xi, y{), Po = (iTo, P^ = (.a,, ; to find 

its area in terms of X 2 , rrg, ^ 1 , Vr Draw tlie ordi¬ 

nates ilfiPi, M 2 P 2 , and M^Pz, — in the second figure extend 
MiPi and M 3 P 3 to meet a line through P^ parallel to tlie 
a;-axis. If A represents the area of the triangle in the first 
figure, then: 
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A = + P^M,M,P. - P^MM^P^ 

but PiMiMzPz=^(J^iPi+^lzP^ • y^(x^—x^, 

and P,M,M,Po=\iM,P,+M.P.J ■ M,Mo=l{:y,+y 2 ){x,-x,'), 
and P^M^]iLPo=lQ3I,P,+M.P.) • M,]\L=\(:yy+y;)(x.-x,'). 

A=J5 (yi+2/3)(a:3-a:i) + (7/2 + </3)(^’3-*3) 

~(.y\+y-^(p2-xi')\ 

= i Kyi + ya) (a^i - ^ 2 )+(y2 + ys) (^2 - ^ 3 ) 

+(y3 + yi)(^3-^i)l • • • W 

This may also be written in the form 

A = i-Ki(y2-y3)+^2(y3-yi) + ^3(yi-y3s*- • • [-i"] 
So also if Ai represents the area of the triangle in the 
second figure, then 

A,= - P,R,P, - P2ffsP, 

= { (RiPi + H^P^) * R\P\ * H\Pi—HiP‘i • PoH^l^ 

= 2 < (^1 ”■ 2/2+^3 “ 2/2) (^3 “■ -^'i) ~ (yi ~ i/2) (^’2 ”■ ^'1) 

” (m-1/2') (^ 3 -^ 2 )h [^' 1 ^ ^ 2 > and ijo being negative] 

= i !^i(i/2“i/3)+^2(i/3-i/i)+^3fi/i-y2)|^ as above [4a]. 

In the determinant notation this may he written 

x„ y„ 1 

area of the triangle = I y.., 1 
^31 Vd') ^ 
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If, instead of rectangulai’ coordinate axes, oblique axes 
making an angle XOY=(o had been used, it would have 
been necessary merely to multiply the second members in 


the results just found by sin 
of the triangles. 



1 ) in order to express the areas 

2 . l^olar coordinates. 
Let the vertices of the 
triangle be Pi = (pr, Oi), 
-P2 = (|02, (?•..), Hiul P., = 
(^> 3 > ^ 3 .); to find its a,rea 

■’ ^ of pj, p.j, p.j, 

6 i, and ^ 3 . 


Manifestly, A = OP2-P3+ 0 P^ 1 \— OP.^Pj, 
but OP^Pi^l-piP) sin(^3-(?2), OP.J\ = }^p.,ni sin (di-e.j'), 

and 0P2Pi = l p.>pi ( 6 i — 8 t). 
• •• A= J [p^pi sin(i93-^2) +P3P1 sin(( 9 i-^3) -p.,p^ sin(( 9 j- 
wliieli may also be written 


^ i \pip 2 sin Q 62 —O 1 ') + P 2 P 3 sin ( 0 ^ — ^ 3 ) 

+P3pisin(6',-^3)J. . . . [5] 

The symmetry* in formulas [4], [4a], and [5] sliould l)e 
carefully noted; it may be remarked also, that in the. ap])li- 
cationof these formulas to numerical examples, tins resulting 
areas will be positive or negative according to tlie relative 
order in which the vertices are named. 


*Tliis kiad of symmetry is known as r.yclic (or circular) symini'try. If 

the numbers 1, 2, and 3 be amnged thus^X^, then the subscript.s in t.hc 

first term (in [4a] say) begin with 1 and follow the arrow heads around t he 
circle (le. their order is 1, 2,3), those of the second term begin with 2 and 
follow the arrow heads (their order is 2, 3, 1), and those of the third term 
begin with 3 and follow the arrow heads. 
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EXERCISES 

1 . Find the areas of the following triangles: (1) vertices at the 
points (3, 5 ), (4, 2), and (1, 3); (2) vertices at the points ( 7 , 8 ), (4, 6 ), 
and (8,-2); ( 8 ) vertices at the points (11, 9), (G, 2), and ( o, 8 ). 

Solve 'without using the formula, and then verify by substituting in 

the formula. 

2 . Prove that the area of the triangle whose vertices are at the points 
( 2 , 8 ), ( 5 , 4 ), and (" 4 , 1 ) is zero, and hence that these ] 3 oints all lie on 
the same straight line. 

3 . Do the points ( 2 , 8 ), ( 1 ,- 8 ), and (3, 9) lie on one straight line? 
(cf. Ex. 10, p. 28.) 

4. Do the points (7, 80°), (0, 0°), and ('ll, 210°) lie on one straight 
line? Solve this by showdng that the area of the triangle is zeio, and 
then verify by plotting the figure, 

5 . Find the area of the triangle ^tt, ^, ^2 tt, | ^, and ^ - tt, ^ ^ 

6 . Derive formula [ 4 ]] ■when P-^ is in quadrant II, P 2 hi quadiant III, 
and P 3 in quadrant IV. 

7 . Find the area of the first two triangles in Ex. 1 if the axes make 
an angle of 60° with each other. 

30. To find the coordinates of the point which divides in 
a given ratio the straight line from one given point to 
another. Let Pi=(.ri, A =(-^2’ 2/2) the two 

given points, !/z) required point, and let the 
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M^P^, and, tlirougli Pj and Pg, draw lines inxrallel to 
OX, meeting ifgPg and IT^P^ in R and Q respectively. 

To find OM^ = .rg and i^Pg = in terms of sjj, asg, y^, y^. 


m^, and m^. 


The triangle.s PjPPg and P^QP^ are similar; 


therefore 

But 

and 


^_ppg_PjPg 


P,Q- 

•^1^3 


QK 

nuy 




Pll^ Q — — i 




'• Vz ~ Vv = ^2 - ^ 3 * 
j^In Fig*. 14 ^ 2 ? y\»i ^ 2 ’ ^^^d are negative.]! 


therefore 

whence 


^3 ^ ys ~ yi ^ . 

^2 ■"" ^3 ^2 ^3 ^^2 


OJs = 


miXn + m^xi 
mi -h 


and 


_ ^^1^/2 + moyi 



The above reasoning applies equally well whatever the 
value of 63 (the angle made by the coordinate axes), hence 
formulas [6] hold whether the axes be rectangular or oblique. 

Formulas [6] were obtained on the im 2 Jlied hypothesis 
that Pg lies dettceen P^ and Pg ; z.e., that Pg is an 'internal 
point of division. If Pg is taken in the lino PjPg produced, 
and not between P^ and Pg, it still forms, with Pj and Pg' 
two segments P^Pg and PgPg, and Pg may be so taken tl.al,’ 
numerically, the ratio of P^Pg: PgPg may have any real 
value whatever ; but the siyn of this ratio is negative when 
Pg is not between P^ and Pg, for, in that case, tl:e .segments 
"^ 3^2 bave op^iosite directions. Hence, to find 
the coordinates of that point which divides a line externally 
into segments whose numerical ratio is wq : wig, it is only 
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necessary to prefix the minus sign to either one of the two 
numbers or in formulas [ 6 ]. These formulas then 

become 

- m^J/i _ _ j-7] 

Cob. If P 3 be the middle point of then OTj = 

and formulas [ 6 ] become 


031-1-X2 


y% = 


3 ’ 


[ 8 ] 


z'.e., the abscissa of the middle point of the line joining two 
given points is half the sum of the abscissas of those points, 
and the ordinate is half the sum of their ordinates. 

The remarks in Art. 28 are well illustrated by formulas 


[^] to [8]. 

EXERCISES 


1 . By means of an appropriate figure, derive formulas [7] indepeud- 
ently of [ 6 ]. 

2 The point P^={% 3) is one third of the distance from the point 
P = (-1, 4) to the point P^s (av ; to find the coordinates of P^. 

^Here and P 3 are given, with Xj = -1, = 4, 2:3 - 2, 3^3 - 3, also 

mi = 1 , and mo = 2 ; therefore, from [ 6 ], 


2 = 


Xo + 2 (-l) 


1 


,0 ,% + 2(4) 

and 6 = — ^ —j 


which give X 3 = 8 and y, = l; therefore the required point P, is ( 8 , 1). 

3 . Find the points of trisection of the line joining (1,-2) to (3, 4). 

4 . Find the point which divides the line from (1, 3) to ("2, 4) 
externally into segments whose numerical ratio is 3 : 4. 

Here x. = 1, y, = S, y, = i, »»i = 3. ^nd m, = ^ but the 

point of division being an external one, the two segments are oppo¬ 
sitely directed; therefore one of the numbers 3 or 4 , say 4, must have 
the minus sign prefixed to it. Substituting these values ni [0], 


3 (1) — 4:( _^ = — 11 , and y^- 


3(3)-4(4) _ 


^_4 ■ 3-4 

the required division point is, therefore, P 3 = ( H, ^)* 


7; 
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The same result would have been obtained had w.j = 3, instead of 
W 2 = 4, been given the minus sign; or, again, formulas [7] could have 
been employed to solve this problem. 

5 . Solve Ex. 4 directly from a figure, without using either [0] or [7]. 

6. Find the points which divide the line from (1, 5) to (2, 7) intei’- 
nally and externally into segments which are in the ratio 2 :3. 

7 . A line AB produced to C, so that BC = l AB; if the points A 
and B have the coordinates (5, 6) and (7, 2), respectively, what are the 
coordinates of C ? 

8. Prove, by means of Art. 30, that the median lines of a triangle 
meet in a point, which is for each median the point of trisection nearest 
the side of the triangle. 


31. Fundamental problems of analytic geometry. Tlie 
elementary applications already considered have indicated 
how algebra may be applied to the solution of geometric 
problems. Points in a plane have been identified with pairs 
of numbers, — the coordinates of those points, — and it lias 
been seen that definite relations between such points corre¬ 
spond to definite relations between their coordinates. 

It will be found also that the relation between points, 
which consists in their lying on a definite curve, corre¬ 
sponds to the relation between their coordinates, Avliicli 
consists in their satisfying a definite equation. From tliis 
fact arise the two fundamental problems of analytic geom¬ 
etry ; 

I. Griven an equation^ to find the corresponding geometric 
curve^ or locus. 

II. G'lven a geometric curve.^ to find the cov'respondhKf 
equation. 

When this relation between a curve and its equation lias 
been studied, then a third problem arises : 

III. To find the properties of the curve from those of its 
equation. 
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The first two problems will be treated in the two succeed¬ 
ing chapters, while the remaining chapters of Part I will 
be concerned chiefly with the third problem. In this appli¬ 
cation of analytic methods, however, only algebraic equa¬ 
tions of the first and second degrees will for the most part 
be considered. In Chapter XIII is given a brief study of 
other important equations and curves. 

EXAMPLES ON CHAPTER II 

1. Find the area of the quadrilateral whose vertices are the points 
(1, 0), (3, I), (-1, 16), and (“4, 2). Draw the figure. 

2. Find the lengths of the sides and the altitude of the isosceles 
triangle (1, 5), (5, 1), (~9, “9). Find the area by two different methods, 
so that the results will each be a check on the other. 

3. Find the coordinates of the point that divides the line from (2, 3) 
to (~1, “G) in the ratio 3:-4; in the ratio 2: “3; in the ratio 3 : “2. 
Draw each figure. 

4. One extremity of a straight line is at the point (“3, 4), and the 
line is divided by the point (1, 6) in the ratio 2:3; find the other ex¬ 
tremity of the line. 

5. The line from (“6, -2) to (3, “1) is divided in the ratio 4:5; find 
the distance of the point of division from the point (~4, 6). 

6. Find the area and also the perimeter of the triangle whose vertices 
are the points (3, 60°), (5, 120°), and (8, 30°). 

7. Show analytically that the figure formed by joining the middle 
points of the sides of any quadrilateral is a parallelogram. 

a Show that the points (1, 3), (2, VO), and (2, “v6) are equidis¬ 
tant from the origin. 

9. Show that the points (1, 1), (“1, “1), and (-V3, -V3) form an 
equilateral triangle. Find the slopes of its sides. 

10. Prove analytically that the diagonals of a rectangle are equal. 

11. Show that the points (0, ~1), (2, 1), (0, 3), and (-2, 1) are the 
vertices of a square. 
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12 . Express by an equation that the point (h, h) is equidistant from 
(“1, 1) and (1, 2) ; from (1, 2) and (1, ”2). Then show that the point 
(I, 0) is equidistant from (“1,1), (1, 2), and (1, “2). 

13. Prove analytically that the middle point of the hypotenuse of 
a right triangle is equidistant from the three vertices. 

14 . Three vertices of a parallelogram are (1, 2), (-5,-3), and (7, -6) ; 
what is the fourth vertex? 

15. The center of gravity of a triangle is at the point in which the 
medians intersect. Find the center of gravity of the triangle whose 
vertices are (2, 3), (4, -5), and (3, “6). (cf. Ex. 8, p. 40.) 

16 . The line from to is divided into five equal parts ; 

find the points of division. 

17 . Prove analytically that the two straight lines which join the 
middle points of the opposite sides of a quadrilateral mutually bisect 
each other. 

18 . Prove that (1,5) is on the line joining the points (0, 2) and (2, 8), 
and is equidistant from them. 

19 . If the angle between the axes is 30°, find the perimeter of the 
triangle whose vertices are (2, 2), (“7, -1), and (-1, 1). Plot the figure. 

20. Show analytically that the line joining the middle points of two 
sides of a triangle is half the length of the third side. 

21 . A point is 7 units distant from the origin and is equidistant from 
the points (2, 1) and (“2, “1) ; find its coordinates. 

22. Prove that the points (a, 6 + c), (&, c + a), and (c, a + ft) lie on 
the same straight line. (cf. Ex. 2, p. 37.) 



CHAPTER III 


THE LOCUS OF AN EQUATION 

32. The locus of an equation. , A pair of numbers x,y is 
represented geometrically by a point in a plane. If these 
two numbers (x-, y) are variables, but connected by an equa¬ 
tion, then this equation can, in general, be satisfied by an 
infinite number of pairs of values of x and y, and each pair 
may be represented by a point. These points will not, 
however, be scattered indiscriminately over the plane, but 
will all lie in a definite curve, whose form depends only 
upon the nature of the equation under consideration; and 
this curve will contain no points except those whose co¬ 
ordinates are pairs of values which when substituted for 
a: and y, satisfy the given equation. This curve is called 
the locus or graph of the equation; and the first funda¬ 
mental problem of analytic geometry is to find, for a given 
equation, its graph or locus. 

33. Illustrative examples : Cartesian coordinates. 

(1) Given the equation x^ to find its locus. This equation is 
satisfied by the pairs of values x^=- 5, = 2; x., = - Ti, = d, 

2 '., = - 5, ^3 = - 2; etc., that is, by every pair of values for which x = - o. 

Such points as . , . 

P2=(x.„y2) = (-5, 3), 

P3= (% y?) = etc., 

all lie on the line il/iY, parallel to the y-axis, and at the distance 5 on 
the negative side of it,-this line extending indefinitely in both direc- 

43 
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tions. Moreover, each point of MN has for its abscissa 5, hence 
the coordinates of each of its points satisfy the equation 2 : + 6 = 0 . 

In the chosen system of coordi¬ 
nates, the line MN is called the 
locus of this equation. 

Similarly, the equation x — 5 
=0 is satisfied by any pair of 
values of which x is 5, such as 
(o, 2), (5, 3), (5, 4), etc.; all the 
corresponding points lie on a 
straight line M'N', parallel to 
the y-axis, at the distance 5 from 
it, and on its positive side; i.e., 
M'N' is the locus of the equa¬ 
tion a; -• 5 = 0 . 

(2) Given the equations y ± 3 = 0, to find their loci. By the same 
reasoning as in ( 1 ) it may be shown that the locus of the equation 
y + 3 = 0 is the straight line AB, parallel to the a:-axis, situated at the 
distance 3 from it, and on its negative side. Also that the locus of the 
equation y - 3 = 0 is CD, a line parallel to the ir-axis, at the distance 
3 from it, and on its positive side. 

More generally, it is evident that in Cartesian coordinates (rectanf/ular 
or oUique), an equation of the first degree, and containing hut one variable^ 
represents a straight line parallel to one oj the coordinate axes. 

(3) Given the equation 3 r — 2 y 4 - 1- = 0, to find its locus. In this 
equation hath the variables appear. By assigning any definite value to 
either one of the variables, and solving the equation for the other, a pair 
of values that will satisfy the equation is ob¬ 
tained. Thus the following pairs of values 
are found: 

rcj = 0 , yj = 6 = - 1 , y., = 

rTg = 1, y 2 = Xq = — 2, y^ = 3 

2:3 = 2, yg = 9 = - 3, yjr = 1J 

= 3, y 4 = lOJ xg = - 4, yg = 0 

2 : = -fco, y=-fQO x = — cG, y — —CO 

Plotting the corresponding points 
Pj, Pa, P 3 , P 4 , where P^ = (arj, y^) = ( 0 , 6 ), 

P, = (xo, y 2 ) = (l, 7i), etc., 
they are all found to lie on the stx’aight line EF, which is the locus of 
the equation 3a;-~2y + 12 = 0. 







33.] 


THE LOCUS OF AH EQUATIOH 


45 


In Chap. V, it will be shown that, in Cartesian coordinates, an equa¬ 
tion of the first degree in two variables always represents a straight line. 

(4) Give?! the equation ?/2 = 4a:, to find its locus. This equation is 
satisfied by each of the foUowiug pairs of values, found as in (3) above: 

= 0 , = 0 

a:2 = 1, 2/2 = + ^ 

a:g = 1, 2/g = — 2^ 

= = 2 V 2 = 2 . 8 , approximately 

= 2 , 2/5 = — 2 V 2 = — 2 . 8 , approximately 
5*6 = 2/6 = + 4 


Y 






o' 

^ 






Fig. IT. 


a: = +co, 2/=±co 

and for any negative value of x the corre¬ 
sponding value of 7j is imaginary. 

The corresponding pioints are: 

Pi = (0, 0), P2 = (l’ “2)’ 

All these points are found to lie on the curve as plotted in Fig. 17. 
This curve is called a paraholn, and will be studied in a later chapter. 

The parabola is one of the curves obtained by the intersection of a 
circular cone and a plane, (cf. Appendix, l^ote D.) It will be shown 
in Chap. XII that in Cartesian coordinates, the locus of any alge¬ 
braic equation in two variables and 
of the second degree is a “conic sec¬ 
tion.” 

(5) Gicen the equation^ y = 25 log x, 
to find its locus. A table of logarithms 
shows that this equation is satisfied by 
the following pairs of values: 



= 0 . 2^1 = - “ 

= 6, y- = 10.4 

= 1, y. - 0 

2^8 = 7 , ^8 = 21.1 

= 2 , 1/3 = 7.5 

r, = If), 2/9 = 25 

11 

11 

0 

= 15, 2/10 = 29.4 

= i, v/3 = 15 

2-u = 20, 2/11 = 32.5 

= 5, 3/6 = 17.5 

etc. etc. 

The corresponding points are : 

1 = (0, -co), P. 

S(1,0), P8 = (2, 7..5), 


etc.; and the locus of the above equa¬ 
tion is approximately given by the 
curve drawni through these points as shown in I ig. 18. 
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(6) Given the equation y — tanxj to find its locus. By means of a table 
of “natural” tangents it is seen that this equation is satisfied by the 
following pairs of values of x and y : 


Degrees 

Eadians 

I ^ 

= 0 

= 0.00 

1 / 1=0 

Xe, = 10 

= 0.17 

Vi =0.18 

;r3 =20 • 

= 0.35 

Vs =0.36 

0 

CO 

II 

= 0.52 

^4 =0.58 

0 

II 

= 0.70 

Vs =0.84 

a-g =50 

= 0.87 1 

. = 1.19 

= 60 

= 1.05 

II 

CO 

0 

II 

= 1.22 

% = 2.75 

1! 

GO 

0 

= 1.40 

% = 5.67 

II 

CO 

0 

= 1.57 

yio = «5 

x^^ = - 10 

= - 0.17 

yii = - 0.18 

x^2 = - 20 

= - 0.35 

^12 ~ “ 0.36 

% = - 30 

= - 0.52 

Va = - 0-58 

etc. 

etc. 

etc. 


Tlie corresponding points are: 

Pi = (0, 0), P2=(0.17, 0.18), P 3 SCO. 35 , 0.S6), etc., 
and the locus is approximately as shown in Fig. 19. 



34. Loci by polar coordinates. Analogous results are obtained for a 

^ «^ample. 

Given the equation p=4,cose, to Jind its locus. 
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This equation is satisfied by the following pairs of values, found as in 
Art. 83 (3) and (4) : 


^1 = 0 
6 ^ = 80° 

.613 = 60 ° 

^4 = 45 ° 

= 90° 

(9„ = - 30° 

e ., = - 60° 

(9a = - 45° 
e^ = - 90 ° 
etc. 


Pi = 4 

P2 = 2\/3 = 3.46+ 

P 8 = 2 

P4 = 2V2 = 2.8+ 

Pi = 0 
Pe — 3.46 + 

Pr = 2 

Ps = 2.8 + 

P9 = 0 

etc. 



The corresponding points are: 

Pi=(4, O'^); P2=(3.46 + , 30°); 60°); P4=(2.8 + , 45°) ; 

P^=Pg= the pole O=(0, d='90°) ; Pe=(3.46 + , - 30°) ; - 60°) ; 

etc. 

All these points are found to lie on the circumference of a circle 
whose radius is 2 , the pole being on the circumference, and the polar axis 
being a diameter. This circle is the locus of the equation p = 4 cos 9, 


EXERCISES 


Plot the loci of the following equations 
7. X- + y‘^ = 4. 


1. a: = 0. 

2 . y = 0 . 

3. hx = 0. 

4. 3a; = 7. 

5. 2 y + 5 = 0. 

6 . a: 4- 2 / = 6 . 


8 , a: + y = 4. 

9 . it- — y = 0 . 

10 . — y 2 = 4, 

11 . 2 x- + y- = 4. 

12 . V = 32 t 


13. _|. 52 ^ 9. 

14. + v= 0, 

15. s = 16 r-. 

16. I' + ^ = 1. 

17. p = 3. 

18. pcos(d -40°) =5. 

19. y = - a,'3. 


35. The locus of an equation. By the process illustrated 
above, of constructing a curve from its equation, the first 
conception of a locus is obtained, viz.: 

(1) The locus of an equation oontaiidtu/ two variables is 
the line, or set of lines, which contains all the points whose 
coordinates satisfy the given equation, and which contains 
no other points. It is the place where all the points, and 
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only those points, are found whose coordinates satisfy the 
given e(juation. 

A second conception of the locus of an equation comes 
directly from this one, for the line or set of lines may be 
regarded as the path traced by a point which moves along 
it. The path of the moving point is determined by the 
condition that its coordinates for every position through 
which it passes must satisfy the given equation. Thus the 
line EF (the locus of eq. (3), Art. 33) may be regarded 
as the path traced by the point P, which moves so that 
its coordinates (a;, y) always satisfy the equation 

3a;-2y + 12 = 0. 

Thus arises a second conception of a locus, viz.: 

(2) The locus of an equation is the path traced hy a point 
udiich moves so that its coordinates ahoays satisfy the given 
equation. 

In eitlier conception of a locus, tlie essential condition 
that a point shall lie on the locus of a given equation is, 
that tie coordinates of the point when substituted respectively 
for the variables of the equation.^ shall satisfy the equatiojij 
and in order that a curve may be the locus of an equa¬ 
tion, it is necessary that there be no other points than those 
of this curve ivhose coordinates satisfy the equation. 

36. Classification of loci. The form of a locus depends 
upon the nature of its equation; the curve may therefore 
be classified according to its equation, an algebraic curve 
being one whose equation is algebraic, and a transcendental 
curve one whose equation is transcendental. In particular, 
the degree of an algebraic curve is defined to be the same 
as the degree of its equation. The following pages are 
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concerned chiefly with jalgebraic curves of the first and 
second degrees. 

37. Construction of loci. Discussion of equations. The 

process of constructing a locus by plotting separate points, 
and then connecting them by a smooth curve, is only ap¬ 
proximate, and is long and tedious. It may often be short¬ 
ened by a consideration of the peculiarities of the given 
equation, such as symmetry, the limiting values of the vari¬ 
ables for which both are real, etc. Such considerations will 
often show the general form and limitations of the curve ; 
and, taken together, they constitute a discussion of the equa~ 
tion. 

The points where a locus crosses the coordinate axes are 
almost always useful; in drawing the curve, they are given 
by their distances from the origin along the respective axes. 
These distances are called the intercepts of the curve. 

The following examples may serve to illustrate these 
conceptions; 

(1) Discussion of the equation Zx —= [see (3) Art. 33]. 

Intercepts : if a: = 0, then ^ = 6; hence the ^-intercept is 6 
(see Fig. 16) ; if ?/ = 0, then x = 4] hence the x-intercept is 4. 

The equation may be written: a: = f- ~ 4, which show^s that as y 
increases continuously from 0 to oo, a: increases continuously from — 4 
to 00 ; therefore the locus passes from the point Pg through the point Pp 
and then recedes indefinitely from both axes in the first quadrant. Writ¬ 
ten as above, the equation also shows that as y decreases from 0 to - co , 
X also decreases from — 4 to — oo ; therefore the locus passes from Pg into 
the third quadrant, receding again indefinitely from both axes. Since 
for every value of x takes but one value (i.e., each value of y corre¬ 
sponds to but one point on the curve), therefore the locus consists of a 
single branch. The proof that the locus of any first-degree equation, in 
two variables, is a straight line is given in Chap. Y. 

(2) Discussion of the equation y^ = 4 x, [See (4) Art. 33.] 

Intercepts (see Fig. 17) : if a; = 0, then y = and ii ij = 0, then x ~ : 

TAN. AN. GEOM.- 4 
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hence the locus cuts each axis in one point only, and that point is the 
origin. The equation may be written in the form ?/ = ± Vda:, which 
shows that if rr be negative y is imaginary; hence there is no point of 
this locus on the negative side of the y-axis. 

Again: for each positive value of x there are two real values of y, 
numerically equal, but opposite in sign; hence this locus passes through 
the origin, lies wholly in the first and fourth quadrants, and is symmetri¬ 
cal with regard to the a:-axis. 

The equation shows also that x may have any positive value, however 
great, and that y increases w'hen x increases; these facts show that the 
locus recedes indefinitely from both axes, — that it is an open curve of 
one branch. It is called a parabola and has the form shown in Fig. 17. 

(3) Discussion of the equation x^ o?. 

Intercepts: it x - 0, then y = ± a, and 
if y = 0, then a; = ± u; hence for each 
axis there are iico intercepts, each of length 
< 2 , and on opposite sides of the origin ; 
le,, four positions of the tracing point are : 
A=(a, 0), A'=(~a, 0), B=(0f a), and 
B' = (0, -a). 

This equation may also be written 
y = ± 

which shows that every value of x gives 
two corresponding values of y which are 
numerically equal, but of opposite sign; 
the locus is, therefore, symmetrical with regard to the x-axis. It also 
shows that, corresponding to any value of x numerically greater than «, 
y is imaginary; the tracing point, therefore, does not move further from 
the y-axis than ± u, Le., further than the points A and A'. Moreover, 
as X increases from 0 to a, y remains real and changes gradually from 
+ a to 0, or from - a to 0; i.e., the tracing point moves continuously 
from B to A, or from B' to A. 

Again, if x decreases from 0 to a, y remains real and changes con¬ 
tinuously from -}- a to 0, or from — a to 0; i.e., the tracing point moves 
continuously from i? to A' or from B' to A'. 

Similarly, the equation may be written x = ± ~ y% which shows 

that the curve is also symmetrical with regard to the y-axis, and that 
the tracing point does not move farther than ± a from the x-axis. 

From these facts it follows that this locus is a closed curve of only one 
branch. That it is a circle of radius a, with its center at the on'o-ii, ^yin 
be shown in Chap. VII. ^ 
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(4) Discussion of the equation = (x — 2) (x — 3) (x — 4). 

Intercepts : if a; = 0, then y is imaginary; if ^ = 0, then a; = 2, 3, or 

4; hence the locus crosses the x-axes at the three points: ^4 = (2, 0), 
J5 = (3, 0), and C=(4, 0), and 
it does not cut the ^-axis at all. 

Moreover, since y is imaginary if 
X is negative, the locus Hes wholly 
on the positive side of the y-axis. 

This locus is symmetrical with 
regard to the x-axis; it has no 
point nearer to the y-axis than 
A ; between A and B it consists 
of a closed branch; and it has no 
real points between B and C, but 
is again real beyond C. The 
entire locus consists, then, of a 
closed oval, and of an open branch 
which recedes indefinitely from 
both axes, see Fig. 22. 

(5) Discussion of the equation y = tanx. This equation has already 
been examined in (6) Art. 33, but in practice it may be much more simply 
plotted by the following method: 

Describe a circle with unit radius; draw the diameter AOC, and the 




lines OB^, meeting the tangent AT 

in the points Tj, Tg, Tg, ••• ; then the tangent of 
the angle AOB^ is : 03/j = .4 : OA (Art. 

14), and, since OA = 1, its value is graphically rep¬ 
resented by .4 Ty So also 
tan AOB,^ = : OMo, = AT,: OA = AT,: 1, 

and may be graphically represented by A T^. In 
the same w^ay, ^4 Tg, A T^, AT^, ••• are the tangents 
of the angles AOB^, AOB^, AOB^., •••. Again, 
since angles at the center of a circle are propor¬ 
tional to the arcs intercepted by their sidcvS, .4 Ty 
AT^, ••• may be said to be the tangents of the 
arcs A By AB,, •*•; i-e.j A T^ = tan .45,, .4 T, = tan 
AB,, •••. Therefore the coordinates of the points 
P^={ABy AT^), P,~{AB,, ... satisfy the 

given equation, and if a sufficient number of points, 
whose coordinates are thus determined, be plotted, 
they will all lie on a curve like that in Fig. 19. 
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From what has just been said it is clear that y = 0 if a; = 0, hence the 
curve goes through the origin; when x increases continuously from 0 to 
y increases continuously from 0 to co, but when % increases ilirouyli 
y passes suddenly from + oo to ~ co, and the curve is discontinuous for 
that value of x. So also W'hen x increases continuously from ~ to 
y increases continuously from — oo through 0 to 4 oo, and is again dis¬ 
continuous for X = The locus consists of an infinite number of 
such infinite, but continuous branches, separated by the points of discon¬ 
tinuity for which ar = 4 —, x = 4 ^, x = 

The other trigonometric functions, y = sina:, y = sec x, etc., can all be 
plotted by a method analogous to that above. 


EXERCISES 

Construct and discuss the loci of the following equations: 


1. 

x‘^ _ 

it- 

1 . 

3 . 

y = sec X. 

7. 

V 

= sin u. 


4 

9 


4 . 

3.2 __ ^2 — 

8. 


4 

II 

p 

2. 

T + 

yl^ 

1 . 

5 , 

— y2 _ 

9. 

L 

—= 5 *“^ 


4 

9 


6. 

4 0:2— y3_()^ 


y 

_ 2 


(cf. Ex. 8 , p. 8 .) 


38. The locus of an equation remains unchanged: (a) by 
any transposition of the terms of the equation; and (p) by 
multiplying both members of the equation by any finite con¬ 
stant, 

(a) If in any equation the terms are transposed from one 
member to the other in any way whatever, the locus of the 
equation is not changed thereby ; for the coordinates of all 
the points which satisfied the equation in its original form, 
and only those coordinates, satisfy it after the transpositions 
are made. [See Art. 35 (1).] ^ 

(y8) If both members of an equation are multiplied by any 
finite constant its locus is not changed thereby. For if 
the terms of the equation, after the multiplication has been 
performed, are all transposed to the first member, tliat mem¬ 
ber may be written as the product of the constant h and a 
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factor containing the variables. This product will vanish if, 
and only if, its second factor vanishes ; but this factor Avill 
vanish if, and only if, the variables which it contains are the 
coordinates of points on the locus of the original equation. 
Hence the coordinates of all points on the locus of the ori¬ 
ginal equation, and only those coordinates, satisfy the equation 
after it has been multiplied by h ; hence the locus remains 
unchanged if its equation is multiplied by a finite constant. 

39. Points of intersection of two loci. Since the points of 
intersection of two loci are points on each locus, therefore 
the coordinates of these points must satisfy each of the two 
equations ; moreover, the codrdinates of no other points can 
satisfy both equations. Hence, to find the co5rdinates of the 
points of intersection of two curves, it is only necessary to 
regard their equations as simultaneous and solve for the 
coordinates. 

E,g., Find the coordinates of the points of intersection, and ‘^f 
the loci of a: - 2 y = 0, and = x. The point of intersection ^J^) 
is on hoth curves, 

Xj - 2 yj = 0, and 
Solving these two equations, 

Xj = 0, or 4, and = 0, or 2; 

le., Pi= (4, 2) and P,= (0, 0) are 
two points, the coordinates of which 
satisfy each of the two given equa¬ 
tions ; therefore they are the points 
of intersection of the loci of these 
equations. 

EXERCISES 

Find the points of intersection of the following pairs of curves: 

(72-113^ + 1=0, 2 (2+i/ = 3, 

• (2 + 3 / -2 = 0 . ■ _ 

* If ic and y are regarded as the coordinates of the point of intersection, 
the subscripts may be omitted here. 
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3. 

(y=3a; + 2, 

8. 

J a; + y = 2 0?, 


] + y^=:i. 


( + a'Y = a%K 

4. 

j2y~5xzz0, 

9. 

j x^ -f 


lx^-y^-6. 


Ix^^--2 7/ = 1. 

5. 

(x^-j-y^z=9, 

10. 

II 


(x^-h 6xy + y^ = 0. 


iy -x = 3. 

a 

(x-^-i- = a2 

11. 

J p = 2 cos 0, 

D. 

(3ai4-^ + a = 0. 


1 p cos ^ = 4. 

7. 

{y‘^ = ^px, 

12. 

(p = 9 cos (45° - $), 

S /-jr \ 


o 

II 

1 


^pco.s^^-|-^lj = l. 


13. Trace carefully the above loci; by measuremeut, find the coordi¬ 
nates of the points m which each pair intersect; and compare these 
results with those already obtained by computation. 


40. Product of two or more equations, tivo or more 

equations with their second members zero;* the product of their 

first members, equated to zero, has for its locus the combined 
loci of the given equations. 

This follows at once from the fundamental relation be- 
ween an equation and its locus (see Art. 35 (1)), for tlie 
new equation is satisfied by the coordinates of tho.se points 
which make one of its factors zero, but it is satisfied by 
the “oi'dmates of no other points; i.e., this new equation 
satisfied by the coordinates of points that lie on one or 
another of the loci of the given equations. 

lie following example illustrates this principle in the 
case of two given equations. 

Let the given equations be: 

X + y = Q . . _ x-y=0 . . , ^2) 

melL'Ty multiplied together, 

of the Inri nf H ’ equation is not satisfied by any points 

l.r‘ t ts. “““ 

Inlenectlon ot ik, tel o( tl,, gh.u eJlSte " ““ 
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Equation (1) represents the 
straight line CD, and equation 
(2) the line AJB^ — bisecting re¬ 
spectively the angles between the 
axes. It is to be shown that the 
equation 

(rr-fy)(a;-^)=0 . . , (3) 

(or, what is the same, — 0), 

formed from equations (1) and (2), 
has for its locus both these lines. 

Proof. If Pi=(% yf) is any point on OD, then its co¬ 
ordinates satisfy equation (1), hence = 0, and there¬ 
fore (xi + — yi) = ^ ; which shows that is a point 

of the locus of equation (3). But since P^ was any point 
of OB, therefore the coordinates of every point on QD satisfy 
equation (3); all points of QB belong to the locus of 
equation (3). 

In the same way ifc is shown that AB belongs to the 
locus of equation (3). 

Moreover, if y^ be any point not on AB nor 

on CB, then y^^ 0, and — y^^ 0, hence 

(^3 + 

i.e., Pg does not belong to the locus of equation (3). 

Hence the locus of equation (3) contains the loci of equa¬ 
tions (1) and (2), but contains no other points. 

The above theorem may be stated briefly thus : if u.> t’, 
etc., be any functions of two variables, then the equation 
uviv • ••• =0 has for its locus the combined loci of the 
equations u = 0, v = 0, = 0, etc. 

Note. When possible, factoring the first member of an equation, 
whose second member is zero, simplifies the work of finding the locus of 
the given equation. 
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^^hat joci are represented by the following equations? 


[Ch. hi. 


1. xy = 0. 

4. r):,.7/a-2 :»% = (). 


2. 2:-r = o 

4 9 

5. a:‘-2->2a:+l = 0. 


3. + 

6. (■'?fHy--4)(y-2-4x)=r:0. 


41. Locus represented by the sum of two equations. Sup- 

pose the equations ^ 

2y-.;=0 . . . (1), and ^^-x=0 ... (2) 

are given, d’lieir loci are respectively AB and BP P 0 
(Art. 11!)), and it is required to find the locus of their suiu ; 

i.e., of 2ij-x + f~x=o[ 
or, what is the same thing, of 
y^ + 2ij-2x = 0 . . . (3) 
Ihe locus of this last equa¬ 
tion passes througli all tlie 
points in whicli AB and 
intersect each other, 
hor let Pjsfaij, ],e one of 
these iioints, tlien since P, 
lies on AB, its coordinates satisfy equation (1); i.e., 

2yj-3q = 0; . . . (.4^ 

and since p, lies „„ l,j.,p^c, its 

tions (2); i.e., ' 

^1^ ~ *1 = 0 ; . . _ ^ 

therefore, by adding equations (4) and (5), 

yi+^i/i-2xy = 0. . . . (H) 

This last equation proves (Art. 35 (1)) that P, = (x y ) 

IS on the locus of equation (3); i.e., the locus of c(,uati,m 

(3) passes through = 

Similar reasoning would show that the locus of eciuation 



Fig. 20. 
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(3) passes through every other point in which the loci of 
equations (1) and (2) intersect each other. 

In precisely the same way it may be proved generally that 
the locus of the sum of two equations passes through all the 
pohits in which the loci of the two given equations intersect 
each other. 

If either of the given equations (1) or (2) had been multi¬ 
plied by any constant factor before adding, the above reason- 
ing would still have led to the same conclusion; in fact, 
this theorem may be briefly, and more generally, stated thus: 
if u and v are any functions of the two variables x and y, a 7 id 
k is any constant,, then the locus of 

U-\-kv 

passes through every point of intersection of the loci of 
= 0 and V = 0, 

For, let the locus of the equation *14 = 0 be the curve 
ABQ,, the locus of v = 0 be the curve DEF^ and let 
Pi = yO of 

the points in which these 
curves intersect each other. 

Then the equation 

u -f kv = 0 

is satisfied by the co5rdi- 
nates of the point Pi = 

Qxi, yi), because if these 
coordinates be substituted for x and y in the functions u and 
V they must make both these functions separately equal to 
zero. Therefore the locus of w + kv = 0 passes through 
every point in which the loci of w = 0 and v — Q intersect 
each other. 
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EXERCISES 

1. Verify Art. 41 by first finding the coordinates of the points of 
intersection of the loci of equations (1) and (2), and then substituting 
these coordinates in equation (3). 


2. Find the equation of a curve that passes through all the points in 
which the following pairs of curves intersect: 


(a) 


5 -f = 9, 
ix-^2x-{-y^ = 0. 


(/ 3 ) 


f!/ = sin 2 , I 
1^ = 2 cos X. j 


3. Find the equation of a curve through all the points comnaon to the 
following pairs of curves: 


, . ( a’2 = 4 2/, 

Xy^- = ix. 



P = 2 COB 0 ,} 
p cos ^ = J. > 


Note. It is to be observed that the method given in Art. 39, for find¬ 
ing the point of intersection of two curves, is an application of the 
theorem of Art. 41. For the process of solving two simultaneous equa¬ 
tions, at least one of which involves two variables, consists in combining 
them in such a way as to obtain two simple equations, each involving 
only one variable. Now each of these simple equations represents an 
elementary locus, — one or more straight lines parallel to the axes, if the 
coordinates are Cartesian; circles about the pole, or straight lines through 
the pole, if the coordinates are polar, — and these elementary loci deter¬ 
mine, i.e., pass through, the points of intersection of the original loci. 
To determine the points of intersection, then, of two loci, the original 
loci are replaced by simpler ones passing through the same common 
points. E.g., the points of intersection of the loci of Art. 39, 

2 y’-x = 0 . . . (1), and y^ = x, , . , (2) 

are given by the equations 

(y^ - x) - (2 y - x) =0 and (2 y - xy - 4: (y^ - x) = 0, 
that is, by y^-2 y~% and - 4 x = 0, 

which may be written 

y(y-2) = 0 . . . (3), x(x - 4) = 0. . . . (4) 

But the locus of equation (3) is a pair of straight lines parallel to the 
x-axis, and the locus of equation (4) is a pair of straight lines parallel 
to the 7/-axis; and these loci have the same points of intersection as the 
loci (1) and (2). 
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EXAMPLES ON CHAPTER III 

1 . Are the points (3, 9), (4, 6 ),and (5, 5 ) on the locus of3a:+2y=25? 

2 . Is the point on the locus of 4 + 9 ^^2 ^ 2 ? 

3. The ordinate of a certain point on the locus of x'^ + y^ = 25 is 4 ; 
what is its abscissa? What is the ordinate if the abscissa is 

Find by the method of Art. 39 where the following loci cut the axes 
of X and y. 

4. y = (a;-2)(^-3). 5. 16-{-9 = 144 . 

6. a;2 + 6 a; -f y2 = 4 y _{. 3. 

Find by the method of Art. 39 where the following loci cut the polar 
axis (or initial line). 

7. p = 4sin2^. 8. p2 = a2oos2(9. 

9. The two looi^ —^ = 1, ^-(.^ = 1 intersect in four points; find 

the lengths of the sides and of the diagonals of the quadrilateral fonned 
by these points. 

10 . A triangle is formed by the points of intersection of the loci of 
X y = a, a: — 2y = 4aj and y — a: + 7(2 = 0 . Find its area. 

11- Find the distance between the points of intersection of the curves 
3r-2y + 12 = 0, and x‘^ + y2 ^ 9 . 

12 . Does the locus of 4 ^ intersect the locus of 2 2 : + 3 y + 2 = 0 V 

13. Does the locus of 4 ^ 4 . 4 ~ 0 cut the locus of x^ + y^ = 1 ? 

14. For what values of m will the curves + ^2 _ 9 ^ _ 0 ^ ^ 

not intersect? (cf. Art. 9.) Trace these curves. 

15. For w'hat value of b will the curves y^ = 4 r and y = x 4 - & inter¬ 
sect in two distinct points? in two coincident points? in two imaginary 
points (i.e., not intersect)? 

16. Find those twm values of c for w^hich the points of intersection of 
the curves y = 2 x + c and 4 - y2 = 25 are coincident. 

17. Find the equation of a curve w^hich passes through all the points 
of intersection of x^ -f y 2 _ 05 and y^ = 4x. Test the correctness of the 
result by finding the coordinates of the points of intersection and sub¬ 
stituting them in the equation just found. 
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let P = (x, y) be any other point on the line through 
and Pj. 

Draw the ordinates M^P^, MP, and M^P^, and througli 
Pj draw PiiV parallel to the a:-axis, meeting MP in B and 
MJP^ in ^ 2 - 



The triangles P^RP and P^R^P^ are similar, hence 


V. MP-M,P, OM-OM, 

R,p, p,b; m,p,-m,p-om,-om; 

Substituting for 3IP, OM, M^P^, etc., their values, 

this equation becomes 

y -2 a; - 3 
5-2 12-3’ 

which reduces to 3 y — a; — 3 = 0. . . 

This is the required equation of the straight line through 
Pj and Pj, because it fulfills both the requirements of the 
definition [cf. Art. 35 (1)]; i.e., it is satisfied by the coordi¬ 
nates of ay (i.e., of every) point of this line, because iK, y are 
the coordinates of any such point; and it is not satisfied by 
the coordinates of any point which is not on this line, because 
the corresponding constructions for such a point would not 
give similar triangles, and hence the proportions which led 
to this equation would not be true. 

That equation (1) is not satisfied by the coordinates of 
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any point not on the line through Pj and Pg niay also be 
seen as follows: 

let Pg = (iCg, yg) 

be any point not on the 
line through P^ and Pg, 
the ordinate will 

meet P^P^ in some point 
P^ = (x^, for which 

but ^4 yg. Since P 4 is on the line PiP^t its 
coordinates satisfy equation ( 1 ), therefore 

3 y 4 — a ;4 — 3 = 0, 

. 3 yg - iCg - 3 = 5 fc 0 ;* [since x^ = x^ and y^ ^ yg] 
hence the coordinates of Pg do not satisfy the equation 

3 y — X = 8. 



44. Equation of straight line passing through given point 
and in given direction.f Let P^ = (5, 4) be the given point, 
let the given line through P^ make an angle of 30° with the 
2 :-axis, and let P = (x, y) be any other point on this line. 

Draw the ordinates M^P^ and MP, and, through P^, draw 
PjP parallel to the a:-axis to meet MP in R. Then 
„ „ „ RP MP- M^P^ 

tanPPiP-p^^- Q]y[_Qjy[^ ■ 


^ This proof shows clearly that if the coordinates of any point on the 
straight line through Fi and are substituted fora: and y in etiuation (1) 
the first member will be equal to zero ; if the coordinates of any point heJow 
this line are so substituted the first member will be negative ; and if the coor¬ 
dinates of any point above this line are so substituted the first member will be 
positive. This line may then be regarded as the boundary which separates 
that part of the plane for which 3y-x-3 is negative from the part for 
which this function is positive. Because of this fact that side of this line on 
which P;i lies may be called the negative side^ and the other the positice side. 
t See also Art. 53. 
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Substituting for iJfjPj, MP, OM, and angle RP^P 
their values, and remembering that tan 80° = z= ^8 
this equation becomes ^ 


lV3=^—f.e., a;-V3y-5 + 4V3 = 0.* 

X — o 



The equation just found is satisfied by the coordinates of 
any point on the given line, but is not satisfied by the coor¬ 
dinates of any point that is not on this line (ef. Art. 43); 
hence it is the equation of the line ^cf. Art. 85). 


45. Equation of a circle; polar coordinates.f In deriving 
this equation, let polar coordinates be employed, merely for 



variety, and let the pole be taken 
on the circumference, with a di¬ 
ameter OA extended for the ini¬ 
tial line. Let P = (p, 0) be any 
point on the circle,:j: and let r ho 
the radius of the circle. 

Connect P and A by a straio’ht 


t See also Art. 98. 

t Except in plane geometry, the word “circle” i.s eraploved hv nm«t 

rcr““ “ 
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line; then, in triangle A OP, angle OPA is a right angle, 
AOP = e, OP = p, and OP:OA=: cos e ; i.e., 

p: 2r = cos 0; 

hence p=2rcos0. . . . (1) 

Equation (1) is satisfied by the polar coordinates of every 
point on the circle; but is not satisfied by the coordinates 
of a point Q not on the circle, since angle AQO is not a 
right angle. Therefore Eq. (1) is the equation of this circle 
(cf. Art. 35). 

EXERCISES 

1 . Find the equation of the straiglit line through the two points (1,7) 
and (6, 11); through the points (“2, 5) and (3, 8). IVhich is its posi- 
tive side of these lines ? 

2 . Find the equation of the straight line through the two points (2, 3) 
and (-2, -3). Through what other point does this line pass? Does 
the equation show this fact? 

3. Find the equation of the straight line through the point (5, ”7), 
and making an angle of 45° with the x-axis ; making the angle - 45° with 
the a:-axis. 

4. Find the equation of the line through the point (“6, “2), and 
making the angle 120° with the a:-axis. 

5. Construct the circle whose equation is p = 10 cos S. 

6. With rectangular coordinates, find the equation of the circle of 
radius 5, which passes through the origin, and has its center on the 
a:-axis. Is its positive side outside or inside ? 

46. Equation of locus traced by a moving point. In the 

p)roblems given above, the geometric figure in each case was 
completely known; and, in obtaining its equation, use was 
made of the known properties of similar triangles, triangles 
inscribed in a semicircle, and trigonometric functions. In 
only a few cases, however, is the curve so completely 
known ; in a large class of important problems, the curve 

TAN. AN. GEOM. — 5 



66 


ANALYTIC GEOMBTET 


[Ch. IV. 


is known merely as the path traced by a point which moves 
under given conditions or laws. Such a curve, for instance, 
is the path of a cannon ball, or other projectile, moving 
under the influence of a known initial force and the force of 
gravity. Another such curve is that in which iron filings 
arrange themselves when acted upon by known magnetic 
forces. The orbits of the planets and other astronomical 
bodies, acting under the influence of certain centers of force, 
are important examples of this class of “given loci.’’ 

In such problems as these, the method used in Arts. 43 to 45, 
cannot, in general, be applied. A method that can often be 
employed, after the construction of an appropriate figure, is: 

(1) From the figure, express the known law, under which 
the point moves, by means of an equation involving geo¬ 
metric magnitudes; this equation may be called the “ geo¬ 
metric equation.” 

(2) Replace each geometric magnitude by its equivalent 
algebraic value, expressed in terms of the co5rdinates of 
the moving point and given constants; then simplify this 
algebraic equation, and the result is the desired equation of 
the locus. 


47. Equation of a circle: second method. To illustrate 
this second method of finding the equation of a locus, con¬ 



sider the circle as the path traced by a 
point which moves so that it is always 
at a given constant distance from a fixed 
point. From this definition, find its 
equation. 

Let (7 = (3, 2) be the given fixed 
point, and let P =(a;, y) be a point that 


moves so as to be always at the distance 2-| from (7. Then 


OP = |, ... . [geometric equation] 
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but OF = V(a;~3)2+(y-2)2 (Art. 26, [2]), 

V(a: — 8)2 + (^ — 2)^ = f; [algebraic equation] 

hence 4 + 4 — 24 a; — 16 y + 27 = 0, 

which is the required equation. 

The locus of this equation can now be plotted by the 
methods of Art. 37, and its form and limitations can be 
discussed as is there done for other equations. 

EXERCISES 

1 . Find the equation of the path traced by a point which moves so 
that it is always at the distance 4 from the point (5, 0). Trace the 
locus. 

2. Find the equation of the path traced by a point which moves so 
that it is always equidistant from the points (’"2, 3) and (7, 5) (cf. 
Ex. 9, p. 34). 

3. A line is 3 units long; one end is at the point (“2, 3). Find 
the locus of the other end (cf. Ex. 8, p. 34). 

4. A point moves so as to be always equidistant from the y-axis and 
from the point (4, 0). Find the equation of its path, and then trace and 
discuss the locus from its equation. 

5. A point moves so that the sum of its distances from the two points 
(0, Vo), (0, “Vo) is always equal to 6. Find the equation of the locus 
traced by this moving point. 

6. A point moves so that the difference of its distances from the two 
points (0, Vo), (0, “Vo) is always equal to 2. Find the equation of the 
locus traced by this moving point. 

48. The conic sections. Of the innumerable loci which 
may be given by means of the law governing the motion of 
the generating or tracing point, there is one class of par¬ 
ticular importance; and it is to the study of this important 
class that the following pages will be chiefly devoted. These 
curves are traced hy a point which moves so that its distance 
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from a fixed point alivays hears a constant ratio to its distance 
from a fixed straight line. These curves are called the Conic 
Sections, or more briefly Conics, because they can be obtained 
as the curves of intersection of planes and right circular 
cones; * in fact, it was in this way that they first became 
known. The last three examples just given belong to this 
class, although it is only in No. 4 that this fact is directly 
stated. These loci are the parabola, the ellipse, and the 
hyperbola; it will be shown later that they include as spe¬ 
cial cases the straight line and the circle, f They are of 
primary importance in astronomy, where it is found that the 
orbit of a heavenly body is a curve of this kind. 

The general equation, which includes all of these curves, 
will now be derived, and the locus briefly discussed; in a 
subsequent chapter will be given a detailed study of the 
properties of these curves in their several special forms, 
(a) The equation of the locus. Let F be the fixed point, 
— the focus of the curve; JD'D the fixed 
line, the directrix of the curve; and e 
the given ratio, — the eccentricity of 
the curve. 

^ coordinate axes may of course 

be chosen as is most convenient. Let 
F F be the y-axis, and the perpendicu¬ 
lar to it through F, i.e., the line OFX, 
be the a:-axis. Let P ~ (x, y) be any position of the generat¬ 
ing point, and let OF, the fixed distance of the focus from 
the directrix, be denoted by k; then the coordinates of the 
focus are (k, 0). Connect F and P, and througli P draw 
psTpondicular to ttiG clirGctrix. 

_ ^■P -FP = e, [geometric equation] 


F 

Fig. 33. 


^ See Note D, Appendix. 


t See Note C, Appendix. 
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but FP = V(x^ ky + y (Art. 26), 

and LP = x ; [algebraic equivalents]' 

hence V(a; — ky + = ex ; 

z.e., (1 —+ 2fc + F=0, . . . (1) 

which is the equation of the given locus. 

This equation is of the second degree; in a later chapter 
it will be shown that every equation of the second degree 
between two variables represents a conic section. On this 
account it is often spoken of as the ‘^second degree curve.” 

(6) Discussion of equation (1). 

If a; = 0, then ^ = ± ^ V — 1, which shows that this curve 
does not intersect the ^/-axis as here chosen; i.e., a conic 
does not intersect its directrix. 


If y = 0, then (1 — — 2 4- = 0, 

k k 

whence x — - -, ov x= - -, 

1 + e 1 — e 


( 2 ) 


i.e., a conic meets the line drawn through the focus and per¬ 
pendicular to the directrix (the a;-axis as ’ here chosen) in 
two points whose distances from the directrix are -- and 

z -respectively; these points are called the vertices of the 


conic. 

Equation (1) shows that for every value of x, the tw^o 
corresponding values of y are numerically equal but of 
opposite signs, hence the conic is symmetrical with regard 
to the a;-axis as here chosen. For this reason the line 
drawn through the focus of a conic and perpendicular to 
the directrix is called the principal axis of the conic. 

The form of the locus of equation (1) depends upon the 
value of the eccentricity (e) \ if e = I, the conic is called a 
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parabola; if e<l, an ellipse; and if e>l, an hyperbola. 
Each of these cases will now be separately,considered. 

(1) The parabola, e = l. If e = l, then FP :LP=1, 
i.e,, PP = LP for every position of 
the tracing point,* hbnce the curve 
passes through — the point mid¬ 

way between 0 and F, — but does not 
again cross the principal axis (cf. 
also equations (2), above). 

Moreover, when e = 1, equation (1) 
becomes 



%.e.. 


Fig. 34. 


^2 — 2 kx + k"^ = 0, 

f=2Tc(x-fj, 


(3) 


which is the equation of the parabola, the coordinate axes 
being the principal axis of the curve and the directrix. 
Equation (3) shows that there is no point of this parabola 
for which 2 ;<|, and also that y changes from 0 to ±oo 

when a: increases from - to oo; hence the parabola recedes 

indefinitely from both axes in the first and fourth quadrants. 
Its form is given in Fig. 34. 

(2) The ellipse, e < 1. Equation (1) may be written in 
the form 




• • (4)t 


* This property enables one to construct any number of points lying on the 
parabola, thus: with F as center, and any radius not less than I OF, describe 
a circle, then draw a line parallel to OT and at a distance from it equal to 
the chosen radius; the points in which this line cuts the circle are points on 
the paraboia. Other points can be located in the same way. See also Note 
B, Appendi.x. 

t Equation (4) enables one to construct any number of points on the 
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which shows, e being,less than 1 , that y is imaginary for all 
values of x except those which satisfy the condition 

k ^ = k 

hence the ellipse lies wholly on the positive side of its direc¬ 
trix, and between two lines which are parallel to the- directrix 


L 

0 

Y 

1 

P^--— — 

3 

\ X 

{1 


a[ f 

0 \ j a: 


r'xGi* 35« 


k h 

and distant from it -- and -- respectively- Equa- 

tion (4) shows that as 2 ; increases from -- to --, y 

1 -f 5 1 — 5 


ellipse. E.g.^ let x = OM ; then the factors lx - \ and ( -are 

V l + e/ \l-e I 

the two segments AM 
and MM of the line 
AA’^ and geometri¬ 
cally their product 
equals the square of 
the ordinate MQ of 
the semicircle of which 
AxV is the diameter. 

If now the point P on 
MQ be so constructed 
that 31P = Vl - e- - 3IQ, then P is a point on the ellipse whose equation is 
(4) above. 

Similarly, any number of points on the curve can be constructed. This 
method shows also that the ordinates of an ellipse are less than, but in a con¬ 
stant ratio to, the corresponding ordinates of the circle of which the diameter 
is the line joining the vertices of the ellipse. See also Note B, Appendix. 
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increases from 0 to 


eh 


X = 


k 


1 — 


Vl-«2 


which, value it reaches when 


and then decreases again to 0. The form of the 
curve is therefore as shown in Fig. 35, where OF=zk, 


0A=:^, 00 = :^. * and OB 


ek 


l+e 


1-e^ 


1 


Vl 


(3) The hyperbola, e > 1. Equation (1) may also be 
written in the form 




k 


l + e. 


k 


(5) 


which, when e > 1, shows that y is imaginary for all values 
of a; between = and a; = -A_, and that y is real for 
all other values of x. Equation (5) also shows that, as x 



increases from to oo, y changes from 0 to ±oo, and 
that, as X decreases from to - oo, y changes from 0 to 

± co. The form of the curve is therefore as shown in 

Fig. 37, where OA = and OA' = - ^ 

l+e 1—e e—l 

Although these three curves differ so' widely in form, they 
are really very closely related as will be further shown in 
Chap. XII, and in Note D of the Appendix. 



48-49.] 


THE EQUATION OF A LOCUS 


73 


49. The use of curves in applied mathematics.^ In Chap¬ 
ter III it was shown that whenever the relation between two 
variables, whose values depend upon each other, can be defi¬ 
nitely stated, i.e., when the variables can be connected by 
an equation, then the geometric or graphic representation of 
this relation is given by means of a curve. Such a curve 
often gives at a glance, information which would otherwise 
require considerable computation to secure; and in many 
cases it brings out facts of peculiar interest and importance 
which might otherwise escape notice. 

The use of graphic methods in the study of physics and 
engineering, as well as in statistics and many other branches 
of investigation, is already extensive and is rapidly increas¬ 
ing. Under the name ‘‘graphic methods” there are in¬ 
cluded, however, not only such examples as those already 
given, where the equation connecting the variables is known, 
but also those where no such equation can be found; in 
these latter cases the curves constitute almost the only prac¬ 
tical way of studying the relations involved. 

As a simple example of this kind, suppose the temperature 
of a patient to be accurately observed at intervals of one hour; 
if the numbers representing the hours, z.e., 1, 2, 3, ••• are 
taken as abscissas, and the corresponding numerical values of 
the temperatures be taken as ordinates, then a smooth curve 
drawn through the points so determined will express graphi¬ 
cally the variation of the temperature of this patient with 
the time. This curve will also show to the physician what 
was the greatest and least temperature during the inter¬ 
val of the observations, as well as the time wlien each of 


^ For most of the suggestions in this article, and in the examples that 
follow it, tlie authors are indebted to Mr. J. S. Shearer of the Department 
of Physics of Cornell University 
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these was attained. In this problem the curve gives no 
new information, but it presents in a much more concise 
and forcible form the information given by the tabulated 
numbers. 

Again, if the distances passed over by a ti-ain in successive 
minutes during the run between two stations are taken as 
ordinates, and the corresponding number of minutes since 
starting, as abscissas, a smooth curve drawn through the 
points so determined will show at a glance, to an experi¬ 
enced eye, where and when additional steam was turned into 
the cylinders, brakes applied, heavy grades encountered, etc., 
etc. 

In all such cases the coordinates of the points are taken to 
represent the numerical values of related quantities, such as 
time, length, weight, velocity, current, temperature, ete., and 
the curve through the points so determined usually gives, to 
an experienced person, all the information concerning the 
relations involved that is of practical importance. It is 
in the study of such curves that much of the value of train¬ 
ing in analytic geometry becomes apparent to the physicist 
and the engineer. The student should early learn to trans¬ 
late physical laws into graphic forms, and he should give 
careful attention to the interpretation of all changes of form, 
intercepts, intersections, etc., of such curves. 


' EXERCISES 

1. In simple interest if jd= principal, «=time, r=rate, and a=aniount, 
then a=p (1 + rt). If now particular numerical values are given to 
p and r, and if the values of the variable a be taken as ordinates, and 
the corresponding values of t as abscissas, then the locus of this equa¬ 
tion may be drawn. Draw this locus. What line in the figure repre¬ 
sents the principal ? hat feature of the curve depends upon the rate 
per cent ? Interpret the intercepts on the axes. 
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2. Give to and r in exercise 1 different values and, with the same 
axes, draw the corresponding locus. How do these loci differ? What 
does their point of intersection mean ? 

3. With the same axes as before draw the curve for which interest and 
time are the coordinates; how is it related to the curves of exercises 
1 and 2? 

4. Draw and discuss the curve showing the relation between amountj 
- 'principal, 7'ate, and time in the case of compound interest. 

(a) When interest is compounded annually. 

(^) When interest is compounded quarterly. 

(y) When interest is compounded instantaneously. 

5. A wage earner has already been working 10 days at |1.50 per day, 
and continues to do so 20 days longer, after which he is idle during 8 days; 
he then works 14 days more at the same wages, after which his employer 
raises his wages to f|2.50 per day for the next 20 days: using the amounts 
earned as ordinates, and the time (in days) as abscissas, draw carefully 
the broken line which states the above facts. 

What modification of the drawing would be necessary to show that 
the wage earner forfeited 50 cents per day during his idleness ? 

6. The following table shows the production of steel in Great Britain 
and the United States from 1878 to 1891.^ 



u.s. 

G.B. 


u.s. 

G.B. 

1878 . . 

7.3 (100,000 

10.6 (100,000 

1885 . . 

17.1 

19.7 


long tons) 

long tons) 




1879 . . 

9.3 

10.9 

1886 . . 

25.6 

23.4 

1880 . . 

T2.5 

13.7 

1887 . . 

33.4 

31.5 

1881 . . 

15.9 

18.6 

1888 . . 

29.0 

34.0 

1882 . . 

17.4 

21.9 

1889 . . 

33.8 

36.7 

1883 . . 

16.7 

20.9 

1890 . - 

42.8 

36.8 

1884 . . 

15.5 

18.5 

1891 . . 

39.0 

32.5 


Using time (in years) as abscissas, and quantity of steel produced 
(100,000 tons per unit) as ordinates, the separate i')oints represented by 


^ Taken by permission from Lambert’s Analytic Geometry. 
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the table have been plotted (Fig. 38) and then joined by straight lines, 
dotted for Great Britain and full for the United States.* 

Interpret fully the figure. 

45 i-^- i-^^^^^\^^--, 
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7. Exhibit graphically the information contained in the following 
table on the expense of moving freight per “ton-mile” on JSh Y. C. & 
H. R. R. R. from 1866 to 1893. 


a The foDowing table gives the population of the countries named 
between 1810 and 1896;f 

»In the figure the linear unit on the *-axis is 6 times as Ions; as the linear 
unit on the y-axis. It will, however, be noticed that the essential feature of 
asystem of coordinates, the “one-to-one correspondence” of the symbol 

(s, 2 /) and the points of a plane, is not disturbed by using different scales for 
ordinates and abscissas. 

t The authors are indebted to Professor W. P. Willcox of Cornell Univer- 

Tn w ® '‘o’ Statesman’s Year Book for 

and from Statistik des Deutschen Beichs, Bd. 44, 1892. 




49.] 


TRM EQUATION OF A LOCUS 


77 


Beitish Isles 


Year 


1801 

1811 

1821 

1831 

1841 

1851 

1861’ 

1871 

1881 

1891 


Population 


15,896,000 

17,908,000 

20,894,000 

24,029,000 

26,709,000 

27,369,000 

28,927,000 

31,485,000 

34,885,000 

37,733,000 


Lands now included in the 
German Empire 


Year 


1816 

1837 

1847 

1856 

1865 

1872 

1876 

1885 

1895 


Population 


24,831,000 

31,540,000 

34,753,000 

36,130,000 

39,399,000 

41,028,000 

42,775,000 

46,856,000 

52,280,000 


France 

Ireland 

United States 

Year 

Population 

Year 

Population 

Year 

Population 

1821 

30,462,000 

1811 

5,938,000 

1810 

7,240,000 

1841 

34,230,000 

1821 

6,802,000 

1820 

9,634,000 

1861 

37,386,000 

1831 

7,767,000 

1830 

12,866,000 

1866 

38,067,000 

1841 

8,175,000 

1840 

17,069,000 

1872 

36,103,000 

1851 

6,552,000 

1850 

23,192,000 

1876 

36,906,000 

1861 

5,799,000 

1860 

31,443,000 

1881 

37,672,000 

1871 

5,412,000 

1870 

38,558,000 

1886 

38,219,000 

1881 

5,175,000 

1880 

50,156,000 

1891 

1896 

38,343,000 

38,518,000 

1891 

4,705,000 

1890 

62,622,000 


Employing the number of years as abscissas, and the population 
(500,000 per unit,— numbers at left of figure represent millions) as ordi¬ 
nates, the separate points represented by the above table have been 
plotted (Fig. 39) and then joined by straight lines. The figure gives all 
the information contained in the tabulated results, besides'showing at a 
glance the relative population of the different countries at any given 
time. The student may account historically for the abrupt fall iii the 
line representing the population of France; and for the gradual down¬ 
ward tendency in the line representing the population of freland. 
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EXAMPLES ON CHAPTER IV 

1 . Find the equations of the sides of the triangle whose vertices are 
the points (2, 3), (4, -5), (3, ~6) (cf. Art. 43). Test the resulting 
equations by substitution of the given coordinates. 

2. Find the equations of the sides of the square whose vertices are 
(0, “1), (2, 1), (0, 3), (“2,1). Compare the equations of the parallel 
sides; of perpendicular sides. 

3. Find the coordinates of the center of the square in Ex. 2. Then 
find the radius of the circumscribed circle, and (Art. 47) the equation of 
that circle. Test the result by finding the coordinates of the points of 
intersection of one of the sides with circle (Art. 39). 

4. Find the equation of the path traced by a point which is always 
equidistant from the points 

(a) (2,0) and (0,-2); (^) (3, 2) and (6, 6); 

(y) (a + a~b) and (a — b, a + b). 

5. A point moves so that its ordinate always exceeds J of its abscissa 
by 6. Find the equation of its locus, and trace the curve. 

6 . A point moves so that the square of its ordinate is always 4 times 
its abscissa. Find the equation of its locus and trace the curve. 

7. Find the equation of the locus of a point which moves so that the 
sum of its distances from the points (1,3) and (4,2) is always 5. Trace 
and discuss the curve. 

8. Find the equation of the locus of the point in example 7, if the 
difference of its distances from the fixed points is always 2. 

9. Express by a single equation the fact that a point moves so that 
its distance from the .r-axis is always numerically 3 times its distance 
from the y-axis. 

10. A point moves so that the square of its distance from the point 
(a, 0) is 4 times its ordinate. Find the equation of its locus, and trace 
the curve. 

11. A point moves so that its distance from the a:-axis is J of its dis¬ 
tance from the origin. Find the equation of its locus, and trace the 
curve. 

12. A point moves so that the ditference of the squares of its dis¬ 
tances from the points (1, 3) and (4, 2) is 5. Find the equation of its 
locus and trace the curve. 
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13. Solve example 12 if the word “sum” is substituted for “differ¬ 
ence.” 

14. Let A~{a, 0), B=(b, 0), and -4' = (-«, 0) be three fixed points; 

fhatS^TI?l°2^^““"' P 0 intP = (.,,) which moves so 

15. A point moves so that \ of its abscissa exceeds J of its ordinate 
by 1. iiind the equation of its locus and trace the curve. 

A- loc'is of a point that is always eqiii- 

distant from the points (-3,4) and (5,3); from the points (-3,4) Ld 
(-,0). By means of these two equations find the coordinates of the 
pomt that is equidistant from the three given points. 

17. Let As(-1, 3), B=(-3, -3), C=(l, 2), D = (2, 2) be four 
xed points, and let P=ix,y) be a point that moves subject to the con¬ 
dition that the triangles PAB and PCD are always equal in area; find 
the equation of the locus of P. 

is 26 and two of its vertices are (5, -6) 
and ( 3,4), find the equation of the locus of the third vertex. 

^ ®° f^^at its distance from the pole is numerically 

qual to the. tangent of the angle which the straight line joining it to the 

aTipio“£;" 



CHAPTEE V 


THE STRAIGHT LINE. EQUATION OF FIRST DEGREE 
Aao + Bi/ 4* C = 0 

50. In Chapter III it was shown that to every equation 
iDetweeii two variables there corresponds a definite geometric 
locus, and in Chapter IV it was shown that if the geometric 
locus be given, its equation may be found. It still remains 
to exhibit in greater detail some of the more elementary loci 
and their equations, and to apply analytic methods to the 
study of the properties of these curves. Since the straight 
line is a simple locus, and one whose properties are already 
well understood by the student, its equation will be ex¬ 
amined first. 

In studying the straight line, as well as the circle and 
other second degree curves, to be taken up in later chapters, 
it will be found best first to obtain the simplest equation 
which represents the locus, and to study the properties of 
the curve from that simple or standard equation. Then it 
remains to find methods for reducing to this standard form 
any other equation that represents the same locus. 

51. Equation of straight line through two given points, A 

numerical example of the equation of the line through two 
fixed points has already been given in Art. 43 ; in the pres¬ 
ent article the equation of a straight line through any two 
given points will be derived; the method, however, will be 
precisely the same as that already employed in the numerical 
example. 
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Let the two given fixed points be Pi=(a;i, and 
(x' 2 , y 2 ), and let ■P=(z, y) be any other point on the line 
through Pi and P^. Draw the ordinates MiPi, M^P^, and 



MP; also through Pj draw P^ parallel to the rr-axis, and 
meeting MP in R and M^P^ in R,. Then the triangles 
PiRP and PiR^P^ are similar; 

• MP-MiPi OM-OM 

R2P2 Pi A’ 

Substituting in this last equation the coordinates of Pj, 
P 2 , and P, it becomes 

y-Vt _ ag-a?! 

V'l-Vx 052 - asi ’ ■ ■ • 

and since P= (x, y) is any point on the line through Pj and 
P 2 , therefore equation [9] is satisfied by the coordinates of 
every point on this line. That equation [9] is not satisfied 
by the coordinates of any point except such as are on the 
line P 1 P 2 may be proved as was done in Art. 43. 

Equation [9] then fulfills both requirements of the defi¬ 
nition in (1) of Art. 35, and is therefore the equation of 
the straight line through the two points (ajj, yj) and ( 2 : 2 , y^. 
This equation will be frequently needed and will be referred 
to as a standard form; it should be committed to memory.* 

* Throughout this hook the more important formulas are printed in hold- 
faced type; they should be committed to memory by the learner. 
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52. Equation of straight line in terms of the intercepts 
which it makes on the coordinate axes. If the two given 



points in Art. 51 are those in which the line cuts the axes 
of coordinates, i.e., A = {a^ 0) and jB = (0, 5) (Fig. 41), then 
equation [9] becomes 

y — 0 _ X ~ a . 

J — 0 0 --a 

that is, a f “ 

where a and h are the intercepts which the line cuts from 
the axes. 

This is another standard form of the equation of the 
straight line; it is known as the symmetrical or the inter¬ 
cept form. 

Equation [10] may also be derived independently of equa¬ 
tion [9] thus: let the line MJSf (Fig. 42), whose equation 
is to be found, cut the axes at the points A = (a, 0) and 
J? = (0, 5), and let P = (x^y') be any other point on this 
line. Connect 0 and P; then 

area OPB 4- area OAP = area OAB ; 
that is, ihx A- \ ciy = 

'X IJ 

and, dividing by ah^ this equation becomes ~ ^ = 1, as 

above. 

EXERCISES 

1. Show that equation [10] is not satisfied by the coordinates of any 
point except those lying on MN. 
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2 . Write down the equations of the lines through the following 
pairs of points: 

(a) (3, 4) and (5, 2); (y) (- 6 , 1) and (’"2, -5); 

Hi) (3, 4) and (6, -2); (S) (-15, -3) and g, 

3. Write the equations of the lines which make the following inter- 
copts on the and ^/-axes respectively. 

(a) 4 and 7; (/?) -3 and 5; (y) | and -i; (8) and 3 a. 

4. What do equations [9] and [10] become if one of the given 
points is the origin? 

5. By drawing, in Fig. 42, a perpendicular PM from P to the a;-axis, 
derive equation [10] from the similar triangles MAP and OAB. 

6 . Is equation [10] true if P is on MiV^but not between A and IVi 

7. Are equations [ 0 ] and [10] true if the coordinate axes are not 
at right angles to each other? 

8 . Is the point (3, 4J) on the line through the points ( 2 , 3 ) and 
(5, 7)? On which side of this line is it? Which is the negative side 
of this line? 

9. What intercepts does the line through the points (1, - 0 ) and 
(“3, 5) make on tlie axes ? 

10 . The vertices of a triangle are: ( 1 , -f)), ( 2 , 3), a,nd ( 3 , -(I). Find 
the equations of the sides; also of the tlinn.^ media,ns; then find tlui 
coordinates of the point of intersection of two of these nu^dlans, and 
show that these coordinates satisfy the tMpiation of tlie other median. 
What proposition of plane geometry is thus proviul V 

11 . Find the tangent of the angle (tlui “slope,” cf. Art. 27) which 
the line in exorcise 9 makes with tin', .r-axis. 

12 . Draw the line wliose equation is *^'4 and then find the 

2 3 

equations of the two lines which pass through th(‘. origin and trisect that 
portion of this line which lies in the lirst (piadrant. 

53. Equation of straight line through a given point and 
in a given direction (cf. Art. 44). \aA — y^) be 

the given point, and let tlie direction of the line be given 
by the angle XAP=d wbieb the line makcKS with the 
a;-axis ; also let ?/) lie mu/ point on tlu^ given line 

and denote the slope, tan 0, by w. Draw the ordinates 
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MiPi and MP^ and throngli 
Pj draw P-^R parallel to 
the :i;-axis and meeting the 
ordinate MP in R, 

Then, in triangle RP^P, 
the angle RP^P = d ; 

hence m = tan 9 = 

PjP X -- 

[Since RP — y^ P\^ = a: — x{}; 
that is, 2 / - 2 /i = m (a? - cci), . . . [11] 

which is the desired equation. 

Cor. If the given point he P = (0, 5), i,e.^ the point in 
which the line meets the y-axis, then equation [11] becomes 

y = mx + b* . . . [12] 

Equation [12] is usually spoken of as the slope form of 
the equation of the straight line. 



EXERCISES 

1 . What do the constants m and b in equation [12] mean? Draw 
the line for which ni = 4 and 5 = 3; also that for wdiich m = - I and 
5 = - 

2 . What is the effect on the line [ 12 ] of a change in b while m 
remains the same ? What if m be changed and b left unchanged ? 

3. Describe the effect on the line [11] of changing m while 2 -^ and 
remain the same; also the effect resulting from a change in while m 
and remain the same. 

4 . Write the equation of a line through the point (“3, 7),-and mak¬ 
ing with the a’-axis an angle of 30“^; of ~30^; of 5 * 

5 . Write the equations of the following lines: 

(a) slope 3, ^-intercept 8 ; (y 6 ) slope ^-intercept ~3 ; 

(y) slope ~ 2 , ^-intercept 
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6 . A line has the slope 6 ; what is its ^-intercept if it passes through 
the point (7, 1) ? 

7. What must be the slope of a line whose ^/-intercept is ~3, in order 
that it may pass through the point (“5, 5) ? 

8 . Is the point (1, 5 ) on the line passing through the point (“2, “14), 
and making an angle tan~^^ with the a;-axis? 

9. How do the lines ^ = 83 ; — 1, y = 3a: + 7, and 2y — 6 a; + 15 = 0 
differ from each other ? What have they in common ? Draw these lines. 

10 . What is common to the lines 2 / = 3a;--l, 2y = 5a:-“2, and 
7x-3y = 3? 

11 . What is the slope of [9] ? of [10] ? 

12 . Derive equation [12] independently of equation [11]. 


54. Equation of straight line in terms of the perpendicular 
from the origin upon it, and the angle which that perpendicular 
makes with the ac-axis. Let MIT he the line whose equation 



K 



> 

ir 


j 

p/ 


! 

7 

^ X 

M 

^ Fig. U.^ 



is sought, and let the perpendicular from 0 upon 

this line, and the angle (a) which this perpendicular makes 
with the a;-axis, be given. Also let jP = (a;, ?/) be any point 
on JUT; then by projection upon OJV (Art. 17), 

OMcos a -f- MP sin a = OW, 

cccosa + 2/sina = . . . [ 13 ] 

which is the required equation. 

Equation [13] is known as the normal form of the equa¬ 
tion of the straight line. 

In the following pages p will always be regarded as posi¬ 
tive, and a as positive and less than 360°. 
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0 ^ 55. Normal form of equation of straight line: second method. 

The student should bear in mind that to get the equation of 
a curve, he has merely to obtain an equation that is satisfied 
by the coordinates of every point on the curve, and not 
satisfied by the coordinates of any ofher point; and that it 
is wholly immaterial what particular geometric property he 
may employ in the accomplishment of this purpose. This 
fact is already illustrated in Art. 52, where equation [10] 
^ was obtained in two ways, while Ex. 5, p. 84, gives still a 
third method by which the same equation may be found. 
So also it is possible to derive equation [18] by other 
methods than that employed in Art. 54.^ 

JE.g.^ in Fig. 41 draw a perpendicular from 0 to the line 
AB, let its length be denoted by p, and let a be the angle 
which it makes with the aj-axis, then 

a cos a=^p^ and b sin a=p^ 

whence a = , and b = 

cos a sin a 

Substituting these values of a and b in equation [10], it 
becomes ^ y 

-1-= 1, z.e., X cos a 4- V sin a = p, 

P P 

cos a sin a 

which is the form already derived in Art. 54. 

Note. In Art. 2, constants, variables, etc., were illustrated by means 
of a triangle. Now that the student has learned that the equation 

- + ^ = 1, for example, represents a straight line, i.e., that this equation 
a b 

is satisfied by all those pairs of values of x and y which are the coordi¬ 
nates of points on this line, a somewhat better illustration can be given. 
Both X and y are variables, but are not independent; each is an implicit 
function of the other. For any particular line n and b are constants, but 
they may represent other constants in the equation of another line, ne., 
they are arbitrary constants, and are often called parameters of the line. 


^ See also Ex. 6 below^ 
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EXERCISES 

1 . The perpendicular from the origin upon a certain line is 5; this 
perpendicular makes an angle ofwith the a:-axis; what is the eQ[uation 
of the line ? 

2. If in equation [13] p is increased while a remains the same, what 
is the effect upon the line? If a be changed while p remains the same, 
what is the effect? 

3. A certain line is 3 units distant from the origin, and makes an angle 
of 120° with the a;-axis; what is its equation ? 

4. Given a = 30°, what must be the length of p in order* that the line 
HK (see Fig, 44 a) shall pass through the point (7, 2) ? 

5. A line passes through the point (-3, -4), and a perpendicular upon 
it from the origin makes an angle of 45° with the a:-axis. What is the 
equation of this line ? 

6. In Fig. 44u draw through M a line parallel to HK, meeting ON in 
R] then draw through P a perpendicular to MR, meeting it in (2; by 
means of the figure so constructed derive equation [13] anew. 

56. Summary. The results of Arts. 61-55 may be briefly 
summarized thus : 

The position of a straight line is determined by : (1) two 
points through which it passes ; (2) one point and the direc¬ 
tion in which the line passes through this point. Under (1) 
there is the special case in which the two given points are 
one on the a;-axis and the other on the ^-axis. Under (2) 
there are two special cases: (a) when the given point is on 
an axis (the y-axis say), and (/3) when the point is given l)y 
its distance and direction from the origin, while tlio line 
whose equation is sought is perpendicular to the line which 
connects the given point to the origin. 

Corresponding to these two general and three special cases, 
there have been derived five standard forms of the equation 
of the straight line, viz.: equations [9], [10], [11], [12], 
and [13]. 

It may be remarked that equations [9] and [10] are inde¬ 
pendent of the angle between the coordinate axes, while [11], 
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[12], and [13] (m, a, and p retaining their present meanings) 
are true only when the axes are rectangular. It may also be 
pointed out that, from the nathre of its derivation, equa¬ 
tion [9] is inapplicable when the line is parallel to either 
axis; equation [10] is inapplicable when the line passes 
through the origin; and equations [11] and [12] are not 
applicable when the line is parallel to the y-axis. 

57. Every equation of the first degree between two variables 
has for its locus a straight line. It will probably not have 
escaped the reader’s notice that the five “standard” equa¬ 
tions (equations [9] to [13]) of the straight line, which have 
been derived in Arts. 51 to 54, are each of the first degree. 
It will now be shown that every equation of the first degree 
between two variables has a straight line for its locus. The 
most general equation of this kind may be written in the 
form Ax + By + 0=Q, . . ■ (1) 

where A, B, and C are constants, and neither A nor B is 
zero.* 

Let Pi=(a:i, yi), = ya)’ ^nd yg) be any 

three points on the locus of equation (1). Draw the ordi¬ 
nates ilfiPi, and IfgPg; also draw EP^ and EP^ 

parallel to the a:-axis. 

Then, by Art. 35 (1), 

Ax^+By,+C=Q...{2') 

A:r2+%2 + <^=0...(3) 

Azg -I- Pyg -1- <7 = 0 ... (4) 


* If either A or B, say .4, is zero, then the equation may be written in the 

form : y = - which is the equation of a straight line parallel to the x-axis, 
B 

and at the distance ~ ~ from it [cf. Art. 33, (2)]. 
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By subtracting eq. (3) from eq. (2), and also eq. (4) from 
eq. (3), the two equations 

C®! - 2 : 2 ) + 5 (^1 - ys) = 0, 

and A (x^ — x^) + B (jy^ — y^') = 0, 

are obtained. These give 


hence, 

But 


^ = — 4’ ^~ — ' 

ajj — B — Xg 

Vi - y% - yz 


A 

'B" 


( 5 ) 

( 6 ) 


Vi' y^ — % — 

y%-yz^ and x^-x^ = - 






2 ' 

-KP,-, 


hence, from eq. (6), 

JiJr 2 Jxjr 3 

Also, by construction, 

hence, triangle HP^P^ is similar to triangle KP^P^, 


and Z PiP^S == Z Pc^P^K ; 

. •. Z P^P^E -f Z.EP^K + ZiTP^A 

= Z + Z PgiTP^= 2 rt. Z; 
i.e., P 2 lies on the straight line joining P^ and Pg. But, 
since P^ is any point on the locus of Ax + By + (7=0, hence 
all points of this locus lie on the same straight line PjPg, 
which, therefore, constitutes the locus of Ax + By + (7 = 0. 

Since this demonstration does not depend upon the angle 
ft), therefore it applies whether the axes are oblique or rec¬ 
tangular ; hence the theorem : every equation of the first 
degree between two variables, ivlien interpreted in Cartesian 
coordinates, represents a straight line.* 


* This conclusion may also be drawn thus: clear equation (6) of frac¬ 
tions, transpose all the terms to the first member, and multiply by | sin w; 
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Because of this fact, such an equation is often spoken of 
as a linear equation. 

Note. In the equation Ax + + C = 0, there are apparently three 

constants; in reality, there are but two independent constants, viz. the 
ratios of the coefl&cieuts (cf. Art. 88). This corresponds to the fact that 
a straight line is determined geometrically by two conditions. 

58. Reduction of the general equation Aoo + By-{^C=^0 to 
the standard forms. Determination of a, 6, m, p, and a in 
terms of B, and O. ^ 

(1) Reductloyi to the standard form - -f-= 1 (symmetric 
or intercept forni), ^ 

That the equation 

Aa:-h^y + (7=0 . . . (1) 

represents some straight line has just been shown (Art. 57); 
again, since multiplication b}^ a constant, and transposition, 
do not change the locus (Art. 38), therefore 


~A B 


( 2 ) 


represents the same line. But equation (2) is in the re¬ 
quired form (Art. 52), and its intercepts are : 


a = —-, and I = 
A 


C 

B' 


(2) Beduction to the standard form y = mx + h {alope 
form'). 


the resulting equation asserts [see Art. 29, (1)] that the area of the triangle 
formed by the points Pi, P 2 , and P 3 , is zero; /.<?., these three points lie on a 
straight line ; but they are any three points on the locus of Ax + ByC = 0^ 
hence that locus is a straight line. 

* These reductions constitute a second proof of the theorem of Art. 57. 

t If C = 0, the line represented by (1) goes through the origin, and the 
symmetric form of the equation is inapplicable (Art. 5(5); but, in that case, 
the above reduction also fails, smce it is not permissible to divide the mem¬ 
bers of an equation by zero. 
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The equation Ax + By + Q — lias the same locus as has 
the e’quation 


y=[-%y+[- 


(see Art. 38);’ but this is the equation (Art. 53) of a line 
drawn through the point ^0, — ^^,.and making with the 

a;-axis the angle d = tan-i|^—; hence equation (3) is in 

the required form, and 

m = —and A = ——. 

B B 

(3) Reduction to the. standard form xcosa + ysinot. = p 
(normal forni). 

If equation (1) and 

cos a + ^ sin a = ^ . . . ( 4 ) 

represent the same line, then they differ merely by some 
constant multiplier, say k (cf. Art. 38). Then 

hAx + hBy + kQ=x cos« + ysin a — p = 0; 

. •. M = cos «, JeB = sin «, and kO = —p; 

FA2+ /<;252=C0S2« + Sin2« = l; 


whence 


hence cos a = - 


■VA^ + B^' 


fA^+B^ 


, sm a = 


VA} + B^' 


p = - 


VA2 + 


* If B = 0 the line represented by equation (1) i.s paralkd to tlie v-axis, 
an the slope form of the equation is inapplicable (Art. 50); but, in that ease, 
the above reduction also fails. 
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wherein the algebraic sign of Vis to be chosen so 
as to make -- positive, since p is to be always posi- 

vzm^ __ 

tive (Art. 54); i.6., the sign of ig to be opposite to 

that of the number represented by 0. 

Hence, to reduce equation (1) to the normal form, i.6., to 
the form of equation (4), it is only necessary to divide equa¬ 
tion (1) by VA^ + B\ with the sign properly chosen, and 
transpose the constant term to the second member. This 
gives 

VA^T^ ^ ^ VA2 4- -B2 


(4) Another method for reduction to the normal form. 

If the equation Ax ^-By C =0 and a; cos a + y sin a = p 
represent the same line, then they must have the same 
^/-intercept and the same slope, i.e., 


and 


p 

B sin a’ 

A _ _ cosa 
B sin a 


( 5 ) 

( 6 ) 


Squaring eq. (6), and adding 1 to each member, gives 


A^ -f __ cos^ a + sin^ a 
jB^ sin^ a 


1 

sin^ a ’ 


sin a 




cos a = 


VA^ + # 


and p = 


O 


VA" + 


whence 
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as before. These, then, are the values of p, sin a, and cos a, 
which are to be substituted in x cos aA-y sin a =p. 


Hence 


zX + -— 


B 


y- 


0 




is an equation representing the same locus as Ax-\-By-\- (7=0, 
and having the normal form. 




59. To trace the locus of an equation of the first degree. In 
Art. 57 it was proved that the locus of an equation of tlie 

first degree in two variables is a 
straight line; but a straight line 
is fully determined by any two 
points on it; hence, to trace the 
locus of a first degree equation it 
is only necessary to determine two 
of its points, and then to draw the 
indefinite straight line through them. The two points most 
easily determined, and plotted, are those in which the hjciis 



cuts the axes ; they are therefore the most advantageous 
points to employ. If the line is parallel to an axis, then 
only one point is needed. 

B.g ., to trace the locus of the equation 


2a;-3y+12 = 0: 

the ordinate of the point in which this line crosses tlie 3 :-axis 
is 0; let its abscissa be x^, then (x^, 0) must satisfy tlic equa¬ 
tion 2x — 3y + 12=:0; 


hence 2a;i - 3 • 0-t-12 = 0, 

whence x^ = -6, 

i.e., the line crosses the a:-axis at the point (“6, 0). In like 
manner it is shown that it crosses the ^/-axis at the point 
(0, 4). Therefore LM is the locus of 2 a: - 3 -p 12 = 0. 
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60. Special cases of the equation of the straight line 

Ax 4- By +0 = 0. This equation/written in the intercept 
form [Art. 58 (1)] becomes 


gj _C 

A B 


( 1 ) 


If in equation (1), A is made smaller and smaller in com¬ 
parison with 0, then the a;-intercept becomes larger 

and larger; if A + 0 in comparison with (7, the a:-intercept 
grows infinitely large, the line (1) becomes parallel to the 
a;-axis, and its equation becomes 


oo 


■ + ■ 


O' 

B 


:1; i.e. 


0 

y- 


which agrees with the foot-note of Art. 57. 

Similarly, if 5 + 0 in comparison with (7, the line (1) be¬ 
comes parallel to the y-axis, and its equation becomes 



If both A and B approach zero simultaneously in compari¬ 
son with (7, then both the intercepts become indefinitely 
large, and the line (1) recedes farther and farther from the 
origin. 

In accordance with what has just been said, a line that is 
wholly at infinity might have its equation written in the 

form 0*a:;+0-^+(7=0, . . . (2) 

or, as it is sometimes written, 0=0; . . . (3) 

but equations (2) and (3) are merely abbreviations for the 
statement: “ As both A and B approach zero in comparison 
with 0, the line moves farther and farther from the origin.” 
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EXERCISES 

1 . Bfiduoe the following equations to the intercept (symmetric) 


form,’ and draw the lines which they represent: 
(a) 3x-2y + 12 = 0; (^) 3^ 

(y) 2y = 15-y+52:; (8) 


= 5a: + 3; 

a; - 2 ?/ + 1 _ A 

3 + 7y 


2. Reduce to the slope form, and then trace the loci: 

(a) 7a: - 6y + 6(2/-3^)=-100:4-4; (/3) 30:4-27/4-6=0; 

(v) 3 o: 4- 5 = 3 - ?/. 

Which is the positive side of the line (^) ? (cf. foot-note, Art. 43.) 

3. Reduce to the normal form, and then trace the loci: 

(a) 3a: 4-47/= 15; (i^) 3a: - 4?/4-15 = 0 ; 

(y) a:-37/ = 5-H6a:; (8) fo:=7/-5. 

4 . Show that the lines 3 a: 4- 5 = y and 6a:-“2?/=81 are parallel. 

5 . What is the slope of the line between the two points (3, “1) and 
(2, 2)? What is its distance from the origin? Which is its negative 

side? 

6 . A line passes through the point (5, 6) and has its intercepts on 
the axes equal and both positive. Find its equation and its distance 
from the origin. 

7 . A straight line passes through the point (1, “2) and is such that 
the portion of it between the axes is bisected by that point. What is the 
slope of the line? 

8. What are the intercepts which the line througii the points (*-1, 3) 
and (6, 7) makes on the axes? Through the points {a, 2 a) and (/>, 2 h) ? 

9. What system of lines obtained by varying the parameter h is rep¬ 
resented by the equation y = 6 a; 4* ^ ? 

10. What system of lines obtained by varying the parameter m is 
represented by the equation y = mx 4- 6 ? 

11. What family (system) of lines obtained by varying the parameter 
a is represented by the equation x cos a 4- y sin a = 5 ? To wliat curve is 
each line of the family tangent? 

12 . Find cos a and sin a for the lines 


(a) y-mx + h, (^) ~ + 

(y) 1 = 1 , (8) 7.-5y + l=0. 
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13. Find by means of cos a and sin a what quadrant is crossed by 
each of the lines: 

(a) 3 a;-f 2 = 2 y 5 53:+3^+15=0; (y) 

14. What must be the slope of the line 4 a; - % = 17 in order that it 
shall pass through the point (1, 3) ? Can k be determined so that the 
line will pass through the origin? 

15. Determine the values oi C in order that the line 

Ax A By A C = Q 

shall pass through the points (3, 0 ) and ( 0 , - 12 ). [Art. 67, Note.] 

16. Derive equation [9] by supposing (xp y^) and (Xo, y^ to be two 
points on the line y — mx A h ; and thence finding values for m and h. 

17. Find the slopes of the lines 2y — 3 x = 7 and 3y+2x-ll=0; 
and thence show that these lines are perpendicular to each other. 

18. Find cos a for each of the lines 7x + y — 9 = 0 and x — 7 ?/ + 2 = 0, 
and then show that the two lines are perpendicular to each other. 

19. Show by means of: (1) the slopes; (2) the angles; that the lines 

23 ^—3x = 7, 23 ^ —3x4-5 = 0, 10y--15x4c = 0 

are all parallel. 

20 . Reduce the equation AxAByAC=^0 to the normal form, 
i.e., to the form x cos a 4 -s^sin a =/>. Suggestion : the two equations as 
representing the same line, make the same intercepts on the axes. 


61. To find the angle made by one straight line with another. 
Let the equations of the lines be 

y = mix+bi, . . . ( 1 ) 

and y — m^x + 63 , • • • ( 2 ) 

where mi = tan 0 i, m 2 = tan 
and ^ 1 , ^2 are the angles which 
these lines make, respec¬ 
tively, Avith the a;-axis. It is 
required to find the angle <^, 
measured from line ( 2 ) to line ( 1 ). 

TAN. AN. GEOM. - 7 


( 1 ) 
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Since 


<l>= 61 - 
tan di — tan 

tan ^ - 1 tan • tan d,' 


(Art. 16) 


i.e., 


tan += 


nil “ 

1 + 


[14] 


If the angle were measured from line (1) to line (2) it 
would be the negative, or else the supplement, of in 
either case its tangent would be the negative of that given 
by formula [14]. 

If the equations of the lines had been given in the form : 

Aix + £,y + O, = 0, . . . (3) 

and + £^ 1 / + Oij = 0, . . . (4) 


then mi — 


■ and fornnda [14] becomes 

jBi Jj2 


tan <j) = 


Ai + A? 

£, 


1 + 


BiB, 


A,B, - A,B, 



EXERCISES 


Find the tangent of the angle from the first line to the second in each 
of the following cases, and draw the figuriis: 


1. 3 X — 4 7 / “ 7 = 0, 2 X ~ y — 3 (); 

2. 5 a: -1- 1 2 ?/ + 1 = 0, x ~ 2 y i- (> = 0; 

3. 2a: = 37/ + 9, 0?/ = 4;r+2; 


4. 


£ + 
a h 


L/-1 


X 

a 



5. a; cos a 4- ^ sin tt = jP, 

a b 


62. Condition that two lines are parallel or perpendicular. 
From formula [14] can be seen at once the relations that 
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must hold between nii and if the lines ( 1 ) and ( 2 ) 
(Art. 61) are parallel or perpendicular. If these lines are 
parallel, then ^ = 0 , and therefore tan ^ = 0 ; 

, mi — 71U A 

hence z ^9 

1 + mimo 

i.e., 

which is the condition that lines ( 1 ) and ( 2 ) are parallel.^ 
This condition is also evident from a mere inspection of 
equations ( 1 ) and ( 2 ). 

If the lines (1) and (2) (Art. 61) are perpendicular, then 
0 = 90® and tan ^ = co , 

i.e., ~ ^ ^ hence 1 -f mim 2 = 0 , 

1 + mim2 



which is the condition that ( 1 ) and ( 2 ) are perpendicular. 

So also from [15] the lines 

A^x + Biy + (7^ = 0 and -f- B^y + C 2 = 0 
are parallel if (and only if) AoBi — AiB-.^O^ 
if • Ai: Bi = Ay • Bo ; 

and they are perpendicular if (and only if) AiAo-\-BiBo=0^ 
i.e., if All Bi = — Bo : Ao. 

The condition just found enables one to write down readily 
the equations of lines that are parallel or perpendicular to 
given lines, and which also pass through given points. 


^ It must not be forgotten that this conclusion is drawn only for lines 
that are not perpendicular to the x-axis ; because if the lines are perpen¬ 
dicular to the X-axis then equations (1) and (2) are inapplicable (cf. Art. 56). 
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H.g,, let it be required to write the equation of a line that is 
parallel to the line 

^ = + . . . ( 1 ) 

The slope of this line is 3, hence any other line whose slope 
is 3 is parallel to the given line, 

i.e., y^Zx + h, . . . (2) 

is, for all values of 5, parallel to line (1), 

If it be required that the line (2) sliall also pass through 
a given point, (1, 5) for example, it is only necessary to 
determine rightly the value of 5. This is done by remem¬ 
bering that if the line (2) passes through the point (1, 5), 
then these coordinates must satisfy equation (2), 

5 = 3 • 1 + 5, whence 5 = 2, 

Therefore the line y = 3 rr -f 2 is not only parallel to the 
line y = 3a; + 7, but also passes through the point (1, 5). 

Similarly y = —-f-5, whatever the value of 5, is per¬ 
pendicular to y = 3 a; + 7. 

Again, the line 3a; + 5y-{-7f; = 0, whatever tlic value of /c, 
is parallel to the line 3 a; -f- 5 y — 15 == 0 ; and tlie line 
5a; — 3y-f-7; = 0 is perpendicular to 8a; -f 5y — 15 = 0. 
Here again the arbitrary constant k may be so detenniued 
that this line shall pass through any given ])oiut. So also 
the lines A^x + JS^y-f- 0^ = 0 and A^x + B^y + (7^ = 0 are 
parallel, while Aj^x + ^ly + = 0 and Bj^x - A^y + = 0 

are perpendicular to each other. 

This condition for parallelism and for per})on(li(uila,rity 
of two lines may also be stated thus; two lines are parallel 
if their equations differ (or may be made to differ) only in 
their constant terms; two lines are perpendicular if the coeffi¬ 
cients of X and y in the one are equal (or can be made equal), 
respectively^ to the coefficients of —y and x in the other* 
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EXERCISES 

1 . Write down the equations of the set of lines parallel to the lines: 

(a) y = Qx-2; (/?) 3x-7y = 3; 

(y) X cos 30° + y sin 30° = 8; (8) ^ — | = 1. 

2. Explain why it is that the constant term in the answers to Ex. 1 
is left undetermined or arbitrary. 

3. Find the tangent of the angle between the lines (a) and (j8) in 
Ex. 1; also for the lines (j8) and (8), and (a) and (8) of Ex. 1. 

4. Write the equations of lines perpendicular to those given in Ex. 1. 

5. By the method of Art. 62 find the equation of the line that passes 
through the point (-9, 1), and is parallel to the line y = Q x — 2. 

6. Solve Ex. 4 by means of equation [11], Art. 53. 

7. Find the equation of the line that is parallel to the line .4 a: 4- By 
+ C = 0 and that passes through the point (a:^ y{) ; make two solu¬ 
tions, one by the method of Ex. 4, and the other by Ex. 5. 

Find the equation of the straight line 

8. through the point (2, ~o) and parallel to the line y = 2 x + 7. 

9. through the point (”1, -1) and perpendicular to y = 2x + 7; 
solve by two methods. 

10. through the point (0, 0) and parallel to the line 



11. perpendicular to the line 2 y + 7 a: - 1 = 0, and passing through 
the point midway between the two points in which this line meets the 
coordinate axes. 

12. Find the foot of the perpendicular from the origin to the line 
5 a: — 7 y = 2. 


63. Line which makes a given angle with a given line. 


The formula 


tan ^ = 


tan 0-^ — tan 6^ 
1 4- tan 01 tan ^2 


(Art. 61) 


states the relation existing between the tangents of the 
angles 6^, 0^, and <j> (see Fig. 47) ; hence if any two of these 
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angles are known, this equation determines the value of the 
third. Thus this formula may be employed to determine 
the slope of a line that shall make a given ano-le with a 
given line. 

E.g., given the line 3y-52:4-7 = 0 , to find the equation 
of a line that shall make an angle of 60° witli this line 
Here ^ = 60°, f.e., tan 0 = VS, and if 6^ be the angle which 
the given line makes with the a:-axis, and 9^ that made by 
the line whose equation is sought, then tan 9^ — 1 . Substi¬ 
tuting these values in the above formula, it becomes 


f-tan^, 

i-l-ftan^2’ 

whence 


tan ^2 ~ 


5-^3V3 
3 -f 5 ^ 3 ’ 


and y = 


5^3V3 

3+^-* + * 


is the equation of a line fidfilling the required conditions, — 
h may be so determined that this line shall also pass 
through any given point. 

It is to be remarked that through any given point there 
may be drawn two lines, each of which sliall make, with a 
given line, an angle of any desired magnitude. 


Y 



E.g., through t];i 0 fines nnd ( 2 ) may be 

so drawn that each shall make an angle 0 with the given 
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line LM. Let line (1) make an angle 6^^ line (2) an angle 
^ 2 , and LM an angle with the tc-axis ; tken 

^ and 180— (j> = 0^ — 6^; 

ayMcIi gives 


. , tan 0. — tan 0o i ^ , 

tan<^ = - : and — tan<^ 

^ 1 + tan 6^ tan 6^ ^ 


tan ^2 tan ^g 
1 + tan ^2 tan 


In these equations ^ and 6^ are known, hence tan 6^ and 
tan ^2 found. Having found tan^j and tan ^2 the 

equations of lines (1) and (2) may at once be written down, 
either by means of equation [11], or by the method employed 
in Art. 62, 


EXERCISES 

1 . Find the equations of the two lines which pass through the point 
(5, 8), and each of which makes an angle of 45° with the line 2x~'dy = 6. 

2. Show that the equations of the two straight lines passing through 
the point (8, “2) and inclined at 60° to the line a; VS + 2/ = 1 are 

y 4- 2 = 0 and y — x Vs + 2-1-3 VS = 0. 

Find the equation of the straight line 

3. making an angle of — ^ with the line 3 x — 4 y = 7 ; construct the 
figure. Why is there an undetermined constant in the resulting equation ? 

4. making an angle of + 60° with the line 5 x + 12 y + 1 = 0; con¬ 
struct the figure. 

5. making an angle of — 30° with the line x — 2 ?/ + 1 = 0, and 
passing through the point (1,3); making an angle of + 30°, and passing 
through the same point. 

6. making an angle of ± 135° with the line x + y = 2, and passing 
through the origin. 

7. making the angle tan"i - with the line - + | = 1, and passing 
through the point 

8. Find the equation of a line through the point (4, 5) forming wdth 
the lines 2x-y + 3 = 0 and 3y+6x = 7a right-angled triangle. Find 
the vertices of the triangle (two solutions). 
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9 . Show that the triangle whose vertices are the points (2,1), (3, -2), 
(“4, -1) is a right triangle. 

10. Prove analytically that the perpendiculars erected at the middle 
points of the sides of the triangle, the equations of whose sides are 

a; + y + 1 = 0, 3a: + 5y + 11 = 0, and a: + 2y + 4 = 0, 
meet in a point which is equidistant from the vertices. 

11. Find the equations of the lines through the vertices and perpen^ 
dicular to the opposite sides of the triangle in exercise 10. Prove that 
these lines also meet in a common point. 

12. A line passes through the point (2, "3) and is parallel to the 
line through the two points (4, 7) and ("1, "0) ; find its equation. 

13. Find the equation of the line which passes through the point of 
intersection of the two lines 10a:4-5y + ll = 0, and a: + 2 v/ + 14 = 0, 
and which is perpendicular to the line a; + 7?/*fl = 0. 

This problem may be solved by first finding the point of intersection 
of the two given lines, and then, by formula [11] (see also 
Art. 62), writing the equation of the required line, viz.: 

y + ^ = 7 (a: - 
which reduces to 7 a: — y = 31. 

The problem may also be solved somewhat more briefly, and much 
more elegantly, by employing the theorem of Art. 41. By this theorem 
the equation of the required line is of the form 

10 a: + 5 y + 11 + + 2 y + 14) = 0, 

i.e., (10 + k)x^ (5 + 2i-) y + 114- 14^' = 0. 

It only remains to determine the constant so that this line shall 
be perpendicular to a;4-7y + l = 0. By Art. 02 its slope must be 

- = 7 hence - - = 7, whence A: = — 3. 

5 4-2A; 

Substituting this value of k above, the required e(|uation becomes 
IX — y ='31, as before. 

14. By the second method of exercise 13 find the equation of the line 
which passes through the point of intersection of the two liii(\s 2 x y — 5 
and a; = 3y — 8, and which is: (1) parallel to the line 4y = (ix + 1; 
(2) perpendicular to this line; (3) inclined at an angle of 0(P to this 
line; (4) passes through the point (~1, 3). 

15. Solve exercise 10 by the method of exercise 14. 
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16. Bo the lines 2a; + 3y = 13, ox — y = 7, and a: — 43^-fl0 = 0 
meet in a common point? What are the angles they make with each 
other ? 

17. Find the angles of the triangle of exercise 10. 

18. When are the lines 

X (a + h)y c = 0 and a (a: 4 - ay) + h (x — by) d = 0 
parallel? when perpendicular? 

19. Find the value of p for each of the two parallel lines 

y = 3 a: + 7 and y = Bx — o; 

and hence find the distance between these lines [cf. Art. 58 (3) and (4)], 

20. What is the distance between the two parallel lines 

5a: — 3y-f6 = 0 and 62 ^ — 10x = 7? 

21. Find the cosine of the angle between the lines 

y — 4a: + 8=:0 and y — 6a:4-9 = 0. 

22. What relation exists between the two lines 

y = 3a: + 7 and y = —3a: — 3? 

23. Find the angle between the two straight lines Bx = iy + 7 and 
6y = 12 a: + 0 ; and also the equations of the two straight lines which 
pass through the point (4, 5) and make equal angles with the two given 
lines. 

24. Find the angle between the two lines 

3 a: 4 - y -{- 12 = 0 and a:4-2y — 1 = 0. 

Find also the coordinates of their point of intersection, and the equations 
of the lines drawn perpendicular to them from the point ( 3 , “ 2 ). 

64. The distance of a given point from a given line. This 
problem is easily solved for any particular case thus : find 
the equation of the line which passes through tlie given 
point and which is parallel to the given line (Art. 62), tlien 
find the distance (jt?) from the origin to each of these two 
lines [Art. 58, (3) and (4)], and finally subtract one of these 
distances from the other; the result is the distance between 
the given line and the given point. 
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JE.g., find the distance of the point Fi = (2, |) from the 
line 3a;+4y_7 = 0. . . . (1) 

Let line (1) be the locus 
of equation (1), and be 
the given point. Through 
Pj draw the line (2) par¬ 
allel to line (1), also draw 
QP^ perpendicular to line 
(1), OB^(=p{) perpen¬ 
dicular to line (1), and 
perpendicular to line (2). Then d = QPi=]p 2 -Pv 
The equation of a line parallel to line (1) is of the form 
3a;-i-4y-fA = 0; this will represent line (2) itself if k be 
so determined that the line shall pass through the point 

Pj=(2,1), i.e., if3-2-|-4-f-|-yfc = 0, i.e., if /c = - 12. 
The equation of line (2) is then 

3a: + 4^-12 = 0 ... (2) 

Therefore [by Art. 58, (3) or (4)] 

12 


12 

it>o =- , and 




hence the required distance is d'= QP^ = 


12-7 


= 1 . 


Similarly, in general, to find the distance of any given 
point P^ = (xy^ from any given line 

A2:-f-%4-(7=0 . . . (1) 

let line (1) he the locus of equation (1) and let P^ be tlie 
given point. The equation of a line parallel to (1) is of 
the form Ax +By\ this will be the line (2) if 
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Ax^ + + K= 0, Le.^ if - {Ax^ + %i). 

tion of line (2) is then 


Therefore 


Ax + By — (-f- By-[) == 0 . 

^ ^ VA2+52’ 


The eqna- 


( 2 ) 


wherein the sign of the radical is to be chosen in accord 
with Art. 58 (3); 

hence d = :i ^ L ±^yi+ g. . . . rig-] 

If the equation of the given line is so written that its 
second member is zero, this formula may be translated into 
words thus : To get the di%tance of a given point from a given 
line^ write the first member of the equation alone^ substitute 
for the variables therein the coordinates of the given pointy 
and divide the result by the square root of the sum of the 
squares of the coefficients of x and y in the equation^ — the 
sign of this square root being chosen opposite to that of 
the number represented by 0, 

If, in formula [16], d is positive, then P 2 >Pi-, and 
and the origin are on opposite sides of the given line ; if 
d is negative, p^i<Pi, and and the origin are on the 
same side of the given line. 


EXERCISES 

1. Find the distance of the point (2, -7) from the line 3x--6 ?/ +1 = 0. 

By formula [16], d = § r ,, !^ = _ J£_. 

-V3--; + 62 3 Vo 

This result, besides giving the numerical value of the distance, shows 
also that the point (2, ~7) and the origin are on the same side of the 
line 3ar“6^-!-l=0. 

2 . Find the distance of the point (4, 5) from the line 4^ + 5x = 20. 

3. Find the distance of the point (2, 7) from the line 3^ - 2r = 17. 
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4 . Find the distance of the point (a, V) from the line - + ^ = 1. 

5. Find the distance of the intersection of the two lines, y+i=:Zx 

and 5s = 2/ - 2, from the line = On which side of the latter 

line is the point ? 

6. Find the distance of the point of intersection of the lines 
2a;_5s, = ll and 4s = 3!/ + 15 from the line|s + ^^=6. On 

which side of the latter line is the pomt? Plot the figure. 

7. How far is the point (-6, -1) from 3y=7s+8? On which side? 

8. By the method of Art. 64, find the distance of tlie origin from 
the line 5 s - 2 y = 7; also from tlie line A s + By + C = 0. Check the 
results by Art. 58 (3). 

9. Find the distance of the point (“4, -5) from the line joining the 
two points (3, -1) and ("4, 2). On which side is it ? 

10 . Find the distance of the point from the line y = mx + 1. 

11 . Find the altitudes of the triangle formed by tlie lines whose equa¬ 
tions are X -b y 4-1 = 0, 3a: -I- 5y -t-11 = 0, and a; -I- 2 y H- 4 = 0. Check 
the result by finding the area of the triangle in two ways. 

12 . Show analytically that the locus of a point which moves so that 
the sum of its distances from two given straight lines is constant is itself 
a straight line. 

13. Express by an equation that the point = (:rp y^) is equally 
distant from the two lines 2x-y~ll and 4a; = 3y + 5. (Give two 
answers.) Should move in such a way as l^o be always equidistant 
from these two lines, what would be the equation of its locus ? 

14. Find, by the method of exercise 13, the equations of the bisectors 
of the angle formed by the lines 3 x -1- 4 y = 12 and 4 a' + 3 y = 24. 

65. Bisectors of the angles between two given lines. Tlie 
bisector of an angle is the locus of a point which moves 
so that it is always equally distant (numerically) from tlui 
sides of the angle. From this property its equation may 
easily be found. 

find the equations of the bisectors of the angles 
between the lines 

3a; + 4y--l = 0, ... (1) 

and 12 a; —5y + 6==0. . . . (2) 
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Let P], =( 2 ?!, be any point 
on tbe bisector (8). 

Then — [since 0 

and Pj are on opposite sides of 
line (1) and on the same side of 
(2) ; or vice versa]. 


But p 

. /TJo To 


+VF+^ 


_ 3a;, +4yT -1 


(Art. 64), 



and 


P.P _ 12a:^-5yi + 6 _ 12a;i-5a/^ + 6 . 

-VI 22 + 52 -1-3 

. 3 jg-i + 4 y, — 1 12 a:, — 5 y, + 6 . 

• * 5 13 ’ 


, 21 cTj — 7T “i“ 43 = 0. . • • 

Hence 21 a: — 77 y + 43 = 0 . . . (6) 

is the equation of the bisector (3), for equation (5) asserts 
that if yi) be the coordinates of any point on this bisec¬ 
tor they satisfy equation (6). 

Similarly, let P^, = k) be any point on line (4), the 
other bisector, then [since 0 and P^ are on 

opposite sides of the lines (1) and (2), or else both on the 
same side of each of these lines]; 

3A-h4yfc-l_ 12A-5A’-t-6 
5 13 

i.e., 99 h -t- 27 A-1-1^=0. . . . (() 

Hence 99 a: + 27 y 17 = 0 . . . (8) 

is the equation of the bisector (4), for the same reason as 

given above. 
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Geometrically it is well known that two such bisectors, 
(3) and (4), are perpendicular to each other : their equa¬ 
tions, also prove that fact. 

The equations of the bisectors of the angles between any 
two lines, as -H B^y n- {7^ = 0 and + B^y -f 6^2 = 0 , 
are found in precisely the same way as that employed in the 
numerical example just considered. 

EXERCISES 

1 . Find the equations of tlie bisectors of the angles between the two 
lines a: - 3 ^ + 6 = 0 and ^ - = 5 y —7. 

2 . Show that the line 11 + 3 ?/ + 1 = 0 l)isects one of tlie angles 
between the two lines 12 a; - 5y + 7 = 0 , and 3 x -l- 4 y - 2 = 0 . Which 
angle is it? Find the equation of the bisector oL‘ the oilier a,ngle. 

3. Show analytically that the bisectors of tlie interior angles of the 
triangle whose vertices are the points (1, 2), (5, 3), and (4, 7) meet in a 
common point.. 

4. Show analytically, for the triangle of Ex. 3, tliat the bisectors of 
one interior and the two opposite exterior angles meet in a conunon 
point. 

5. Find the angle from the line 3 a; + y + 12 = 0 to the line ax -}- hj 
+ 1 = 0 , and also the angle from the line ax + in/ +1 = 0 to the line 
a; + 2 y — 1 = 0 . 

By imposing upon a and h the two conditions: ( 1 ) tliat the angles 
just found are equal, and ( 2 ) that the line ax + in/ + 1=0 |)a,sses througli 
the intersection of the other two lines, detenniiu^. a and h so tha,t this line 
shall be a bisector of one of the angles made by the other two given 
lines. 

66 . The equation of two lines. By the rca.soning given in 
Art. 40, it is shown that if two straight lines a,re reprtisented 
by the equations 

A-^x + B-^y -j- (7^ = 0 . , . (1) 

and + = ... ( 2 ) 

then both these lines are represented by the equation 
QA^x + B^y + a^){A^ + B^+0^) = ^; . 


( 3 ) 
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i.g., two straight lines are here represented by an equation 
of the second degree. 

Conversely, if an equation of the second degree, whose 
second member is zero, can have its first member separated 
into two first degree factors, with real coefficients, as in 
equation (3), then its locus consists of two straight lines. 
Thus the equation 

may be written in the form 

(2rc — 3^ + + 4-1) = 0, 

which shows that it is satisfied when — 3y+7“0, and 
also when a; + y -h 1 = 0. Its locus is therefore composed 
of the two lines whose equations are : 

2a; — 3^ + 7 = 0, and a; + y + 1 == 0. 

67. Condition that the general quadratic expression may be 
factored. The most general equation of the second degree 
between two variables may be written in the form 

Ax^ + 2 Exy + By'^ + 2 -h 2 -Fy H- (7 = 0. . . . (1) 

It is required to find the relation that must exist among the 
coefficients of this equation in order that its first member 
may be separated into two rational factors, each of the first 
degree, i.e,^ it is required to find the condition that the equa¬ 
tion may be written thus: 

(^a^x 4 - h^y 4 - e^{a^x ^ €,^= . . . ( 2 ) 

Evidently if equation (1) can be written in the form of 
equation (2), then the values of x obtained from equation 
(1) are rational, and are either 

y. = ~ <^1 ~ \y^ or * = ~ ^2 ~ ^2^ . 

^2 
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Solving equation (1) for a- in tonus of y, by completing 
the sqiuiro of tho a;-terms, it bccoinos 

+ 2 Ailly + a )x + ( Z/y + 6’)2 
= - ABy^ - 2 AFy -AO + {By -j- Oy, 
i-e-. Ax + By -f- O 

= ■^{E‘^'-AB)y^-'-l{llO--AF)y + 
and finally, 

-^y-^^^±l-0{lB-AB)y-^-Xll(l-AF)y+ 

But since a: is, by liypotlussis, cxpnissiblo rationally in 
terms of y, tlioroforc tho expression under the radical sign 
is a perfect s(iuare, and therefore 

{HO - AFy-{B^- ABya"^ - AO)=0, 
i.e., ABC + iiFOIl-AF'^-lW^-.€ir^ = 0. . . [17] 

If this condition among the coelUcients is fulfilled, tlien 
equation (1) has for its locus two straight lines. 

The expression AB Q+2 FOB - A F'^ -BQ^- 6 V /2 is 
called the discriminant of tho quadratic, and is usually 
represented by the symbol A. 

Note. The analytic work just given fails if .-I = 0. In that ante 
equation (1) maybe .soked for 1 / iu.st.iad of .solving it for x, ami tlio same 
condition, viz. A=0, results. If, however, /;«//< ,1 and If are wn-o, then the 
above method fails altogether. In that case o<[iiation (1) reduces (,o 

2 Hx!/ + 2 G'x 4- 2 F// + C = 0.(3) 

If the first member of equation (3) can bo factored, then evidently the 
equation must take the form 

(ax + ft)(c?/ + d) = 0 .( 1 ) 

which shows that equation (.I) is satisfied for all values of y provided 
x = -\a, constant. Let - ^ be represented by Ic, then equation (4) 
becomes 2 Hhj + 2 + 2 Fy + C= 0, 

KHJc + F)y + 2Gk+ C = 0, 
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and is satisfied for all values of y ; 

m + jP=0, and 2Gk-hC=^0] 
hence, eliminating k, 2 FG — CH — 0. 


But this is the expression to which A reduces when A = B — 0 and 
// 0; hence, in all cases, A = 0 is the necessary condition that the 

above quadratic may be factored. 

That A = 0 is also the sufficient condition is readily seen by retracing 
the steps from equation [17] when at least one of the coefficients ^4, B 
differs from zero. But it is also sufficient when .4 =5 = 0; for, in that 

F G C 

case, A = 0 becomes 2 FG - CH = 0, which may be m*itten = r—. 

H 12 J. Jtl 

Under the same circumstances equation (1) becomes equation (3), which 


may be wTitten 


^ F' , G , C n 


Substituting — ~ for —— in equation (4), it becomes 
H H 2 H 

xy + -x-^-y + --— = Q • • . 
H H H 


0 ) 


(5) 


which establishes the sufficiency of the condition for this case also. 

To illustrate the use of equation [17]* examine the equation of 
Art. 66: 

2 2 ;’^ “ xy — 3 4- 9 a: -f 4 y + 7 = 0. 


* As an illustration of another practical method of factoring a quadratic 
expression, when factoring is possible^ f.e., if equation [17] holds, find the 
factors of 

2 x2 — 7 xy — 15 y‘^ 4- 7 X — 17 y — 4. 

Factor the terms free from y, 

2 x2 4 - 7 X — 4 = (2 X — 1) (x 4- 4); 
factor the terms free from x, 

-15y2-17y-4=(3y-l)(-5y 4-4); 
combine the factors containing the same constant term, 

(2x4-3y-l), (x —5y4-4); 
these will be the factors of the given quadratic expression. 

TAN. AN. GEOM. —8 
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Here ^ = 2, £ = - 3, C = 7, H = -i, 6'= |, and 7;-= 2; 
hence A=,_42-9-8+H|il_I=0i 


therefore the first moinbcr can be factored. 

The factors may bo found as follows: transposing’, dividing by 2, and 
completing the square of the a’-tenns, the equat.ion may be written in 

the form x* + ^ + (^)* = 0“ - 2y + 1) ; 


therefore the given equation, divided liy 2, may be written in the form, 




55 


U 


7(y 






= 0 ; 




1 )} 


: 0 , 


i.e., (» + y + 1)(* - 2 y + d) = **! 

hence the locus of the original c(iuatiou consists of the .st.raiglit lines 
X + y 4- 1 = 0 and 2 x — 4 7=: (), 

which agrees with the result of Art. CO. 


EXERCISES 

Prove that the following equations repres(*,nt pa,irs of sl,ra,ight lines ; 
find in each case the equations of the two liin^s, the coiirdinatos of their 
point of intersection, and the angle between them. 

1. Cy2 — xy — 4 30 ?/ 4 30 = 0. 

2. ~ 2 iry — 3 y- 4 2 .r -• 2 y q- 1 = 0. 

3. — 2 xy sec a 4 y^ = 0. 

4. 4 6 xy 4 9 4 ‘1 x 4 12 y — 5 = 0. 

5. For what value of k will the C(piation 

a;2 _ g y/i 10 X - 10 y -|. k = 0 

represent two straight lines? 

Suggestion: Place the discriminant (A) ccpial to zero, ami thus find 
k = 20. 

Find the values of Ic for which the following efpuitions nqin'sent jiairs 
of straight lines. Find also the equation of each lin(‘, th(‘ point of inter¬ 
section of each pair of lines, and the angh*, betw(ien tlunn. 

6. 6 x2 4 2 kxy 4 12 y^ 4 22 x 4 31 y 4 20 = 0. 

7. 12 4 36 xy 4 ky‘^ 46x4Gy-l-3 = 0. 
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8 . -I2xy -kx ^ 1 = 0 . 

9. The equations of the opposite sides of a parallelogram are 

— 7a:-f6 = 0 and 3 ^^ — 14 2 / + 40 = 0 . 

Find the equations of the diagonals. 

10 . Find the conditions that the straight lines represented by the equa¬ 
tion Ax'^ + 2 Bxy -f = 0 may be real; imaginary; coincident; perpen¬ 
dicular to each other. 

11. Show that 6 + 5 a:z/ ~ 63^2 _ 0 jg equation of the bisectors of 

the angles made by the lines 2 a-s 4 - 12a:y + 7 = 0 . Does the first set 

of lines fulfil the test of exercise 10 for perpendicularity? 

68 . Equations of straight lines: coordinate axes oblique. 
Since in the derivation of equations [9] and [10] (Arts. 51 
and 52) only properties of similar triangles were employed, 
therefore these two equations are true whether the coordi¬ 
nate axes are rectangular or oblique. 

The other three standard forms however, viz. y = mx 4 - 6 , 
y — y^z^m(x — and x cos a A-y sin the derivation of 
which depends upon right triangles, are no longer true if 
the axes are.inclined to each other at an angle m ^ Equa¬ 
tions which correspond to these, but which are referred to 
oblique axes, will now be derived. 

(1) liquation of straight line through a given point and in 
a given direction. Let be the straight line through the 


fixed point = yf) and 

making an angle 6 with the 


2 :-axis, let P ee ( x , y') be any 


other point on XX^, and let j 

1 - 

ct) be the angle between the a 

'r / / X 

axes. / 

M, M 

Draw P^R parallel to the 

Fig. 51. 

a:-axis, also draw the ordinates and MP. Then 

d=Z. XAL = Z RP^L and AP^PB = m-6. 
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Hence 


RP _ ^ 

P^B sin (a) — 6) 


[law of sines] 


Substituting in this equcition tlie cudrtlinates of P-^ and P^ 

it becomes . ^ 

y - .Vi __ ^ 

X — Xi sin (ci) — 6y 


y-Vi- 


sin 6 


sin (ft) — 6>) 


{X-Xy), 


[18] 


which is the required equation. 

When ft) = - this equation reduces to equation [11], ne., 
2 

to y — y.^ = m (x — Xi), where m = tan 6 ; but it must be 

observed that if a) then the coellicient of x in e(|uation 

[18] does not represent the slope of tlie line. If, however, 
the slope of the line [18], i.e,^ tlie tan 9 for this line, is 

desired, it is easily found thus : let fi-om 


k sin 


sin {w — 9) 


which is obtained tan 9 . . 

1 4- /r cos (o 

If, in the derivation of equation [18], the given point is 
that in which the line LL^ meets the v/-a,xis, i.e.^ if 1\ =((), 6), 
then equation [18] reduces to 


sin 0 


sin {(o — 0) 


X -P 5, 


[19] 


which corresponds to equation [12], hut tlu; (‘.oeOicient of x 
is not the slope of the line. 

(2) Equation of a straiuht line in terma (f the perpendic¬ 
ular upon it from the origin^ and the angles which this perpen¬ 
dicular makes with the axes. 



68 .] 


THE STRAIGHT LINE 


117 


Let LL^ be the straight line whose equation is sought, 
let the perpendicular from the 
origin upon it ( ON = p') make 
the angles a and /3 respectively 
with the axes,* and let P= 

(rr, y') be any point on LLi, 

Draw the ordinate i!£P; then, 
by Art. 17, 

OM cos a + MP cos )8 == ON 

i.e., a; cos a + ^ cos /3 = p, . • • [20] 

which is the required equation. 

If ft) is the angle between the axes, then yS = — a, and 

equation [20] may be written a; cos a + 2/ (co — a) =p- 

If 60 = ^, then this equation reduces to x cos a -f y sin a= j?, 
which agrees with equation [13]. 

EXERCISES 

1 . The axes being inclined at the angle 60°, find the inclination of 
the line y = 2 a: + 5 to the a;-axis. 

2. The axes being inclined at the angle find the angles at which 
the lines 3^ + 72 :-l =0 and a; + y 4- 2 = 0 cross the 2 ’-axis. 

3. Find’^the angle between the lines in exercise 2. 

4 . The center of an equilateral triangle of side 6 is joined by straight 
lines to the vertices. If two of these lines are taken as coordinate axes, 
find the coordinates of the vertices, and the equations of the sides. 

5. Prove that for every value of oj, the lines x -{■ y = c and x — y = d 
are perpendicular to each other. 



^ The angles a and /3 are the direction angles of the line OX, and their 
cosines are the direction cosines of that line. 
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09. Equations of straight lines: polar coordinates. 

(1) Line through two given points. Let OR he the initial 

line, 0 tlie pole, Pj 
= (Pb ^i), and Pas 
(P 2 i d-i), the two given 
points, and let P = 
(p, 6 ) be any other 
point on the line 
through 1 \ ami Pg. 
Then (if A stands for ‘area of triangle’) 

A OPiP, = A OPiP + A (9PP„ 
i.e., I pip 2 sin ( 6 * 2 -^0 = |PPi sin ( 6 *-dO + .]■ p.,p sin -19), 
hence ppi sin ( 6 —di)+ pip 2 sin (d, — Q-^ 

+P 2 P sin (^ 2 -^) = 0 .*. . . [ 21 ] 
This equation may also be written in the form 

sin (9i — 6 ^ _j_ sin (62 — 0 ) sin (6 — <9,) _q .* 

P Pi Pi 



(2) Equation of the line in terms of the perpenilicular upon 
it from the pole, and the angle which this perpendicular makes 
with the initial line. Let OR bo the initial line, 0 the pole, 
and LK the line whose equation is 
sought. Also, let N = (p, a) be the 
foot of the perpendicular from 0 
upon LK, and let P=(p, 6 ) be any 
other point on LK. Draw ON and 
OP ; then 



ON nr no 

— =ccmNOP, 


P COS (0 - a) = p, . . . [22] 

which is the required equation. 


^ Observe the symmetry hero; cf. foot-note, Art. 29. 
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EXERCISES 

1. Construct the lines : 

(o) poos(^-30“) = 10; (c) pcos^0-|j=9; 

(J) psin^ = 2; (d) p cos (^ - w) = 6. 

2. Find the polar equations of straight lines at a distance 3 from the 
pole, and: (1) paraUel to the initial line; (2) perpendicular to the initial 
line. 

3. A straight line passes through the points (5, ""45°) and (2, 90 ); 
find its polar equation. 

4. Find the polar equation of a line passing through a given point 
(p^, and cutting the initial line at a given angle i#>=tan-U-. 

5. Find the polar coordinates of the point of intersection of the lines 

pcos^d- 5 ^ = 20 , pcos^ 0 -|)=a. 

EXAMPLES ON CHAPTER V 

1. The points ("1, 2) and (3, -2) are the extremities of the base of 
an equilateral triangle. Find the equations of the sides, and the coordi¬ 
nates of the third vertex. Two solutions. 

2 . Three of the vertices of a parallelogram are at the points (1, 1), 
(3, 4), and (5, ~2). Find the fourth vertex. (Three solutions.) Find 
also the area of the parallelogram. 

3 . Find the equations of the two lines drawn through the point (0, 3), 
such that the perpendiculars let fall from the point ( 6 , 6 ) upon them aie 
each of length 3. 

4. Perpendiculars are let fall from the point (5, 0) upon the sides^of 
the triangle whose vertices are at the points (4, 3), (“4, 3), and (0, 5). 
Show that the feet of these three perpendiculars lie on a straight line. 

Find the equation of the straight line 

5 . through the origin and the point of intersection of the lines 
x - z/ = 4 and 7 a; + ^ + 20 = 0. Prove that it is a bisector of the angle 
formed by the two given lines. 

6. through the intersection of the lines 3 j:- 4 y + l= 0 and 
5 a: + ?/ = 1 , and cutting off equal intercepts from the axes. 

7. through the point (1, 2), and intersecting the line z + y = 4 at a 
distance \ from this point. 
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8 . Find the equation of a straight line through tlie point (4, 5) and 
making equal angles with the lines 3a; = 4y + 7 and 5^ = 12 a; + 6. 

9. Prove analytically that the diagonals of a square are of equal 
length, bisect each other, and ai*e at right angles. 

10. Prove analytically that the line joining the middle points of two 
sides of a triangle is parallel to the third side and ctiual to half its length. 

11. Find the locus of the vertex of a triangle whos(i base is 2 a and 
the difference of the squares of whose sides is 4 (r\ Trace the locus. 

12. Find the equations of the lines from the vertex, (1, 3) of the tri¬ 
angle of Ex. 4, trisecting the opposite side. What ai-e the ratios of the 
areas of the resulting triangles ? 

13. A point moves so that the sum of its distances .from the lines 
y^Zx + ll=0 and 7x~2y + l=:0 is C. Find the equation of its 
locus. Draw the figure. 

14. Find the equation of the path of the moving point of Ex. 13, if 
the distances from the fixed lines are in the ratio 3:4. 

15. Solve examples 13 and 14, taking the given lines as axes. 

16. The point (2, 9) is the vertex of an isoscedes right triangle whose 
hypotenuse is the line 3a;-7y = 2. Find the other vertices of the 
triangle. 

17. The axes of coordinates being inclined at the angle f)0^^ find the 
equation of a line parallel to the line z + y = 3 «, and at a distance 
aVS 

—^ from it. 


18. Find the point of intersection of the lines 

P= pcos(<?-^g---a. 

2] 

For what value of $, in each line, is p = co ? At wliat angh'.s do ihew' lines 
cut their polar axes? Find the angle b(dween th(‘- liin's. Plot t rni(\s. 

19. Find the equation of a straight line tlirough the iidvrsBctlion of 
y z=:7x — 4: and 2x i- y — 5, and forming with the .r-a,xis tin*, angle -• 

20. Find the equation of the locus of a point which moves so as to be 
always equidistant from the points (2, 1) and ("3, -"2). 
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21. Find the equation of the locus of a point which moves so as to be 
always equidistant from the points (0, 0) and (3, 2). Show that the 
points (0, 0), (3, 2)j and (1, “1) are the vertices of an isosceles triangle. 

22. Find the center and radius of the circle circumscribed about the 
triangle whose vertices are the points (2, 1), (3, ”2), (”4, ”1). 

23. Find analytically the equation of the locus of the vertex of a 
triangle having its base and area constant. 

24. Prove analytically that the locus of a point equidistant from two 

given points and is the perpendicular bisector of the line 

joining the given points. 

25. The base of a triangle is of length 5, and is given in position; 
the difference of the squares of the other two sides is 7; find the equa¬ 
tion of the locus of its vertex. 

26. What lines are represented by the equations: 

(a) x-y-xy^-, (fS) 14= x^ - Dxy - y^ = 0; (y) xyz=07 

27. What must be the value of c in order that the lines Sx-{-y — 2 = 0, 
2x—2/-3 = 0, and 5a; + 2y-fc=:0 shall pass through a common point ? 

28. By finding the area of the triangle formed by the three points 
(3 u, 0), (0, 3 b) and (a, 2 b), prove that these three points are in a straight 
line. Prove this also by showing that the third point is on the line join¬ 
ing the other two. 

29. Find, by the method of Art. 39, the point of intersection of the 
two lines 2x — 3y-{-7=0 and 4 a; = 6 y -f 2; and interpret the result 
by means of Arts. 41 and 60. 

30. Prove by Art. 10 (cf. also Arts. 41 and 60), that the equations of 
two parallel lines differ only in the constant term. 

31. Find the equations of two lines each drawn through the point 
(4, 3), and forming with the axes a triangle whose area is 8. 

32. Find the equation of a line through the point (2, ”5), such that 
the portion between the axes is divided by the given point in the ratio 
7: 5. 


33. Find the equation of the perpendicular erected at the middle 
point of the line joining (o, 2) to the intersection of the two lines 
a: + 2 y = 11 and 9x —2y = 59. 
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34. A point moves so that the square of its distance from the origin 
equals twice the square of its distance from the a:-axis; find the equation 
of its locus. 

35. Given the four lines 

a; _ 2?/ + 2 = 0, a; + 2?/ - 2 = 0, 3a; - y - 3 = 0 and a; + ?/ + 6 = 0; 
these lines intersect each other in six points; find the equations of the 
three new lines (diagonals), each of which is determined by a pair of the 
above six points of intersection. 

36. Find the points of intersection of the loci: 

(a) pcos^^ -|^ = a and pcos^<9 -= a; 

(^) pcos^^-~^ = Y and p-am\0. 

If two sides of a triangle are taken as axes, the vertices are (0, 0), 
0), (0, yg)* analytically that: 

37. the medians of a triangle meet in a point; 

38. the perpendicular from each vertex to the oi)posite sides meet 
in a point; 

39. the line joining the middle points of two sides of a triangle is 
parallel to the third side. 

40. Show that the equation 56 — 441 xy - 56 if - 79 x - 47;?/ -f 0 = 0 

represents the bisectors of the angles between the straight lines repre¬ 
sented by 15 — 16 — 48 y2 — 2 a; -f 16 ?/ — 1 =0. 

41. Two lines are represented by the equation 

, + 2 Hxy + Elf = 0. 

Find the angle between them. 
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70. That the coordinates of a point which remains fixed 
in a plane are changed by changing the axes to which this 
fixed point is referred, is an immediate 
consequence of the definition of coordi¬ 
nates. 

It is also evident that the different 
kinds of coordinates of any given point 
(Cartesian and polar, for example) are 
connected by definite relations if the ele¬ 
ments of reference (the axes) are related in position. 
the point w^hen referred to the polar axis OX and the pole 
0, has the coordinates (5, 30"^), but when it is referred to 

the rectangular axes OX and 
OY the coordinates of this same 
point are (f V3, |) ; and gen¬ 
erally, if (/?, O') be the co¬ 
ordinates of a point when 
referred to OX and 0, then 
(p cos 6^ p sin 0 are its coordi¬ 
nates when it is referred to the 

rectangular axes OX and OY. 

Again: while a curve i^emains fixed in a plane, its equa¬ 
tion may often be greatly simplified by a judicious change of 

123 
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(lui axeH to which it is referred. B.g., the line L^L, when 
riilcrnul to tlie axes OX. and OY, has the equation 
y = taud-a: + J, 

Iml, when nthoTcil to the axes OX' and O'F', the former 
of whifli is paralhil to the given line, its equation is y = e. 

I'IIP tlii'Sf, and otlior reasons, in the study of curves and 
siiriai'cs In tlie uudiiods of analytic geometry, it will often 
he louiid advaiilagiaius to transform the equations from one 
Ki*t. of axt‘s to anotluu*. 

If. will bo lomid t.lial the cor>r(luiaics of a point with 
rotVr(*iiri» U) any <»’ivon axes, arc always coiineotcd by simple 
lurinulas with tlu^ (•(H)r(IimiU‘s of the same ])oint when it is 
reh*rre(l to any otlan* axt^s. Th(xs(5 ndations or formulas 
for tin*, various ehani(t‘s of axes arc derived in the next few 
articles. 


1. (’ARTKSIAN (M)()U1)INATKS ONLY 


71. Change of origin, new axes parallel respectively to the 
original axes. laR. OX and OV he the orii»‘ina,l axes, O'X^ 
and f/1"' the new axchs, and hit the (toiirdinates of the new 

origin wlnm ri^ferred to tlie 
origiinil axchs lx*, h and /% ^.e., 
0' EH (7/,, /"), wlunxi h = OA a,nd 
k = ,yl (y. Also l<‘t /^ any point 
of tile plains, have tlu^ eoiirdi- 
inites X and ?/ wlnm it is referred 
i,() thti Jix(‘s OX and 01^, and x' 
and 1 /^ wlnm it is nd’erred to the axes O'X^ and 0' Fb 
Draw MM' P parallcd t-o the v/-axis ; t hen 

0M = OA^AM^ OA Hh O'M', 



and similarly, 2/ = 2/' + Tc, 


[23] 
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which are the equations (or formulas) of transformation 
from any given axes to new axes which are respectively 
parallel to the original ones, the new origin being the point 
0^ = (h^k'), These formulas, moreover, are independent 
of the angle between the axes. 

As a simple illustration of the usefulness of such a change 
of axes, suppose the equation 

. . ( 1 ) 

given, in which x and y are coordinates referred to the axes 
OX and OF. 

Now let P= (a;, y') be any point on the locus L^L of this 
equation, and let y^) be the codrdinates of the same 
point P when it is referred to the axes O^X' and 0' F' ; 
then 

x — x^-\-h and y — ^k. 

Substituting these values in the given equation for the 
X and y there involved, an equation in x^ and y' is obtained 
which is satisfied by the coordinates of every point on 
z.e., it is the equation of the same locus. The substitution 
gives: 

+ hy -2}i(x' 4- A)4-(y + + 

which reduces to 

+ y'‘^ = ; 

a much simpler equation than (1), but representing the 
same locus, merely referred to other axes. 


EXERCISES 

1. What is the equation for the locus of 3 x - 2 ^ = 6, if the origin 
be changed to the point (4, 3), — directions of axes unchanged? 

2. What does the equation + 2/2 _ 4 .r - 6//= 18 become i£ the 
origin be changed to the point (2, 3), — directions of axes unchanged / 
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3 mat does the equation _ 2 - 2 y + 6 ^ - 3 = 0 i>e ome .^■he„ 

the origin is removed to (f, 1).-directions of axes unchanged? _ _ 

4 Find the equation for the straight line y = dx + l when the origin 
is removed to the point (1, 4),-directions of axes i^hanged. 

5 Construct appropriate flgui-es for exercises 1 and 4. 


72 Transformatioa from one system of rectangular axes 
to another system, also rectangular, and having the same 

origin: change of direction of axes. 

Let OX and OF be a given pair of rectangular axes, and 
let OX' and OF' be a second pair, with ^ XOX' = 6, the 

angle through which tho first pair 



of axes must be turned to come 
into coincidence with the second. 
Also let P, any point in the 
plane, have the coordinates x 
and y when it is referred to tlie 
first pair of axes, and x' and y' 


when referred to the second pair. The problem now is to 
express x and y in terms of x', y', and e. Draw the or¬ 
dinates MP, M'P, and QM', and draw M'R parallel to the 


oi-axis; then 

0M.= OQ + QM= OM' cos 6 — M'P sin 6, 
i.e., ■ ■ a5 = m'cos0-2A'sine, I ^ ^ 

and similarly, y = sin e + y cos e, j 

which are the required formulas of transformation from one 
pair of rectangular axes to another, having the same origin 
but making an angle 6 with the first pair. 

Note 1. These formulas are more easily obtained, —in fact, tln'.y can 
be read directly from the figure, —if one recalls Art. 17, and onnsidcr.s 
that the projection of OP equals the projection' of OM' + the prfqectiou 
of M'P, upon OX and OF in turn. 

Note 2. The reader will observe that a combination of the trans¬ 
formation of Art. 71 with that of Art. 72 will transform from oiu; pair 
of rectangular axes to any other pair of rectangular axes. 
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EXERCISES 

Turn the axes through an angle of 45°, and find the new equations 
for the following loci: 

1. + 2. = 3. y = x-l; 

4. 17x^-lQxy + 17y^ = 226, 

5. If the axes are turned through the angle tan“^2, what does the 
equation 4:xy — Zx^ = become ? 

73. Transformation from rectangular to oblique axes, origin 
unchanged. Let OX and OF be a given pair of rectangular 
axes, let OX and OY^ be 
the new axes making an an¬ 
gle CO with each other, and 
let the angles XOX^ and 
XOY' be denoted by 0 
and respectively. Also 
let P, any point in the 
plane, have the coordinates 
X and y when referred to the first pair of axes, and and y^ 
when referred to the second pair. 

Draw the ordinates ilfP, Af'P, and QM\ also draw 
parallel to the 2 ;-axis. 

Then OM = 00 + Q'^ = OW cos d + MP sin (90 - <^); 
^.e., a; = a:'cos 0-h y'cos </), I ^ 

and similarly, y = P sin 0 y^ sin (^, J 

which are the required formulas of transformation from 
rectangular to oblique axes having the same origin. 

If o) = 90°, and consequently ^ = 90° + 0, then formulas 
[25] reduce to [24], and Art. 73, therefore, includes Art. 72 
as a special case. 

By first solving fora;' and y', formulas [25] may also be 
employed to transform from oblique to rectangular axes. 



* See Note 1, Art. 72. 
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EXERCISES 

1. Given the equation = 144 referred to rectangular axes; 

what does this equation become if transformed to new axes sucii that the 
new a:-axis makes the angle tan”i(-J), and tlie new ?/-axis the angle 
tan“Hf), with the old a’-axis, — origin unchanged? 

2. If the old and new a-axes coincide, and the new axes are rectan¬ 
gular while the old axes are inclined at an angle of GO*^, what are the 
equations of transformation from tlie old axes to the new? From the 
new axes to the old? Origin unchanged in each case. 

3. If the first two of the three sides of a triangle whose equations are 
2 ?/ + a; + l = 0, 32 /-a--l = 0, and 2 a; 4- 3 ?/ = 1, are chosen as new axes, 
find the new equations of the sides. 


74. Transformation from one set of oblique axes to another, 

origin unchanged. Let OX 
and OF 1)0 a given pair of 
axes, OX' a/iid O F' tlio new 
axes, and let the angles XO F, 
X'O F', XOX', ami XOF' 
be denoted by co, co\ 9^ and (^, 
respectively. Also hit P, any 
point in the [)lane, have the 
coordinates x and y when referred to the first pair of axes, 
and d and when referred to the second ])5tir. 

Draw if'P parallel to OF', MP ami QAP parallel to 
OF, and MR parallel to OX. 

Then, from the triangle OQM\ 

= and =3/^^, 



U Q 
Fig. 60. 


sm CO 


Sill CO 


and from the triangle RMP^ 

RM' 

sin Cl) sin ft) 

But Oilf= OQ - RM\ and MF = QM' + It P ; 


id RP. 


, sin (f> 
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_ y/ siu (<» - g) J sin (o) - 


sin 6) 


8111 , 6 ) 


and y = + 


sm<» 


sm6) 


. . . [ 26 ] 


which are the required formulas of transformation from one 
pair of oblique axes to another having the same origin. 

Note. If it is desired to change the origin^ and also the direction of 
the axes, the necessary formulas may be obtained by combining Art. 71 
with Art. 72, Art. 73, or Art. 74, depending upon the given and required 
axes. 


EXERCISES 

1. Show, by specializing some of the angles co, ca^, B, and <j> in Art. 74, 
that formulas [26] include both [25] and [24] as special cases. 

2. The equation of a certain locus, when referred to a pair of axes 

that are inclined to each other at an angle of 60° is 7 - 2 xrj + 4 = 5 ; 

what will this equation become if the axes are each turned through an 
angle of 30° ? What if the a-axis is turned through the angle —30° 
while the y-axis is turned through -f- 30° ? 

75. The degree of an equation in Cartesian coordinates is 
not changed by transformation to other axes. Every formula 
of transformation obtained ([28] to [26]) has replaced 2 ; and 
y, respectively, by expressions of the first degree in the new 
coordinates yb Therefore any^ one of these transforma¬ 
tions replaces the terms containing x and y by expressions 
of the same degree, and so cannot raise the degree of the 
given equation. Neither can any one of these transforma¬ 
tions lower the degree of the given equation; for if it did. 

These formulas can also he read directly from Fig. 00 by first project¬ 
ing 0.1/ and then the broken line OM'PM upon a line perpendicular to OF; 
and afterwards projecting J/P and also the broken line 3/03PP upon a per¬ 
pendicular to OX. The results being equated in each case, and divided by 
siiiw, give [26]. 

TAX. AX. GEOM. — 9 
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then a transformation back to the original axes (whicli must 
give again the original equation) would raise the degree, 
which has just been shown to be impossible; lienee all these 
transformations leave the degree of an equation unchanged. 


II. POLAU COORDINATES 


76. Transformations between polar and rectangular sys¬ 
tems. (1) Transformation from a rectangular to a polar 
system, and vice versa, the origin and 
x-axis coinciding respectively with the 
pole and the initial line. Let OX 
and 0 F be a given set of rectangular 
axes, and let OX and 0 lie tlie initial 
line and pole for the system of polar 
coordinates. Also let P, any point in the plane, luvve the 
coordinates x and y when referred to the rectangular axes, 
and p and B in the polar system (Fig. 61), then 

OM= OPco&XOP', 



t.e., 

similarly. 


05 = p( 

2/ = p sin 0. 


[27] 


These are the required formulas of tnuisfornuition when, hd 
only when^ the rectangular and polar axes a,re related a,s 
above described. 

Conversely, from formulas [27], or direthly from Fig. (>1, 


p = Vn? + cos d = — - - . and sin 6 = [28] 

y^ ~\/x^ 4 - y^ 

which are the required formulas of transformation from 
polar to rectangular axes, under the above e.oiiditions. 
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(2) jSaine as (1) except that the initial line OB makes an 
angle a with the x-axis. It is at 
once evident that the formulas of 
transformation for this case are : 

a: = p cos -h a), 
and ^ = p sin (^ + a). 

The converse formulas for this 
case are: 


. [29] 



r - ^ 





0 


X 


M 

Fig. 63. 


p = 


and 0 == cos“^ 




— a = sin 


-1 


( _ y- 


4. 


[§ 0 ] 


(3) Transformation from any Cartesian system to any polar 
system. Transform first to rectangular axes whose origin is 
the proposed pole; this is accomplished by Arts. 71 and 73. 
Then by formula [27] or [29] transform from the rectangular 
Cartesian to the polar coordinates. 


EXERCISES 

Change the following to the corresponding polar equations; draw a 
figure showing the two related systems of axes in each case. Take the pole 
at the origin, the polar axis coincident with the axis of x, in exercises 1 to 4. 

1 . 4- 3. -f — 9 ^^^2 _ ^2^, 

2. y- — X ^ ay — Q. 4. y = ;r tan a. 

5. X - Vs y 4 - 2 = 0, taking pole at origin, polar axis making the 
angle 60° with the x-axis. 

6. — y"^ — ^ X — Q y — oi — 0, taking the pole at the point (2, ~3), 
and the polar axis parallel to the x-axis. 

Change the following to corresponding rectangular equations. Take 
the origin at the pole and the a:-axis coincident with the polar axis. 

7. p = a. 9. p‘-sin 26 = 10. 

8. p2cos2^=:a2 10. p^^ = aHm2 6. 

Suggestion. In Ex. 10 multiply by and substitute 2 sin 6 cos 6 for 
sin 2 6 ; the equation then becomes p^ — 2 p2 sin 6 cos 6. 

11. p z= k cos 6- 12. 0 = d tan-12. 13. p^ cos ^ = P. 
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examples on chapter VI 

1. Find the equation of the locus of 2x7j - 7 x -f 4 // = 0 referred to 
parallel axes through the point (-2, J). 

2. Transform the equation - 4 xj/ + 4 ?/^ - i)x + 12// = 0 to new 
rectangular axes making an angle tan“^ J with the given ax(^s. 

3. Transform //-^ — .r//— 5 a; + 5//= 0 to parallel axes through the 
point (“5, "5). Draw an appropriate figure. 

4. Transform the equation of example 3 to axes bisecting the angles 
between the old axes. Trace the locus. 

5. To what point must the origin be moved (the new axes being 
parallel to the old) in order that the new equation of the locus 

2 - 5 a?// — 3 //^ — 2 a; 4-13 V/ — 12 = 0 

shall have no terms of first degree ? 

Solution. Let the new origin be (/i, k ); then x = a;' + /i, 3/ = ?/' + 
and the new equation is 

2(x' + ky-6 (x' -1- h) {y' + k) - 3 iy' + ky - 2 (a;' + h) + 13 (//' + k) -12 = 0, 
i.e., 2 a:'2 - 5 xh/ - 3 + (4 7i - 5 /b - 2 ) a;' - (5 A + 0 A: - 13) // 

+ 2A2 - ^hk - 3P - 2A + 13A - 12 = 0; 
but it is required that the coefficients of a;' and ?/ shall be 0; i.e., A and 
k are to be determined so that 

2 = 0, 

and 5 A + 6 A — 13 = 0; 

hence h = ^ and A = f. 

Therefore the new origin must be at the point (-y*, f), and the new 
equation is 

2x'^-6x'y' -3//2-8 = 0. 

6. The new axes being parallel to the old, determine the new origin 
so that the new equation of the locus 

a;2 _ f + 10a; - 10?/ + 21 = 0 

shall have no terms of first degree. 

7. Transform the equations x + // - 3 = 0 and 2 x - 3 // -f- 4. = 0 to 
parallel axes having the point of intersection of these lines ?is origin. 

8. Transform the equation | + | = 1 to newrectanguhir axes through 
the point (2, 3), and making the angle tan ^(-'2) with the old axes. 

9. Through what angle must the axes be turned that the new equa¬ 
tion of the line 6 a.' -f 4// — 24 = 0 shall have no y-term? Show this 
geometrically, from a figure. 
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10. Through what angle must the axes be turned in order that the 
new equation of the line 6x4-4^ = 24 shall have no x-term? Show 
analytically (cf. also examples 8 and 9). 

Solution. Let 6 be the required angle; then the equations of trans¬ 
formation are 

X = x' cos 6 ~ y‘ sin 6 and y = x' sin 0 -i- cos $; 
and the new equation is 

(6 cos ^ + 4 sin 0)x — (6 sin ^ — 4 cos y = 24; 
but it is required that the coefficient of x be 0, 

6 cos ^ -f 4 sin ^ = 0, i.e,, tan ^ |; 

whence 0 = tan“^( —|), 

and the equation becomes 

(6 sin 6 — 4: cos y q- 24 = 0, 

which reduces to -f 24 = 0, 

Vl8 

i,e.i to by -h r2VT3 = 0. 

11. Through what angle must the axes be turned to remove the 
x-term from the equation of the locus a4x-fi?y + C = 0? to remove 
the y-term ? 

12. Show that to remove the xy-term from the equation of the locus, 
2x2 — 5 xy — 3 y- = 8 ^^f. Ex. 5), the axes must be turned through the 
angle 0 = 67° 30', he., so that tan2^ = — 1. What is the new equation? 

13 . Through w’hat angle must a pair of rectangular axes be turned 
that the new x-axis may pass through the point ( — 2, —5)? 

14 . What point must be the new origin, the direction of axes being 
unchanged, in order that the new equation of the line Ax -i- By + C 0 
shall have no constant term? 

15 . To what point, as origin of a pair of parallel axes, must a trans¬ 
formation of axes be made in order that the new equation of the locus, 
xy — y- ~ X y = 0, shall have no terms of first degree? Construct the 
locus. 

16. Find the new origin, the direction of axes remaining unchanged, 
so that the equation of the locus, x~ + xy — 3 x — y 2 = 0, shall have 
no constant term. Construct the figure. 

17 . Transform the equation dx^ + 2v 3xy + 2y^ = 1 to new rectan¬ 
gular axes making an angle of 30° with the given axes, — origin unchanged. 
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18 Transform = to new rectangular axes having the point 
(18, 12) as origin, and making an angle cot-^S with the old. 

19 Transform to rectangular coordinates, *he pole and initial line 
being coincident with the origin and a;-axis, respectively: 

(a) p2 = a2eos2i9, (/3) pHos2e=a\ (y) p = kmn2e. 

Transform to polar coordinates, the a:-axis and initial line being coin- 
cident: 

20 . (a® -I- y^y = - y^)< being at the point (0, 0); 

21 . + y^ = T ax, pole being at the point (0, 0); 

22. x^Ay^ = 16 x, the pole being at the point (8, 0). 

23 . Transform the equation y^ + i ay cot 30“ - 4 nx = 0 to an oblique 
system of coordinates, with the same origin and x-axis, but the new 
y-axis at an angle of 80° with the old x-axis. 

24 . Transform the equation fg + j *0 axe.s, making the 
positive angles tan -i| and tan -i(- f), respectively, with the old x-axis, 
the origin being unchanged. 

25 . Transform the equation 

3x2 + loVSxy - 7y2 = (18 - 30v/8)x + (42 -I- 30 Vij) y + (42 -t- 00 V3) 
to the new origin (3, -3), with new axes making an angle of 30° with 
the old. 

26 . Transform the equation 3a;2 + = 0 to the two straight 

lines which it represents, as new axes. 

27 . Transform ~ = 1 to the straight lines = as new 

25 9 "O .1 

axes. 

28. Transform to polar coordinates the equation y- (2 a - x) ~= :rK 

29 . Transform to rectangular coordinates the equation 

p = a (cos 20 + sill 2 0). 

30. Prove the formula for the distance in polar codnliin'ites [1] liy 
transformation of the corresponding formula [2] in n^ctangular coordi¬ 
nates. 

31 . Transform the equation a; cos a + ?/ sin a = jd to polar coordinates. 
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THE CIRCLE 

Special Equation of the Second Degree 
Ax^ + Ap^ + 2€kc-h2jFt/-h C = 0 

77 . It must be kept clearly in mind that one of the chief 
aims of an elementary course in xAnalytic Geometry is to 
teach a new method for the study of geometric properties of 
curves and surfaces. Power and facility in the use of such 
a new method are best acquired by applying it first to those 
loci whose properties are already best understood. Accord¬ 
ingly, the straight line having already been studied in 
Chapter V, the circle will next be examined. 

It will appear later that the circle is only a special case of 
the conic sections already referred to in Art. 48, and might, 
therefore, be advantageously studied after the general prop¬ 
erties of those curves had been examined ; the present order 
is adopted, however, because the student is already familiar 
with the chief properties of the circle. 

In solving the exercises of this chapter the student should 
use the analytic methods, even when purely geometric methods 
might suffice, — he is learning to use a new instrument of 
investigation, and is not merely studying the properties of 
the circle. 

78 . The circle: its definition, and equation. The circle may 
be defined as the path traced by a point which moves in such 
a way as to be always at a constant distance from a given 
fixed point. This fixed point is the center, and the constant 
distance is the radius, of the circle. 
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Xo dcrivG tli6 6(^uatioii from this dofinitiou, lot C — (Ji^ 7c) 
be the center, r the radius, and P = (x, y') any point on the 

curve. Also draw the ordinates 
M■^Q and MP, and the line GR 
parallel to the a:-axis ; then 
GP = r ; [geometric equation] 
but (Art. 26), 

GP= V(a:-/0^ + (v/-/c)2, 
hence, V(a: — /i)'^ + (2/ — 7<^)‘'^ = r ; 
i.e., (*-70« + C!/-&)* = »’V • • • [Bl] 

which is the equation of the circle whose radius is r, and 
whose center has the coordinates ^ and 7c. 

With given fixed axes, equation [31] may, by rightly 
choosing A, A, and r, represent any circle wliatever ; it is, 
therefore, called the general equation of the circle. Of its 
special forms one is, because of its very frequent applica¬ 
tion, particularly important; this form is the one for Avhicli 
the center coincides with the origin : in tliat case h — k = 0, 
and equation [31] becomes 

a,2 + y2 = r2.t . . . [32] 



^ Equation [31] may be written in the form 

(% - hy + (?/-* Jc)'^ - r- = 0 ; 

the first member then becomes positive if the coordinates of any point oufsidp 
of the circle are substituted for x and ?/, it becomes negative for a point inside 
of the circle, and zero for a point on the circle. Hence the circUi may be 
regarded as the boundary which separates that part of the plane for which 
the function (x - hy +(y - /0“ “ positive from the part for \vhi(!h this 
function is negative. The inside of the circle may therefore be called its iirt/a- 
tive side, while the outside is its positive side (cf. foot-note, Art. 43). 

t If one is unrestricted in his choice of axes, then an eiiuation of the form 
of [32] may represent any circle whatever, —the axes need inen^ly be chosen 
perpendicular to each other and through its center; — efiuation [31] is more 
general in that, the rectangular axes being determined by other considera¬ 
tions, it may still represent any circle whatever. 
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EXERCISES 

First construct the circle, then find its equation, being given 

1. the center (5, ”3), the radius 4; 

2. the center (0, 2), the radius f; 

3 . the center (3, “3), the radius 3; 

4 . the center (0, 0), the radius o; 

5. the center ("4, 0), the radius 1. 

6. How are circles related for which k and k are the same, while r is 
different for each ? for which h and r are the same, while k differs for 
each V 

7. What form does the equation of the circle assume when the center 
is on the x-axis and the origin on the circumference? when the circle 
touches each axis and has its center in quadrant 11? 

79. In rectangular coordinates every equation of the form 
^ 2 _j_ 2 /- + 2 6ric + 2 + O = 0 represents a circle. The equa¬ 

tions of the circles already obtained (equations [31] and 
[32], as well as the answers to examples 1 to 5 and 7) are all 
of the form 

+ / +2 2 J'y + (7= 0 ; . . - (1) 

it will now be shown that, for all values of and (7, 

for which the locus of equation ( 1 ) is real, this equation 
represents a circle. 

To prove this it is only necessary to complete the square 
in the rr-terms and in the y-terms, by adding 4 . ^2 
member of equation ( 1 ), and then transpose 0 to the second 
member. Equation (1) may then be written in the form 

+ ay +(^ + Fy = {?2 4 - 

= (jy . . ( 2 ) 

which is (cf. equation [31]) the equation of a circle whose 
center is the point G, — F')^ and whose radius is 
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Note 1. This circle is real only if (?^ + - C > 0; for, if 

G^+F^-C<0, 

its square root is imaginary, and no real values of x and ?/can then satisfy 
equation (2); while if - C = 0, then equation (2) reduces to 

(x+(?)2 + (y+F)2 = 0,.(3) 

which may he called the equation of a “point circle,” since the coordi¬ 
nates of hut one real point, viz. (-G, -F), will satisfy equation (3). 
If, however, G^ + F'^ -C>0, then equation (1) repro.sents a real circle 
for all values of G, F, and C, subject to this single limitation. 

Note 2. Every equation of the form Ax^ +Ai/+ "2 Gx + 2 Fi/ H- C = 0 
represents a circle, for, by Art. 38, this equation has the same locus as 
^ r' 7? n 

has 2^2 ^ 2 —ar + 2^2/ + ^ equation is of the 

form of equation (1). 

Hence, interpreted in rectangular coordinates, every equation 
of the second degree from which the term in xy is absent, and 
in which the coefficient of a? equals that of y\ represents a 
circle, 

80. Equation of a circle through three given points. By 

means of equation [31], or of the equation 

x^^y^Jr2ax^-2Fy^a^0,, . . (1) 

which has been shown in Art. 79 to be its equivalent, 
the problem of finding the equation of a circle wliich shall 
pass through any three given points not lying on a straight 
line can be solved; i.e,, the constants h, Ic, and r, or Gr, F, 
and G, may be so determined that the circle shall pass 
through the three given points. 

To illustrate : lot the given points be (1, 1), ( 2 , ~1), and 
( 3 , 2 ), and let -{■ 2Fy + = 0 be the equa¬ 

tion of the circle that passes through these points; to find 
the values of the constants (r, jP, and Q, Since the point 
(1, 1) is on this circle, therefore (cf. Art. 35), 

l + l + 2(3^-f-2jP-h(7 = 0 ; 
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similarly, 4-fl4-lG^ — 2jP + C' = 0, 

and 9 + 4 + 6ff-l-4i?^ + (7=0. 

These equations give: Gr = F = and <7=4. 
Substituting these values, the equation of the required 
circle becomes 

its center is at the point (f, ^), while its radius is I'VTO. 

Note. The fact that the most general equation of the circle contains 
three parameters (h, Jc, and r, or G, F, and C, above) corresponds to the 
property that a circle is uniquely determined by three of its points. 

EXERCISES 

Find the radii, and the coordinates of the centers, of the following 
circles; also, draw the circles. 

1 . 4 - _ 4a; — - 41 = 0. 4 . 2 (;r2 4 y^) = 7y. 

2 . 3 4 3y2 _ 5 a; -7y 4 1 = 0. 5. ax^ ay'^ = 4 cy. 

3 . 4 = 3 (a: 4 3). 6 . (x 4 y)- 4 (^ - y)^ = 8 

7. What loci are represented by the equations 

(x - ky 4 (y - ky = 0 , 
and 4 y--2x4 62 /4 38 = 0? 

Find the equation of the circle through the points: 

8. (1, 2), (3, -4), and (5, -6); 

9. (0, 0), (a, b), and (b, a); 

10. (-6, -1), (0, 1), and (1, 0) ; 

11. (10, 2), (3, 3), and having the radius 2. 

12. Find the equation of the circle which has the line joining the 
points (3, 4) and ("1, 2) for a diameter. 

13 . Find the equation of the circle which touches each axis, and 
passes through the point (~2, 3). 

14 . A circle has its center on the line 3x 4 4 2 / = 7, and touches the 
tvro lines x 4 y = 3 and x — y = 3; find its equation, radius, and center; 
also draw the circle. 
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SECANTS, TANGENTS, AND NORMALS 

81. Definitions of secants, tangents, and normals. A straight 
line will, in general, intersect any given curve in two or more 

distinct points ; it is then called a 
secant line to the curve. Let 
and P^ he two successive points of 
intersection of a secant line 
with a given curve LP^P^ ... if; 
— if this secant line be rotated about 
the point P^ so that P^ approaches 
Pj along the curve, the limiting 
position P^T which the secant approaches, as P^ approaches 
coincidence with P^, is called a tangent to the curve at that 
point. This conception of the tangent leads to a method, of 
extensive application, for deriving its equation, — the so- 
called “secant method.” ^ 

Since the points of intersection of a line and a curve are 
found (Art. 39) by considering their equations as simulta¬ 
neous, and solving for x and y, it follows tliat, if the line is 
tangent to the curve, the abscissas of two points of intersec¬ 
tion, as well as their ordinates, are equal. Therefore, if the 
line is a tangent, the equation obtained by eliminating x or 
y between the equation of the line and that of the curve 
must have a pair of equal roots. 

If the given curve is of the second degree, then tlie e([ua- 
tion resulting from this elimination is of the second (l(;gr(‘o, 
and the test for equal roots is well known (Art. b) ; but if 
the given equation is of a degree higlier than the second, 
other methods must in general be used. 

A straight line drawn perpendicular to a tangent and 


^ For illustration, see Art. 84. 
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through the point of tangeney is called a normal line to the 
curve at that point. Thus, in Fig. 64, -Pi-^s se¬ 

cants, PjT is a tangent, and P-^N a normal to the curve at Pj. 

82. Tangents : Illustrative examples. 

(1) To find the equation of that tangent to the circle -f = 5 
which makes an angle of 45° \Yith the a:-axis. Since this line makes an 
angle of 45° with the x-axis its equation is y ~x -\-hy where h is to be 
determined so that this line shall touch the circle. 

Clearly, from the figure, there are two values of h and OB^ for 
which this line will be tangent to the 
circle. According to Art. 81, these 
values of h are those which make the two 
points of intersection of the line and the 
circle become coincident. 

Considering the equations x^ 
and y ~ X -\- b simultaneous, and elimi¬ 
nating y, the resulting equation in x is 
x^-{- (x+by = Oy i,e,, 2 
The roots of this equation will become 
equal, i.e., the abscissas of the points of 
intersection will become equal (Art. 9), 
if - 5) = 0 , Le., if 5 = ± Vio. 

The equations of the two required tangent lines are, therefore, 
y = a:-f VlO, and y = x—^/l{). 

(2) To find the equations of those tangents to the circle -f yS _ 0 ^ 
that are parallel to the line a: H- 2y + 11 = 0 . 

The equation of a line parallel to a: -}- 2 y -f 11 = 0 is a: -h 2 3 / + = 0 , 

where k is an arbitrary constant (Art. 62), and this line will become 
tangent to the circle, if the value of the constant k be so chosen that the 
two points in which the line meets the circle shall become coincident. 

Considering the equations x^ -f y- = 63 / and a:-f2y4-A: = 0 simulta¬ 
neous, and eliminating a*, the resulting equation in y is 

( - ^• - 2 3/)2 = 6 y, i . e ., 5 / (4 x- _ 6) 3/ + = 0. 

The two values of y will become equal if (Art. 9) 

( 4 ^- _ 6)2 _ 20 ^'2 = 0 , z.e., if 15/: ~ 9 = 0, 
i.e., if A — 6 ± 3\/5, 

and the two required tangent lines are: 

a: -f 23 / — 6 -I- 3 V 5 = 0, and x -f 2^ — 6 — 3V5 = 0. 



Fig. 65. 
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EXERCISES 

Find the equations of the tangents: 

■ 1. to the circle + y"- = i, parallel to the line s + 2 // + 3 = 0; 

2 . to the circle 3 (a :2 + f) = 4y, perpendicular to the line a: + ?/ = 7; 

3 . to the circle x^ + if+ 10x - 6y - 2 = 0, parallel to the line 
y = 2x-7-, 

4. to the circle x^ + y^ = r% and forming with the axes a triangle 
whose area is r^. 

5 . Show that the line y = x^ cV2 is, for all values of c, tangent to 

circle = c 2 ; and find, in terms of c, the point of contact. 

6 . Prove that the circle x 2+?/2 + 2a; + 22 / + l = 0 touches both 
coordinate axes 5 and find the points of contact. 

7 . For what values of c will the line 3x-4?/ + c = 0 touch the 
circle a ;2 + ?/2 - 8 a: + 12 ^ - 44 = 0? 

8. For what value of r will the circle a;2 + ?/2 = 7-2 touch the line 
y = 3a;-5? 

9. Prove that the line ax = h{y-h) touches the circle a; (x - «) 

= 0; and find the point of contact. 

10. Three tangents are drawn to the circle + 1 / = 0; one of them 
is parallel to the a:-axis, and together they form an equilateral triangle. 
Find their equations, and the area of the triangle. 

83. Equation of tangent to' the circle a ;2 + = ^2 in terms 

of its slope. The equation of the tangent to a given circle, 
in terms of its slope, is found in precisely the same way as 
that followed in solving (1) of Art. 82. Let ])e the 
given slope of the tangent, then the equation of the tangent 
is of the form 

y7=m^x-\-h, . . . ( 1 ) 

wherein 5 is a constant which must be so determined tliat 
line (1) shall intersect the circle 

3.2 _ ^2 

in two coincident points. 


( 2 ) 
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Eliminating y between equations (1) and ( 2 ) gives 

2^ + (rn-^x 4- hY = 

(1 4 - 4 - 2 hm^x 4 - = 0 ; 

and the two values of x obtained from this equation will 
become equal (Art. 9) if 

(m-fiY — (1 + — r^) A 0 , 

^.e., if 6 = ± r Vl 4 - 

Substituting this value of h in equation (1), it becomes 

y — m\pc ± r Vl + mi^Y • • • [33] 

which is then, for all values of tangent to the circle (2). 

This equation [33] enables one to write down immediately 
the equation of a tangent, of given slope, to a circle tvhose 
center is at the origin* 

E.g., to find the equation of the tangent whose slope 7n^ = 1 = tan 45°, 
to_the circle x'^ = it is only necessary to substitute 1 for /?q and 

Vo for r in equation [33]. This gives as the required equation 
y = x±VlO [cf. (1) Art. 82]. 

Note 1. If the center of the given circle is not at the origin, i.e., 
if its equation is of the form x-'2 Gx ^ 2 Fy C = 0, instead of 
x‘^-{-y^z=:r% then the same reasoning as that employed above would lead to 

y-^F = m^(ix-]-G)± V(?^ 4 - F-^ - C. Vl -f . . [34] 

as the equation of the required tangent. 

This equation might have been obtained also by first transforming 
the equation x^y^ -{-2 Gx -^2Fy -{■ C = 0 to parallel axes through the 
point (“G, ~F) ; this would have given x'* + y- = G’- + F- — C = r- 
as the equation of the same circle, but now referred to axes througli its 
center. Kef erred to these new axes y' = m^x'±r Vl 4 - (see eq. [33]) 
is, for all values of tangent to this circle; transforming this last 
equation back to the original axes, i.e., substituting for x\ y', and r their 
equals, viz., x G, y -f F, and VG- 4 - F- ~ C\ it becomes 

y F = 7 ?q (x + G) ± VG- -f — C - Vl + 7 /?^- 


* This equation is sometimes spoken of as the magical equation of the tangent. 
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.1'. i.H.i.v. «hi,'ll is, f.,1' ull valu„H „r Uii^unt to (,ho circb whose 
• ‘iilrr iM ut lln‘ iHiiut ( /-’) ainl wh()H(‘ radiu.s in 

\,. l t: IS.SMUS,- ,,t' its fi-,Mill,ml, neimi-nmee, it, i,s useful to memorize 

r,ju.,ii,,i, O,, Ih,- ollmr IuukI, it is not roamimmidea that equation 

1 ,51 i I,,’ iiiimuu iziMl, hut It shduiil hi! carefully worked out by the student, 
hi-ti-.id 1,1 imiiiloymi;- eillier of these formulas, however, the student 
in.t) uh\ay*^ at (ark tla* dimttly, us was tloue in Art. 82. 


EXERCISES 

1 iii»l tb«* r.jiiations nf ih<* rmcs whidi aiV<‘, 

I, ftt fhr t‘uvlt‘ y' i //" !«;, ;uul who.sn ,slop(^ is Ji; 

2 f.i lh.‘ nvvlv .y I f y jtnd which arn parallel to the line .t + 2 ?/ 

i Kv. I, Art. S2); 

a. fn fhr riivlf ,r‘‘ | f uinl whicli make an angle of Gtr with the 

j .r'u 1 ; Vtilh fin* // a\i.-5; 

fiivln j ’ i //'• 2r>, and whi<;h an^ perpendicular to the line 

pcitiir.* fin* piiinf ■> ( if, 7) .'unl (7, h); 

5. <H fin* t'jii’ln 1 -' ; //'■■ '2 r I 2 // 1 , u.iid whose slopes is " 1 . 


84. Kquaiion of tangent to the circle in terms of the cobrdi- 
iuiti*K of the point of contact: the secant method. 

I tt I tij' i/i(’ rirr/c it( (hr orh/in. lad 'J/i) be 

itir point of lau'pnify, on tln^ g’ivfoi cinde 

•r'l.r-/-- . . . (1) 


Thrnttffh /*j draw a s<*<‘ant /y/l/", and hd. /V"(.e», y/o) 

Ih' its nthnr point- of int(‘rs(*<‘t ion wit h daf (drclc. If tin; 

point inov(‘S (floNf/ (hr rlrrlr 
until it- (‘.oiiHfH into (‘-oinc-idciiuaf 
with Pi, lUi', liinit-inuf position of 
tlH‘ s(‘<*.a,nt. LM is t-lio taaigaait 

PiT, (Art. SI.) 

(apiat ion of lino LM m 

... ( 2 ) 

If now 1\ approaclies Pi until 
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Xi=Xi and 2/2=^!, equation (2) takes the indeterminate form 

• • • ( 3 ) 

This indeterminateness arises because account has not jet 
been taken of the path (or direction) by which Pg shall 
approach Pi, and it disappears immediately if the condition 
that P 2 is to approach Pi along the circle (1) is introduced. 
Since the fixed point Pi is on the circle (1), therefore 

+ ... (4) 

and since P 2 , while approaching Pi, always remains on circle 
(1), therefore 

^2 4- ^ 2 ^ = ; . . . (5) 

hence, subtracting equation" (4) from equation (5), 

O 9,9 2 A 

^ + 2/2 - yi = 0, 

that is, (2/2-2 /i)(^2+2/i)= -(*2 -2:i)(2r24-a;i) ; 
whence, ^ 

X 2 -X 1 y-i+yi 

Substituting this result in equation (2) gives 

y-y,= -^^(x-x,)* ... ( 6 ) 

which is the equation of the secant line LM of the given 
circle (1). 


* The difference between equations (2) and ((5) consists in this : no mat¬ 
ter where the points (iCi, y\) and y^) utay be, equation (2) represents 
the straight line passing through them ; but equation ((>) is the equation of 
the line through these points only when they are on the circle r- -f y'^ = r-. 
In other words, equation (2) is the equation of the line passing through any 
two iioints whatever, while equation (6) is the equation of the line passing 
through any two points on the circumference of the circle. 

TAN. AN. G£OM. — 10 

( 
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Now let P 2 move along the circle until it coincides with 
Pj, i.e., untir 2 : 2 =:ri, and y^i=yi, then eciuation (0) becomes 


y-yi= 


Xl+Xy 

yi+Vi 


(x-Xy), 


Le., y-y,= -^(x-Xy^y 

which, by clearing of fractions and transposing, may be 
written in the form 

xyx+yiy=-T,y +yr, 

flcias + l/iV ='>-2, . . . [85] 

which is the required equation of the tangent to the circle 
^ =r^ Xy and yy being the eoiirdinates of tlie point of 

tangency. 

Q&7it6T of civclG not ut QTiyin* It the etpiation of the 
given circle be 

+ 2 Crx + 2 Pyy + 6^ = b, . . . (7) 


then, Pj and P2 being on this circle, 

xf + yf+^axy¥^F!iy + Q=^\ ... (8) 

and xf^-yf + ^ 2 ax^^^ 2 Fy,^a = ^). - ■ • (!>) ' 

Subtracting equation (8) from equation (!)), 

+ 2Q(x^ - Xy) + yf - yf + 2 F(y., - //,) = 0 , 

which may he written in the form 

(j/2 - y-diy-i + yi + 2 P) = - (*2 - Xy)(x.^ + .rj + 2 a ); 


whence, 


Vi - y\ 

X., — X, 


_x^ + Xy + 2f7_ 

2/3 + 


Substitatiiig this result in e<[uati()n (2) givGvS 

+ .'T. + 2{r 


(lO) 
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as tlie equation of the secant through the two points (xp 
and (a* 2 , ^ 2 ) circle (7). If, now, the point 

moves along the curve until it conies into coincidence with 
(^ 1 ’ yi)’ secant line becomes a tangent, and its equation is 

Clearing equation (11) of fractions, and transposing, it 
may be written thus : 

+ i/iy + G-x + H- Gx^ 4- -^yi; . . . (1^) 

but, by equation (8), the second member of equation (12) 
equals 

Putting this value for the second member in equation (12), 
'^ndr transposing, that equation becomes 

cciic-f-yi2/+ 6r(a2 + a 5 i) 4 -+ 2/1) + O = O, . . . [ 36 ] 

which is the required equation of the tangent to the circle 
(7), x^ and being the coordinates of the point of contact."^ 

N'ote. Equation [86] may be easily remembered if it be observed 
that it differs from the equation of the circle [equation (7)] only in 
having x-^x, y^y, x + and y -r yi in place of y'\ ‘2 x, and 2 y, respec¬ 
tively. It will be found later that any equation of the second degree 
(from which the ry-term is absent) bears this same relation to the equa¬ 
tion of a tangent to its locus, x^ and y^ being the coordinates of the point 
of contact. Compare, also, equation [85] with equation (1). 

It must also be carefully kept in mind tliat equations [85] and [86] 
represent tangents only if (a-j, yj) is a point on the circle. It will be seen 
later that these equations represent other lines if y^) is not on the circle. 

85. Equation of a normal to a given circle. By definition 
(Art. 81) the normal at a given point, P-^-=(x^, y(), on any 

^ Equations (11) and (12) are, of course, but different forms of the equa¬ 
tion of the same tangent as that represented by equation [36]. 
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curve is the line through l\, uud perpcudioular to tlie 
tangent at JPy Ilenco, to get the ecpiatiun of the uorniul 
at any given point, it is only noeussary to write the equation 
of the tangent at this point (Art. 84), and then the equa¬ 
tion of a line perpendicular to this taugciut (Arts. 53, 02) 
and passing through the given point. TJnis the equation 
of tlie normal to tlie circle 

a? 4- .f + 2 frhr -f 2 6' = 0, . . . 

at the point J\ ==(.(,•;, yj), is 


y - !/i 


y/j + F ^ 
aq -p 




( 2 ) 


The coordinates -f^ and - F of tlio center of tin* given 
circle (1) satisfy e<iuation (2); hmo(\ ever// normal to a circle 
passes through the center of the circle. 

If the center of the circle be at the origin, then <7 = 0 

l'=0, and 0 = -r\ and the eyiuation (2) of the normal 
becomes 

y-i 

■ ■ . (3) 

■which reduces to x^y — xy^ = 0, — nn e(|ua,tion whicsh could 
have been derived fbr tlie circle -f = ,.2 p,e,qs(*ly the 
same way that equation (2) was derived from eciuation (1). 


EXERCISES 


_ 1. Derive, by the secant method, the equation „f tlio tangent to the 
circle -I- = 2rx, the point of contact being /',(r,, .//,). 


2. Write the equation of the tangent to the circle ; 

(a) X- -I- /f = 25, the point of contact being (:i, ■!) ; 

(/?) x^ + y^-;}x+ 10;/ = 15, the point of contact being ( I, -11) : 

rs\ 9 *r ~ ~ <^e"biet being (5, 1) ; 

( ) 3a; + 3y2 _ 
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3. Find the equation of the normal to each of the ch-cles of Ex. 2, 
through the given point. 

4 . A tangent is perpendicular to the radius drawn to its point of 

contact. By means of this fact, derive the equation of the tangent to 
the circle {x~a)~-\-{ij~hy-z=r- at the point (cf. equation [36]). 

5. From the fact that a normal to a circle passes through its center, 

find the equation of the normal to the circle -f + 8y -f 21 = 0 

at the point (1, -4). 

6. Find the equations of the two tangents, drawn through the ex¬ 
ternal point (11, 3) to the circle x2 y-= 40. 

Suggestion. Use the equation of the tangent in terms of its slope. 

7 . \\ hat is the equation of the circle whose center is at the point 
(5, 3), and w^hich touches the line 3a:-h2y-10=0? 

8 . Under what condition will the line - + f = 1 touch the circle 

a 0 

_j_ y2 _ y,2 9 

9. Find the equation of a circle inscribed in the triangle whose sides 

are the lines a: = 0, y = 0, and f .f ^ = 1. 

a b 

10 . Solve Ex. 6 by assuming and y^ as the coordinates of the point 
of contact, and then finding their numerical values from the two equa¬ 
tions which they satisfy, 

86. Lengths of tangents and normals. Subtangents and 
subnormals. The tangent and normal lines of any curve 
extend indefinitely in both 
directions ; it is, however, 
convenient to consider as the 
length of the tangent the 
length measured from 

the point of intersection (T) 
of the tangent with the x- 
axis to the point of tangency 

and similarly to consider as the length of the normal 
the length measured from P^ to the point of intersec¬ 

tion (iU) of the normal with the a:-axis. 
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The subtangent is tlie length TM, where M is the foot of 
the ordinate of the point of tangency Pj; and the subnormal 
is the corresponding length MN~. As thus taken, the sub¬ 
tangent and the subnormal are of the same sign ; ordinarily, 
however, one is concerned merely with their ahnolute values, 
irrespective of the algebraic sign. The subtangent is the 
projection of the tangent lengtli on the a:-axis, and tlie sub¬ 
normal is the like projection of the normal lengtli. 

87. Tangent and normal lengths, subtangent and subnor¬ 
mal, for the circle. The delinitions given in the preceding 
article furnish a direct method for iinding the tangent and 
normal lengths, as well as the subtangent and sulmormal, 
for a circle. JE.g., to find these values for tlie circle 



therefore the subtangent TM, which e(iiial.s OM — ()1\ is 
3 — f.e., — 5-J-. The tangent length 


TPi = V Mf^ + = V(la)2 +11 = (;2. 

To find the normal length, and the subnormal first write 
the equation of the normal at tlie point (8, 4); it is (Art. 
85) 4a; —3y = 0. Hence its a:-interce|)t is zero, juxl the 
subnormal, MO in this case, is — 3 ; the norimil lengtli 1\0 
is 5. 



86-88] 


THM CIRCLE 


151 


Similarly, corresponding to the point on the circle 

^ subtangent = — the tangent length 

= the subnormal = — and the normal length = r. 

The derivation of these values is left as an exercise for the 
student, as is also the derivation of the corresponding 
expressions for the circle + 2 + 2 jPy + = 0, the 

point of contact being (x-^^ y{). 

EXERCISES 

Find the lengths of the tangent, subtangent, normal, and subnormal, 

1. for the point (4, -11) on the circle -f _ 3 a.- + 10 ^ = 15; 

2. for the point ( 1 , 3) on the circle x^ + — 10 a: = 0 ; 

3 . for the point whose abscissa is Vt on the circle x- -f- ^2 _ 05 . 

4 . The subtangent for a certain point on a circle, whose center is at 
the origin, is 5 J, and its subnormal is 3. Find the equation of the circle, 
and the point of tangency. 

88 . To find the length of a tangent from a given external 
point to a given circle. Let P-^ = Qx^, y-[) be the given 
external point, and let 

a;2 + ^2 ^ 2 + (7 = 0 

be the given circle. The center of this circle (Art. 79) is 
(“(r, “jP), and its radius is 
4- — 0. Joil! Pj to the 

center JT, draw the tangent 
PiQ^ and also the radius KQ. 

Then 1\^ = KP^ - W ; 
but 

(Art. 26) 

K^-=cp+r--c-, 



and 


(Art. 79) 
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./>// - (.<i + <>•/ + (v/i -f ¥y ~ (<p + CO 
i/'j" 4' i/i“ + 2 (fj'i 4- 2 Fi/j^ -I- C', 
i.e., the Kquare of the leiii/th. nf the tmiient from a ijiren 
e.eternal point to the eirele. ;/•“ 4 - //" -C 2 (}.r 4 - 2 Fji 4 . 6 ’'= ()* 
ohtaine.d hi/ wrlt,ui(/ the fret lueinher onli/ of thm equation 
and suhstiMint/ in it the coordinate.^ of the i/iuen point, f 


89. From any point outside of a circle two tangents to the 
circle can be drawn, (n) Lot tlie (inuatimi ol' t^lio cinik! bu 

:i;-5 + .//^ = . . . (1) 

tlien (Art. 8H) tlui lino 

if = 7)u: 4- V.1 4 - nd ... (2) 

Ls, for all values of w, tangent to this eirele. lad, y^) 

be any given point outside the eii-ele (1); then the tangent 
(2) will pii,ss tlirongli if, and only if, ni, be given a value 
such that the equation 


yi = wwq4-rVl 4- 'W<i . . . (;•)) 

shall be satisfied. 

Transposing, sipiaring, and rearranging eiination (:i), it 
is clear tliat it will be satislied if, and only if, 'tn i.s given a 
value such that the equation 

(r^ - Tffnd 4 - 2 4 -»“ — = 0 

is satisfied; i.e., equation (;!) is satislied if, and only if. 


m 


= -<^i . Vi ± r >/.!■,'-i 4 - t/f - e- 


..■a, 


• 60 


Equation (4) gives tivo, and only two, real values for ra 
when yf is outeide of the ciride, for tlien 4 - — '6 is 

* If the circle is given by the oquatimi .j. ^ c,<,. ^ f,’y .|_ (j _ 0^ 

it must first be divided by A before apiilying Irhi.s l.lieorciu. 

t The expression csi^ 4 Z/i^ 4 2 Gxi 4 2 .Fin (J is called the jxiirrr of Lh<‘ 
point Pi= (xi, yi) with regard to the circle H- -i- 2 (Jx + 2 Fij + (J = (). 
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positive (Art. 78, foot-note); these values of m, being sub¬ 
stituted in turn in equation (2), give the two tangents 
through Pj to the circle (1). 

If P^ is on the circle (1), then = hence the 

two values of m from equation (4) coincide, and the two 
tangents also coincide, z.e., there is in this case but one 
tangent. If P^ is within the circle, then the two values 
of m from equation (4) are both imaginary and no tangent 
through Pj can be drawm to the circle (1).^ 

If either value of m from equation (4) is substituted in 
equation (2), and then equations (2) and (1) are considered 
as simultaneous and solved for x and the coordinates of 
the corresponding point of contact are obtained. 

Note. The properties of the equations of the line and circle have thus 
established a geometric property of the circle [cf. Art. 31, (III)]. 

(/S) If the equation of the given circle had been 

2 ; 24 -/-f -2 C'=0, ... (5) 

it could, by Art. 71, have been transformed to new axes 
through its center ("(?, “P) and parallel respectively to 
the given axes; its equation would thus have become 

2^ . . , (G) 

wdiere and refer to the new axes. 

This transformation, however, leaves the circle and all its 
intrinsic properties unchanged ; but (a) applies to circle (6), 
hence it is proved that circle (5), which is circle (G) merely 
referred to other axes, has the same properties. 

^ These conclusions may also be stated thus: if Pi is outside of the 
circle, equation (4) gives two real and distinct values for in ; corresponding 
to these there are two real and distinct tangents ; if Pi is on the circle, the 
two values of m are real but coincident, and there are two real but coincident 
tangents ; if Pi is insidn of the circle, the two values of m are imaginary, 
and the two corresponding tangents are therefore also imaginary. 
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90. Chord of contact. If two tangents are drawn from any 
external point to a circle, the line joining the two corre¬ 
sponding points of tangency is called the chord of contact for 
the point from which the tangents are drawn. 

The equation of this chord of contact may l)e found by 

first finding ilie points of tan¬ 
gency and then writing the 
equation of the straight line 
through those two points. It 
may, however, be found more 
briefly, and much, more ele¬ 
gantly, as follows: 

Let Pi = ^i) bo tlie 

given external point from 
which the two tangents are 
drawn; and let = and y^ be the points 

of tangency on the circle 

+ .( 1 ) 

it is required to find the equation of the line passing through 
and T^, The equation of the tangent at is (Art. 84) 

^2^ +• y^y + +^ 2 ) + -^(y -^y^) + =o,. ,. (2) 

and the equation of the tangent at is 

^3^ + y3y+. .(8) 

But each of these tangents passes through tlie point 7\ ; 
hence its coordinates, Xi and satisfy equations (2) and (8), 
therefore 



+ yiy% + ^(2^1 + ar.^) + FQy^ + y^) + 6^ = 0,... (4) 
and XjXg + a(x^+ + FQy^ + y.^) + 6' = 0. . . . (5) 

Equations (4) and (5), however, assert re.spectively tliat 
(pii yi) (® 3 ’ ys) points on the loeu,s of tlie equation 
+ y\y + + aj) + ^(yi + y) + C'' = 0. . . . (h) 
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Bnt equation (6) is of the first degree in the two varia¬ 
bles X and y, hence (x4.rt. 57) its locus is a straight line, and, 
since it x^asses through both = and T^=(x^, yg), 

it is the equation of the chord of contact; 

x-^x -f- y^y -f- GCx + x^ 4--^^(y + yi) + = 0 . . . [37] 
is the equation of the chord of contact corresponding to the 
external point P^=(x-^^ y^). 

It is to be noticed that if is on the circle, then the tAvo 
tangents drawn through it coincide with each other and with 
the chord of contact; the equation of the chord of con¬ 
tact [37] then becomes the equation of the tangent at as 
it should (cf. equation [36]). 

If, then, y^) is a point on the circle (1), equation [37] 
is the equation of the tangent to the circle at that point; if, 
on the other hand, (x^, y^) is outside of this circle, then 
equation [37] is not the equation of a tangent, but of the 
chord of contact corresponding to that external point. 

EXERCISES 

1 . Find the length of the tangent from the point (8, 10) to the circles : 

(a) = (P) 2 -f 2 = 5^-f 6. 

2. (a) Write the equation of the chord of contact corresponding to 
the point (5, 6) for the circle z- + y- - 6 z - 4 ^ = 8. 

(13) Find the coordinates of the points in which this chord cuts the 
circle. 

(•y) Write the equations of the tangents to the circle at these points 
of intersection; show that these lines pass through the given point (5, 0). 

3. By the method of exercise 2, find the equations of the tangents 
drawn to the circle (3z - 2)-^ -f (3/y -h = 4, from the origin ; from the 
point (1, 2). 

4. Find the locus of a point from which the tangents drawn to the 

two circles .•> o r 

2 z- + 2 — 10 z + 14 // -f 35 = 0 and z’^ -r 1/“ = 0 

are of equal length. Show that this locus is a straight line perpendicular 
to the line joining the centers of the given circles. 
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5. For what point is the line 3a: + = 7 the chord of contact with 

regard to the cii’ole x- + = 14 V 

6. Find the chord of contact for the circle = 25, correspoudinff 

to the point (3, 7) ; to the point (3, 2). 

7. By means of the equation y — yj = m(x—x^) -prove that two tan¬ 
gents can be drawn through the external point (aq, yj to the circle 
whose equation is 

8. Solve (^) and (y), of exercise 2, by means of the equation 

y — 6 = }>z(z — 5). 


91. Poles and Polars. If through any given point 
■Pi = (^i, ^i), outside, inside, or on the circle, a secant is 

drawn, meeting the circle in two 
points, as Q and and if tan¬ 
gents are drawn at Q and B, they 
will intersect in some point as 
P' = (x\ y'). 

The locus of P', as the secant 
revolves about is called the 
polar of Pj with regard to the 
circle; and Pj is the pole of that 
locus. It will be proved in the 
next article that the locus of P' 
IS a straight line whose equation is of the same form as that 
of the tangent (Art. 84), and as that of the chord of contact 
(Art. 90) already found. 

92. Equation of the polar. Let be the given 

point, the equation of whose polar, with regard to the circle 



Fig. 71. 


“ + / -I- 2 <3=2: -I- 2 Py + C= 0, 


( 1 ) 


IS sought. Also let P^QR be any position of the secant 
through Pj, and let the tangents at Q and R intersect in 
P =(a;', y'); then the equation of P^QR (Art. 90) is 

Pa: + y'y-f-G^(a;-t-a;/)q. jT(y^y)_j_^7^0. ... (2) 
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Since is on this line, therefore 

4- (a?! + a;') + F{y^ + /) + (7= 0. . . . (3) 

Equation (3) asserts that the coordinates, and y\ of 
P^ satisfy the equation 

XiX’^y^y + G-(x + x-^-\-F(jj-{-y^JrO=()i . . . [38] 
i.e.^ this variable point P^ al\yays lies on the locus of equa¬ 
tion [38]; in other words, [38] is the equation of the polar 
of Pi with regard to the circle (1). 

Moreover, since equation [38] is of the first degree in the 
variables x and y, therefore (Art. 57) its locus is a straight 
line; that is, the polar of any given pointy with regard to any 
given circle^ is a straight line. 

That equations [36] and [37] have the same form as equa¬ 
tion [38] is due to the fact that the tangent and the chord 
of contact are only special cases of the polar. 

93. Fundamental theorem. An important theorem con¬ 
cerning poles and polars is: If the polar of the point 
with regard to a given circle^ 
passes through the point 
then the polar of P^ passes 
through Py equa¬ 

tion of the given circle be 
^2 ^2 _j_ 2 G-x -f 2 Fy 

+ (7=0,. . . (1) 

and let the two given points 
be Pi = (xv 

and P 2 = (^ 2 ' < 7 - 2 ) ’ 

then (Art. 92) the equation of the polar of P^ is 

4-^1^-r + + C'= 0. . . . ( 2j 
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If this line passes through then 

^ 1^2 + ^ 1^2 + <r (a ?3 + + FQy^ + y{) -f- 6^== 0. . . . (3) 

But the equation of the polar of Pg 92) is 

x^xA-y2y + Gr(ix-{-x^') + F(;y + y^)A-O==:0, . . . (4) 

and equation (3) proves that the locus of ecpiation (4) passes 

through which establishes the theorem. 

EXERCISES 

1. Find the polar of the point (6, 8) vlth reference to tlic circle 
a;2+.3/2=:14. 

2 . Find the polar of the point (1, 2) with regard to the circle 
+ ?/2 + 4 a' - 6 ?/ = 10. 

3. Find the pole of the line 4a;+6?/=7, and of the line nx + hy~l=0, 
with regard to the circle + i/ = 35. 

4. Find the equations of the two tangents to the circle X ;/y- = 05 
from the point (4, 7); from the point (11, *3). 

5. Show that if the polar of (h, k) with respect to the circle .'/;- + ?/- = c2 
touch the circle 4 (a;*^ + y^) = c^ then the pole (h, k) will lie on the circle 

= 4: 

6. Show that the pole of the line joining (5, 7) and (-11, 1) is the 
point of intersection of the polars of those two points with reference to 
the circle + y- =± 100. 

7. Find the pole of the line 2 a; —3y = 0 with respect to i.lie (hrclc 

+ 3/2 — 9 , 

8. Show what specialization of a polar converts it into a chord of 
contact, and what further specialization converts it into a iiang(‘nt. 

94. Geometrical construction for the polar of a given point, 
and for the pole of a given line, with regard to a given circle. 

Since the relation between a polar and its pole ( sec dof. 
Art. 91) is independent of the coordinate axes, ilicind'orc 
the given circle may, without loss of generality, be assumed 
to have its center at the origin. 

If P^ = (rTp y-[) is any given point, and 

a? + y^— . • • ( 1 ) 
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is a given circle, whose center is at the point 0, then the 
equation of OP^ (Art. 51) is 

yi*-®iy = o. . ... (2) 



Let LL-^ be the polar of P^, with regard to the given 
circle, and let it meet OP-^ in K. The equation of iPj 
(Art. 92) is 

+ = ... (3) 

Equations (2) and (3) show (Art. 62) that LL^ and OP^ 
are perpendicular to each other; i.e., the line joinimj the 
given point P^ to the center of the circle is perpendicular to 
the polar of Pj with regard to the circle. 

The distance (OK) from the origin to the line LL^ 
(Art. 64) is 

- . -L . . . ( 4J 

and the length of OPj (Art. 26) is 

Va’i'^ + ; . . . (p) 

tlierefore OK• OP.^ = —-1 -- - v.rj'^ + = i^. 

Hence, to construct, with, regard to a given circle, the 
polar of any given point join that point to the center of 
the circle, tlien on OP-^ (produced if necessary) liiul a point 
K such that the rectangle OP^ • OK is oqiud to the square 
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()U the radiviH of tlus cirele, and UinMij'h K draw a line 
lHiri)eiidutular fo i>I\ ; thw line i.s the rtM|uired [mlar. 

Similarly the pule may be eeii.strucled, if tJuj polar and 
tlui (urele are given. 

95. Circles through the intersections of two given circles. 

(liven two e.indeH whose (Mpialioms a,re 

0 

ar + //- + OiY. + d 1<\!I f ( 0, . . . (1) 

+ //■+ - (h>- + d Z'^// + (U v:- 0. . . . (2) 

'I'heHe cirehis interseet, in general, in t,wo linite points 
jf j/i) and y/o), and (Art. 41) the txpiation 

+ y“4- 2 <lxx + "1 J<\i/ + C\ 

+ k ( .r+!/'■ + 2 + 2 F.^/ + ) = 0, . . . (3) 

where h is any eoiustant, lajjin^sentH a (.mrve whieJi ])asso.s 
through these same points and P.,. 

The locus of ecpiatiou (IJ) is, moreovcu-, a cirele (Art. 7!)); 
hence, a series ot diftoreut values being assigned to (.lie pai'ain- 
eter k, equation (34 i'e|)resents what is ea,lled a. “family” 
of circles; each one of these circles passing through (.he two 
points Pi and P,., in which the given circles (1) and (2) 
intersect each other. 

96. Common chord of two circles. If in e(|iia(ion (3), 
Alt. 95, the parameter k be given the ])a.r(.ieula.r va.lue 
— 1, the equation reduces to 

2 ((?! - a.,)x + 2 (Pi - p. )y + c\ - (t-=0, . . . (4) 
which is of the first degree, and therefore reju-escnl.s a 
straight line; but this locus belongs to the family repre¬ 
sented by equation (3) of Art. 95, hence it passes through (.he 
two points Pi andPj in wliich the circles (1) and (2) inter¬ 
sect. This line (4) is, therefore, the common chord* of 
these circles. 
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To obtain the equation of the common chord of two given circles it is, 
then, only necessary to eliminate the terms in and between their 
equations. JS,g,, to find the common chord of the circles 

2x^ + 2y^+^x+5y— 9 = Oj . . . (a) 

and liar-f 13 2 /— 23 = 0, , , ^ 

multiply equation (a) by 3 and subtract the result from equation (^); 
this gives 

x-y + 2 = 0, . . . (y) 

as the equation of the common chord of the given circles. 

This result may be verified by finding the points of intersection 
(Art. 39) of the circles (a) and (j8), and then writing the equation of 
the straight line through those two points. 

Since the common chord of two circles intersects each of these circles 
in the points in which they intersect each other, therefore the points 
of intersection of two circles may be found by finding the points in 
which their common chord intersects either of them. E.g., to find the 
points in which the circles (a) and (^8) intei'sect each other, it is only 
necessary to find the points in which (y) cuts either (a) or (/?). 

97, Radical axis; radical center. The line whose equation 
is obtained by eliminating the and terms between the 
equations of two given circles, as in Art. 96, whether the 
circles intersect in real points or not, is called the radical axis 
of the two circles, ff the two given circles intersect each 
other in real points, then this line is also called their com¬ 
mon chord ; that is, the common chord of two circles is a 
special case of the radical axis of t\vo circles. 


* Equation (3) of Art. 95, which for every value of k represents a circle 
passing through the two points in which the given circles (1) and (2) inter¬ 
sect, may be written in the form 


a:2 + y2 2 

^ 1 + 


X 2 




kC,_ 


1 -f k 


The coordinates of the center of this circle are (Art. 79) 

_ _ fi 

1 -f 1 + A: 

If then k be made to approach —1, both of these coordinates approach 
infinity, but the circle always passes through the two fixed points in which 
the given circles intersect; hence the common clionl of two given circles 
may be regarded as an infinitely large circle whose center is at infinity. 
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Three circles, taken two and two, have three radical axes. 
It is easily shown that these three radical axes i)as,s through 
a common point; this point is (ialled the radical center of tlie 

three circles. 

EXERCISES 


1 . Find the equation of the oonnnon clionl of the oircles 

j;S q. if - -ly - B - 0, I //“ -I- B.r - 0. 

2 . Find the point of iutor.scctioii of the eircle.s in exennsi! 1, iiml the 
length of their common chord. 

3 . Find the radical axis, and also tl.c length of the (smimon chord, 

for the circles x^ + y^+ «-I- % + « = 0, -I- >/'- + -t <'!/ t '■ =- '>• 

4 . Find the radical center of tlu; t.hnn! cnreles 

a:- + H- "1 
2 + 2/‘0 + ^ 
x^ H- f + !/ - 

5 . Show that tangents from tlic radi.nd e.(niter, in (ixercisi^ ■!, to the 
three circles, respectively, arc e<iual in length. 

6 . Prove analytically that the tangents to two cirel.is from any point 
on their radical axis are equal. 

7 . Find the polar of the radical ccnto.r of the circles in .exercise i, 
with respect to each circle. 

8 . Prove analytically that tins three radiwil axes of thno^ (riirU^s, the 
circles being taken in pains, meet in a common jiomt. 


98. The equation of a circle: polar coordinates. In^t Oil 
be the initial lino, 0 the pole, 0=^{p^, d,) tlie ceiiler of the 
eirele, r its radius, and /'. (p, d) 


F 



any on 11 h‘ cirnh'. I)rii\v 0C\ 

()I\ and (JP ; l lnni, Uy t rin-onoiiudry, 

^ ^ pp^ COS (0 — dj), i.e., 

_ 2pip (*()s (0 — 0 ^ ) 

+ -[^9] 

which is tiu^ (.‘(juaiion of iht^ given 


circle. 
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Depending upon the relative positions of tlie polar axis, 
the pole, and the center of the circle, equation [39] has 
several special forms : 

(<x) If the center is on the polar axis, then 6^ = 0 , and 
equation [89] becomes 

— 2 p^p cos 9 p-^ — = 0 ; 

(/3) If the pole is on the circle, then p^ = r, and equa¬ 
tion [39] becomes 

p — 2 r cos (0 — = 0 ; 

( 7 ) If the pole is on the circle and the polar axis a diame¬ 
ter, then Pi = r and 9^ = 0, and equation [39] becomes 

p — 2 r cos ^ = 0 ; 

(S) If the center is at the pole, then p^ = 0 and equation 
[39] becomes ^ 

99. Equation of a circle referred to oblique axes. Let the 

axes OX and OF be inclined at an angle o); let C = (Ji, k} 
be the center of the circle, r 
its radius, and P = (x, y') any 
point on the circle. Draw the 
ordinates Q and il/P, connect 
0 and P, and draw CHL paral¬ 
lel to the a;-axis ; then 

UP = UP^^eP 

+ 2 CH • HP cos 0 ); 
hence = {x- h f + (*/ - kf + - h^y - k) co.s o), 

i.e., (^x-hy+(j-ky + -2{x-h)(j/-k)co!^a}-r^- = 0 ; ■ ■ ■ [ 40 ] 
which is the equation of the given circle. 
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It is to be observed that this equation [40] is not of the 
form 

^2 ^ ^ 2 Grx + ^Fy + Q== 0 , 

which was discussed in Art. 79 ; it differs J’roin that equa¬ 
tion in that it contains an :x;^-term. If, liowever, the axes 
are rectangular, as in Art. 79, then cos o) = 0, {uid equation 
[40] reduces to the standard form of Art. 79, viz.: 

^2 _|_ ^ 2 Grx-\-2 Fy + 6^ = 0, 

which is a siiecial case of equation [40]. 

100. The angle formed by two intersecting curves. By the 

angle between two intersecting curves is mea,ut the angle 
formed by the two tangents, one to eacli curve, drawn 
through the point of intersection. 

Hence to find the angle at which two curves intersect, it 
is only necessary to find the point of intersection, then to 
find the equations of the tangents at tliis point, one to ea-ch 
curve, and finally to find the angle formed by these tangents. 

EXERCISES 

1 . Find the polar equation of the circle whose center is at the point 
( 7 ,“) and whose radius is 10; determine also the points of its inter¬ 
section with the initial line. 

2. Find the polar equation of a circle whose center is at the ])oint 
^ 15, ~ j and whose radius is 10. Find also the equations of the tano-ents 
to the circle from the pole. 

3. A circle of radius is tangent to the two radii ve(doi'(‘s \vlii(di 
make the angles 60° and 120° with the initial line: find its pohir (Mpia- 
tion, and the distance of the center from the origin. 

4. Find the equation of a circle of radius 5, with center ad the point 
(2, 3), if (0 is 60°. 

5. Find the equation of a circle of radius 2, with center at the origin, 
if 0 ) is 120° 
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6 . Determine the equation of the circle circumscribing an equilateral 
triangle, — the coordinate axes being two sides of the triangle. 

7 . A circle is inscribed in a square. What is its equation, if a side 
and adjacent diagonal of the square are chosen as the i/- and a’-axis, 
respectively? What are the coordinates of the points of tangency? 

8 . Find the angle at which the circle x- + y^z=Q intersects the circle 
(x — 4)- -I- y- — 2 y = 15, At what angle does the second of these circles 
meet the line a: -f 2 y = 4 ? 


EXAMPLES ON CHAPTER VII 

Find the equation of the circle circumscribing the triangle whose 
vertices are at the points (7, 2), (■“!, ~ 4 ), and (3, 3). AVhat is its center? 
its radius ? 


^^ 2 . Determine the center of the circle 

+ ay + (y + by = + b^. 

What family of circles is represented by this equation, if a and b 
vary under the one restriction that a- -f- 5 - is to remain constant? 

^■^What must be the relations among the coefficients in order that 
the circles 

0:2 + y2 2 G,x 4- 2Fiy + Cj = 0, 
and a :2 + y 2 + 2 6 ^ 30 : + 2 + C 2 = 0 , 

shall be concentric ? that they shall have equal areas ? 


4 . Under what limitations upon the coefficients is the circle 
A. 1-2 -{- Ay2 + Dx + Ey F — 0 
tang^'to each of the axes? 

Find the equation of the circle 'which has its center on the x-axis, 
and which q>asses through the origin and also through the point ( 2 , 3 ). 


6 . Find the points of intersection of the two circles 

X- + y 2 — 4 O’ — 2 y — 31 = 0 and x- -j- y~ - 4 o' + 2 y 4 - 1 = 0 . 

^. Circles are drawn having th ir centers at the vertices of the 
triangle (7, 2), ("1, -”4) and (3, 3), respectively, and each passing through 
the center of a fourth circle which circumscribes this triangle ; find their 
equations, their common chords, and their radical center. 

Circles having the sides of the triangle (7, 2 ), (- 1 , ~4), (3, 3) as 
diameters are drawn; find their equations, their radical axes, and their 
radical center. 
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Find the equation of the circle passing througli the origin and 
tl/poinU<. 2/i)> 

ip^'^e point (3, -5) bisects a chord of tlie circle .r- + ?/* - 277; find 
tH^ec^scfion of that chord. 

. iZ^Aydh-cle touches the line 4 a: + !)?/ + 3 = 0 at the point (-3, 3) 
a/d p^es through the point (5, 9) ; find its equalion. 

■vL h circle, whose center coincides with the origin, touches the lino 
7 j^- 11 ?/ + 2 = 0; find its equation. 

X3 At the points in which the circle + f - <u - hij = (» cuts the 
ate, tangents are drawn; find the equations of those tangents. 

yi. A circle, whose radius is 7, touclies the lino .'iy = 7x - 1 at the 
point (8, 11); find the equation of this circle. 

15 . A'circle is inscribed in the triangle (7, 2), ("1, "4), (3, 3); find 
its equation; find also the equations of the polars of the throe vertices 
with regard to this circle. 

16 Through a fixed point (xi, y,) a secant lino is drawn to thji circle 
2,2 „2 = find the locus of the middle point of the chord which tlie 

circle outs from this secant line, as the secant revolves about the given 
fixed point (x^-> 2/i)- 

Xi, Prove analytically that an angle inscribed iii a s(nnicirclc is a 
light angle. 

18. Prove analytically that a radius drawn perpendicular iio a, chord 
of a circle bisects that chord. 

19 . Show that the distances of two points from tln^ ccnt(‘r ol a, cinil(‘ 
are proportional to the distances of each from th<‘. polar of t he otlnM'. 

a^^'^' Two straight lines touch the circle x--i-fr ■ r - 1/ \ (5 - 0, 
orffat the,.point (1,1) and tlie other at the point, (‘J, :i); (ind the iiole 
of theyehord of contact of these tangents. 

adh Find the condition among the cocnicients tliat must be satisfied 
if bhe circles 

3-2 + + 2 G\x + 2 F^y = 0 and + y/“ + -> (/../• I- 2 F.j/ - 0 

shall each other at the origin. 

2^Determine G, F, and C so that the circle 

/ 3;2 + y 2 + 2 Gx + 2 Fy + C - 0 

shall cut each of the circles 

^2 2/2 - 4 X - 2 ?y + 4 = 0 and + y- + ■! ^ - // 1 

at right angles (cf. Art. 100). 
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23 . ] Given the two circles 

' 

"^ — 4iX — 2 ^ + 4: =0 and 4:x + 2 y — 4: = 0; 

find the equation of their common tangents. 

24 . Find the radical axis of the circles in example 23; show’ that it 
is perpendicular to the line joining the centers of the given circles, and 
find the ratio of the lengths of the segments into wdiich the radical axis 
jiivides the line joining the centers. How’ is this ratio related to the 
radii of the circles? Is this relation true for any pair of circles what- 

the three circles: 

+ ^2 _ 16 ^ 00 = 0, 3 + 3 _ 36 x + SI = 0, 

and . + ^2 _ 16 a; _ 123 / 84 = 0 ; 

find the point from w’hich tangents drawm to these three circles are of 
equal length, also find that length. How is this point related in position 
to the radical center of the given circles ? Prove that this relation is the 
same for any three circles. 

26 . Find the locus of a point which moves so that the length of the 
tangent, drawn from it to a fixed circle, is in a constant ratio to the dis¬ 
tance of the moving point from a given fixed point. 

i 27.J Let P be a fixed point on a given circle, T a point moving along 
the^'Circle, and Q the point of intersection of the tangent at L with the 
perpendicular upon it from P ; find the locus of Q. 

Suggestion. Use polar coordinates, P being the pole, and the diam¬ 
eter through P the initial line. 

Find the length of the common chord of the two circles 
(x — «)2 - 1 - (y — b)'^ — r 2 and {x — b)- -f {y — a)- — r-. 

From this find the condition that these circles shall touch each other. 




29 . If the axes are inclined at 60°, prove that the e(|uation 

x‘^ xy -{■ y- — 4 X — ^ y — 2 = 0 
represents a circle; find its radius and center. 

30. What is the obliquity of the axes if the equation 

-|- V'6 xy ^ 3 /’- ~ 4 x — 6 ?/ 4 - 5 = 0 
represents a circle? What is its radius? 

For what point on the circle X‘ -f iP = 9 are the subtangent and 
tne subnormal of equal length? the tangent and nornialV tlie tangent 
and subtaiiijent? 
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32 . An equilateral triangle is inscribed in the circle + if = 4 with 
its base parallel to the x-axis; through its vertices tangents to the circle 
are drawn, thus forming a circumscribed triangle; find the equations, 
and the lengths, of the sides of each triangle. 

33 . The poles of the sides of each triangle in example are t,he 
vertices of a triangle; find the equations of its sides, and draw the figure. 

34 . A chord of the circle + ?y2 _ 22 a; - 4//+ 125 = 0 is of length 
4 V 5 , and is parallel to the line 2 a; + ?y + 7 = 0; find the equation of the 
chord, and of the normals at its extremities. 

35. Find the equation of a circle tlirough the intersection of the 

circles - 4 = 0, — 2 a; — 4 ?/+ 5 = 0, and tangent to the line 

a; + y — 3 = 0. 

36 . The length of a tangent, from a moving |)oint, to th(‘. circle 

a; 2 +^ 2=6 is always twice the length of the tangent from the sam(‘. point 
to the circle x- - 1 - 4 . 3 ^ -- q, p^nd the equation of the locus of 

the moving point. 

37 . Find the locus of the vertex of a triangle having given the base 
= 2 a, and the sum of the squares of its sides = 2 

38. Find the locus of the middle points of chords drawn through a 
fixed point on the circle x^ + f = a^. 

39. Through the external point Pi = (.rj, y/^), a lino is drawn meeting 
the circle x^ + if = in Q and R; find the locus of niiddh^ point of I\(l 
as this line revolves about 

40 . A point moves so that its distance from the p(/mt (1, 3) is to its 
distance from the point (-4, 1) in the ratio 2:3. Find the (Mpiation 
of its locus. 

41 . Do the circles 

4 x^ + 4 y/2 4 . 4 _ 12 yy + 1 =0 and 2 x- H- 2 if H- yy = 0 
intersect? Show in two ways. 

42 . Find the equation of a circle of radius V{S5 which i);iss(‘,s through 
the points (2, 1) and (“3, 4). 

43. What are the equations of the tangent and tlui normal to tln^ 

circle = 13, — these lines passing through the point (2, ““3)? 

through the point (0, 6) ? 

44 . Find the equations of the tangents tlirough (2, 3) to the eir(4(‘ 

9(.r2+ 12y 4.4^(P 
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45 . At what angle do the circles x2 + y*2 4.6a:-22/-f5 = 0 and 
a;2^2/2 + 4a; + 2y—5 = 0 intersect each other ? 

46 . A diameter of the circle + passes 

through the point (1, ”1). Find its equation, and the equation of 
the chords which it bisects. 

47 . Find the locus of a point such that tangents from it to two con* 
centric circles are inversely proportional to the radii of the circles. 

48 . Find the locus of a point which moves so that its distances from 
two fixed points are in constant ratio k. Discuss the locus and draw 
the figure. 

49 . A point moves so that the square of its distance from the base 
of an isosceles triangle is equal to the product of its distances from the 
other two sides. Show that the locus is a circle. 

50 . Prove that the two circles 

+ + + = Q and + ^2 + o -f 2 + C. = 0 

are concentric if G-^ = G^ and F^ = F. 2 \ that they are tangent to each 
other if 

V((?1 - + {F, - == + -Pi- - C*, ± V©/ + F.^ - 

and find the condition among the constants that these circles intersect 
orthogonally, i.e., at right angles to each other. 



CHAPTER VIII 
THE CONIC SECTIONS 

101. In Art. 48, which should now be carefully re-read, 
a conic section was defined; its general e(][uation was de¬ 
rived; its three species, viz., the parabola, ellipse, and hyper¬ 
bola, were mentioned; and a brief discussion of the nature 
and forms of the curve was given. In the present (iha[)- 
ter, each of these three species will be examined somewhat 
more closely than was done in Chapter lY, and some general 
theorems concerning its tangents, normals, diameters, cliords 
of contact, and polars' will be proved. 

The general equation (Art. 48) of the conic secdlon 
might here be assumed, and the special forms for the parab¬ 
ola, the ellipse, and the hyperbola be dei-ived from it; but, 
partly as an exercise, and partly for the sake of frecMlom 
to choose the axes in the most advantageous ways, tlui (M|iia- 
tions will here be re-derived, as they are needed, from the 
definitions of the curves. 

I. THE PARABOLA 
Special Equation of Second Degree 
Ax^ + 2Gx-h2rf/-h € = 0, or 4- 2 Ox + 2 F// + C = 0 

102. The parabola defined. A parabola is the ioeais of 
a point which moves so that its distance from a fixed point, 
called the focus, is equal to its distance from a fixed line 


1 7n 
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called the directrix. It is the conic section with eccentricity 
6 = 1 (cf. Art. 48). 

Ihe equation of a parabola, with anj given focus and 
directrix, can be obtained directly from this definition. 

Example, To find the equation of the parabola whose directrix 
is the line x —2y —1 = 0, and whose focus is the point (2, “3). 

Let P^(x, y) be any point on the parabola(see Fig. 79); 

then -— ^ is the distance of P from the directrix (Art. 64), 

+ v5 

and V (x — 2)*-^ + (y -f 3)- is the distance of P from the focus (Art. 26); 

, x^2y — 1 , - 

hence ~ ^(^ — -)^ + (y + 3)-, by definition; 

that is, 4^2 + 4xy + 2(2 _ iSo: 4- 26y + 64 = 0; 

which is the required equation. 

The equation obtained in this way is not, however, in the 
most suitable form from which to study the properties of the 
curve, but can be simplified by a proper choice of axes. 
In Art. 48 it was shown that the parabola is symmetrical 
witli respect to the straight line through the focus and per¬ 
pendicular to the directrix, and that it cuts this line in only 
one point. If this line of symmetry is taken as the x-axis, 
the equation will have no y-term of first degree [cf. Art. 48, 
eq. ( 3 )]; Avhile if the point of intersection of the curve with 
this axis be taken as origin, the equation will have no con¬ 
stant term, since the point ( 0 , 0 ) must satisfy the equation. 
With this choice of axes, the equation of the parabola wall 
reduce to a simple form, wliich is usually called the jir^t 
standard equation of the parabola. 

103. First standard form of the equation of the parabola. 

Let D'D be the directrix of the parabola, and F its focus; 
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also let tlie line ZFX^ perpendicular 
to the directrix, be the a;-axis; denote 
the fixed distance ZF by 2 p, and let 
0 , its middle point, be tlie origin of 
coordinates; then the lu)e OY^ per¬ 
pendicular to OX, is the y-axis. Let 
F = (x, y') be any point on the curve, 
and draw LQP perpendicular to O F, 
also draw the ordinate MF, and tlie 
line FP. The line FF is called the focal radius of P. 



Then ZO=^OF=-]o, 

and the equation of the directrix is a:-bp =0, . . . (1) 
while the focus is the point (p, 0). . . . (2) 

Again, from the definition of the parabola, 

FF = LF\ [geometric equation] 

but FF^-yJ(x-:pf and LF^ZO^ OM^pA-x^ 
hence V(a; — p)^ + y^ = (x +p), 

whence = . . . [41] 

which is the desired equation. 

This first standard form [41] is the simplest equation of 
the parabola, and the one which will be most uscid in tlui 
subsequent study of the curve. It will be seen later 
(Chapter XII) that any equation which represents a paral)- 
ola can be reduced to this form. 


104. To trace the parabola = From equation 

[41] it follows : 

(1) That the parabola passes through tlie point 0, lialf 
way from the directrix to the focus. This point is called 
the vertex of the curve. 

(2) That the parabola is symmetrical with regard to the 
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a;-axis ; Le., with regard to the line through the focus per¬ 
pendicular to the directrix; this line is called the axis^ of 
the curve. 

(3) That X has always the same sign as the constant 
i.e,y that the entire curve and its focus lie on the same side 
of a line parallel to the directrix, and midway between the 
directrix and the focus. 

(4) That X may vary in magnitude from 0 to oo, and when 
X increases, so also does y (numerically); hence the parabola 
is an open curve, receding indefinitely from its directrix and 
its axis. 

The parabola is then an open curve of one branch wliich 
lies on the same side of the directrix as does the focus ; 
when constructed it has the form shown in Fig. 76. 

105. Latus rectum. The chord through the focus of a 
conic, parallel to the directrix, is called its latus rectum. In 
the figure this chord is 

Now = 

Hence the length of the latus rectiun of the parabola is 
that is, it is equal to the coefficient of x in the first standard 
equation. 

106. Geometric property of the parabola. Second standard 
equation. Equation [41] may be interpreted as stating 
an intrinsic property of the parabola. — a property which 
belongs to every point of the parabola, whatever coordinate 
axes be chosen. For (see Fig. 76) the equation y- = Ipx 
gives the geometric relation 

MP^ = 4: OF- 031= RR> • 031 
or, expressed in words, 

* The axis of a cin-ve should be carefully distinguished from an axis nf 
coordinates ; though they often are coincideni lines in the figures to be 
studied. 
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If from any point on the parabola^ a perpendicular is drawn 
to the axis of the eurvp^ the square on this perpendicular is 
equivalent to the rectangle formed by the latus rectum a7id the 
line from the vertex to the foot of the perpendicular. 

This geometric property enables one to write down immedi¬ 
ately the equation of the parabola, whenever the axis of 
the curve is parallel to one of the coordinate axes. 

E.g.^ if the vertex of the parabola is the point A = (A, ^), 
and its axis is parallel to the rr-axis, as in the figure, let 

F be the focus and P = Qx, y') 
be any point on the parabola ; 
draw MP perpendicular to the 
axis AK. Then 



i-o.^ {y -hy^=^4cp{:oc~li)9 . [42] 

which is the equivalent algebraic 
equation. This may be taken as 
a second standard form of the equation, representing the 
parabola with vertex at the point (A, 7c), with axis parallel 
to the a;-axis, and, if p is positive, lying wholly on the posi¬ 
tive side of the line x = h. 

Equation [42] evidently may be reduced to equation [41] 
by a transformation of coordinates to parallel axes through 
the vertex (A, ^), as the new origin. 

Again, suppose the position of the parabola to be that 
represented in Fig. 78. The vertex is A = (Ji, k'), and the 
axis of the parabola is parallel to the y-axis. Let P = (x, y') 
be any point on the curve, and draw MP perpendicular to 
the axis of the curve. 

Then MP^ = 4 AF * AM [geometric property] 

= 4 (^—p')AM, [since AF is negative] 
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whence, substituting the coordinates of A and P, 

(x-h)^ = ^4tp(y~Jc), . . . [ 43 ] 
which is another form for the second standard equation of 
the parabola. 



Construct the following parabolas, and find theii’ equations: 

1 . having the focus at the point (“1, 3), and for directrix the line 
Z X — 6 y = 2 (cf. Art. 102) ; 

2. having the focus at the origin, and for directrix the line 

2x ~ y + Z = 0; 

3 . with the vertex at the origin, and the focus at the point (3, 0); 

4 . with the vertex at the origin, and the focus at the point (0, ~3) ; 

5. with the vertex at the point (“2, 5), and the focus at the point 
(-2,1); 

6 . with the .vertex at the point (~2, ~4), and the focus at the 
point (1, “4) ; 

7 . having the focus at the point (2p, 0), and for directrix the line 
2: = 0. 

8. What is the latus rectum of each of the parabolas of exercises 3 to 6. 

9. Describe the effect produced on the form of a parabola by increas¬ 
ing or decreasing the length of its latus rectum. 

107. Every equation of the form Ax'^ + 2 Gx + 2 F’t/ + C = O, 
or B(/'^ + 2 Gx -f 2 Fij -h C = 0, represents a parabola whose 
axis is parallel to one of the coordinate axes. 

E([uations [41]. [42], and [43] are of the form 
P/ 2 ax + 2 Py 4- 0= 0, or Ax^ + 2 ax + 2 Fy-h 0 = 0 ; 
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that is, each has one and only oik! <,()nu containinii- the 
square of a varialde, and no term (amtaining t.lie pniduct 
of the two variables. (!ouverst;ly, it may he .shown that 
an equation of eitlnsr of tlies(i forms n!i)re.s(mtH a parabola 
who.se axis is parallel to on(i of the (!0(ir<linate axcss. 

A numeriiial exanqilo will lir.st las di.s(ui.ss(id, by the 
method which has already been emi)loved in coniHuition 
with the equation of tins circle (Art. 7l»), and whic.h i.s 
applicable also in the (‘-ase of the otluir eoiiic.s. It is the 
method of reducing the given e([nal,ion to a standard fonn, 
and is analogous to “(s.mpleting the sipuire” in the solu¬ 
tion of (juadratic o<piations. 

Examclh. (iiven the equation 

25 - ;)() y _ .50 a- + 80 = 0, 

to sliow that it repre.souts a parabola; and to lirnl its vertiex, foeus, and 
directrix. 

Divide both members of the equ.ation by 25, and complete tin) .sciuaro 
of the y-tenns; the equation may then bo written 

' 2/^-8;'/+A = 2a;-|‘H-a”„ 

*'*'®'*' (y — |l)i2 = 2(.r - ?) 

Cv - .1)“ = 4 ■ .1 • (,r - «). 

Now this equation is in the second standar.l for.u (of. e.pmtion [42]) 
tv a parabola. 'I'he vortex is at the point 

G, .0, 1 s axis IS parallel to the exteiHlin^.- in the ixhsitivM^ diree- 

is the iL’xZ'll ~ 

Consider now the general equation, and apj.ly tho sanm 
method, taking for example the second form, vi/,.: 

Aa? +2az + 2F‘i/ + 0={). 

Dividing both numbers of the equation by A, completing tfio 
square of the s:-terms, and transposing, tho mpiation b.w'onies 


c^ + 2^x + ^ = 


0 , 
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whence 


(-!)■= 


2 Fr _G^-A 

, t/ 




F 

2 A. 


y-■ 


■2^^' 


2AF 
G^-A 


Comparing this equation Tvith the standard equation [43], 
it is seen that its locus is a parabola, whose axis is parallel 
to the y-axis, extending in the negative direction if A and F 
have like signs, and in the positive direction if A and F have 


unlike signs. Its vertex is at the point 


A" 2AF r 


and, since jt? = — , its focus is at the point 

Jj A 

( a G^-F^-AO\ 

\ A' 2AF / 


and its directrix is the line 


- AO 
2AF 


Note. The transformation just given fails if .4 = 0 or if F = 0, for 
in that case some of the terms in the last equation are infinite. If, how¬ 
ever, .4 =0, the given equation becomes 2 Gx + 2 -h e = 0; and, this 
being of the first degree, represents a straight line. If, on the other 
hand, F=0, the given equation reduces to Ax- -f Gx 4- 0 = 0, and repre¬ 
sents two straight lines each parallel to the y-axis ; they are real and 
distinct, real and coincident, or imaginary, depending upon the value of 
G'^—AC. These lines may be regarded as limiting forms of the parab¬ 
ola (see Chapter XII). 

EXERCISES 

Determine the vertex, focus, latus rectum, equation of the directrix 
and of the axis for each of the following parabolas; also sketch each 
of the figures: 

1. — 5 X’ -f 4 ^ — 10 =0; 3. 5 y — 1 = 8 ?/- -f 4 x ; 

2. 3x2 + 12^. 4. 4^ _ S = 0; 4. / 4. o - 12x - 11 = 0. 

108. Reduction of the equation of a parabola to a standard form. In 
Art. 102 it was shown that the equation of a parabola having any 

TAX. AX. GEOM. — 12 
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riven directrix and focus is in general not a-s simple as tlic standard o<iua- ^ 
Lr, Tt will now be shown that if the coordinate axes be transformed 

SO as to be x>arall(il to the axis and 
directrix of tiie curve, the equabiou will 
be reduced to a standard form. For ex¬ 
ample, the equation of the parabola with 
focus at (% ■"Ji), and having for directrix 
the line v/-l=0, was found to be 
4 - 1 - 4 xy + - 18 a' + -(> y + 01 = 0. 

The axis of the curve is a lino through 
(2, “3) and pm-pcndicular to 
a? — 2 y — 1 = 0; 

its equation is 2x + ?/ - I, and it cuts 
the a;-axis at the angle 0 = tan-^ (-”2). 

The point ^ is the intersection of the directrix and axis, and may be 
found from the two linear equations representing these lines; the vertex 
A is the point bisecting ZF. If, then, the axes are rotated through 
the angle ^ = tan-i(-2), the eqiiation will be reduced to the second 
standard form, [42]; and if the origin be also removal to tlie vertex 
A, the equation will be further reduced to the first standanl form, [11]. 

The point ^ is (-|, "J), A is (f j, "f); hence, p = A F ^ and trans¬ 
forming the axes through the angle ^ = taii“^( 2), to the new oiigin 
the equation of the parabola reduces to y/ = — a;. 

The problem of reducing any equation representing a parabola to its 
standard form is taken up more fully iu Chap. XII. 

EXERCISES 

Find, and reduce to the first standard form, the equation of each of 
the following parabolas; also make a sketch of each figure : 

1. with focus at the point (“1, 3), and having for directrix (lui line 

3 a: — 5 y = 2 ; 

2. with focus at the point (-8, ~1), and having for directrix Uu^ lino 

. 2a:-i-7y-8 = 0; 

3. with focus at the point («, h), and having for directrix the line 

^ + 1 = 1 . 

a 0 
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n. THE ELLIPSE 

Special Equation of the Second Degree 
Aac^ + -h^€hc + 2JFy+ C = 0 

109. The ellipse defined. An elKpse is the locus of a 
point wliich moves so that the ratio of its distance from 
a fixed point, called the focus, to its distance from a fixed 
line, called the directrix, is constant and less than unity. 
The constant ratio is called the eccentricity of the ellipse. 
This curve is the conic section vith eccentricity e<l. 
(cf. Art. 48.) 

The equation of an ellipse with any given focus, directrix, 
and eccentricity may he readily obtained from this definition. 

Example. An ellipse of eccentricity ^lias its focus at (2, -1), and 
has the line a: + = 5 for directrix. Let P=(x, y) (Fig. 85) be any 

point on the curve, F'the focus, and PQ the perpendicular from P to 
the directrix. 

Then pp^ 2 Qp, 

but FP = V(a;-2)2+ (j/+ 1)2, QP = (Arts. 26, 64), 

hence (a; - 2)^ + + 1)-= A (•>: + - 5)-; 

that is, 41 x'^ ~ IQ xy + 29 y^ — 140 x -f- 170y + 125 = 0; 
which is the equation of the given ellipse. 

As in the case of the parabola, so also here, a particular 
choice of the coordinate axes gives a simpler form for the 
equation of the ellipse; an equation which is more suitable 
for the study of the curve, and to which every equation 
representing an ellipse can be reduced. As has Ijeen seen in 
Art. 48, the curA^e is symmetrical with respect to the line 
through the focus and perpendicular to the directrix ; and 
cuts that line in two points, one on either side of the focus. 
The equation of the ellipse will be in a simpler form if this 
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line of symmetry is chosen as the a^-axis, with the origin lialf 
way between its two points of intersection with tlie (uirve. 
The resulting equation isthe^rst stctTidctTd Jotm of the e(][ua- 
tion of the ellipse. 


110. The first standard equation of the ellipse. Let F be the 

focus, PI) the directrix, and ZFX the perpendicuhir to 

tlirough jP, cutting 
the curve in the two 
points and A 
(Art. 4(S)^'. Denote 
by 2 a the length 
of AA', and let 0 
be its middle point, 
so that 

A^O= OA^ = a. 

Let ZX he the 2 :-axis, 0 the origin, iuul OF, pei'peii- 
dicular to OX, the y-axis. Then, by the (leiinitK)n of the 

ellipse, AF=eZA, and FA'= eZA'■, 

... AF + FA' = e<iZA + ZA'^ = e{ZA + ZA + A A'), 

i.e., AA'= e(^2 ZA-h AA'^, 

whence 2 a = 2 e(^ZA-i-AOy = 2eZOi 

therefore Z0 = ~, 

e 

a 



and the equation of the directrix is a; + - = 0. . 

Again, FAl-AF=e (2A' - ZA ); 

i.e., FO^OA'-{AO-FO'q^r.eAA', 

whence 2FO = 2ae\ 


0 ) 


* Thb equation may also be easily derived indopendoiitly of Art.. 48, - 
cf. Arts. 103, 116. 
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therefore F0~ ae^ 

and the F is the point ( — «€, 0). . . . (^) 

Noav, for any point P on the curve, draw the ordinate 3IP 
and the perpendicular LP to the directrix ; then 

FP = eLP^ [geometric equation] . . - (3) 

but FP = -\/ {xaey^-{-y\ LP=^--\-x\ 


hence 
that is, 
that is, 


{ae -h x f + If = tJ- (x+ ^ , 
(1 — ir'yp + = or (1 — 

o o 

£ + —_^ 1 . . . 

a? a\l-e-) 


O) 

( 5 ) 

( 6 ) 


From equation (6), the intercepts of the curve on the y-axis 
are ± a Vl — eK Both intercepts are real, since e < 1; hence 
the ellipse cuts the ^-axis in two real points, B and -S', on 
opposite sides of the origin 0 and equidistant from it. If 
0-S is denoted by + h, so that 

= a-(!-«'), ■••(') 

equation (3) takes the form 





Tins is the simplest equation of the ellipse, and will be 
most used in the subsequent study of the properties of that 
curve. As will be seen in Chapter Xll, every e(puiti(in 
representing an ellipse can be reduced to this form. 

^ If a = 1 (is., if e = 0) this equation represents a circle. I'he ellipse, 
then, includes the circle as a special case. In other words; a circle is an 
ellipse whose eccentricity is zero. 
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111. To trace the ellipse ^2 += From equation [44] 

it follows that: 

(1) cllii)sti is syimmctrical witli regard to the rr-axis ; 
with rcigard to the lino through the focus and perpeu- 
(lie.uhir to the (linuitrix; tills line is therefore called the 
principal axis of the tiurve; 

(ti) The ellipse is synimetrical with regard to the y-axis 
also ; %,e.^ with rt^gard to a line parallel to the directrix and 
paassing through the mid-point of the segment AA^ (.Fig. 81) 
which the curve cuts from its principal axis; 

0\) For every value of x from —a to +a, the two cor- 
n'sponding values of y are real, equal numerically, but 
opposi(<(i in sign ; and for every value of y from — b to 
tlu^ tvvo values of x a,re real and equal numerically, l)ut 
opposi(() in sign ; and that, neither x nor y can have real 
valu(\s l)(‘yoiid these limits. 

Tla^ (‘llij)S(5 is, tluuHd'on^, a, (dosed ciirvcy of one branch, 
whiidi li(‘s wholly on tlui saiiu^ side of tlu^ directrix as the 
focus ; and lli(‘ curve* has tta*. form rejua^staited in Fig. 80, 

whi(di agrcHiS with ttu^ foot^-note on |). 71. 



'riu‘ s(\gimmt /i/F ( I^dg. <Sl ) of tla^ jirimdipal axis inter- 
c(q)t(*d hy th(i (uirve is called its major or transverse axis; 
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tlie corresponding segment is its minor or conjugate axis. 

From the symmetry of the curve with respect to these axes 

it follows that it is also symmetrical with respect to their 

intersection 0, the center of the elliiDse. It follows also that 

the ellipse has a second focus at F^ = (ae^ 0) (Fig. 81) and 

a second directrix B^iBi —the line x—~ = 0 — on the posi- 

e 

tive side of the minor axis, and symmetrical to the original 
focus and directrix, respectively.^ 

The latus rectum of the ellipse, «.e., the focal chord parallel 
to the directrix (Art. 105), is evidently twice the ordinate 


of the point whose abscissa is ae. 
But if Xi = ae, yi = h Vl — 

p, 

z=z — . Hence the latus rectum is 


or, since 5 = a Vl -- 
2 5- 


112. Intrinsic property of the ellipse. Second standard 
equation. Equation [44] states a geometric property which 
belongs to every point of the ellipse, whatever the coordi¬ 
nate axes chosen, and to no other point: viz., if P be any 
point of the ellipse (Fig. 80), then 

. . , oP 

that is, 111 words : 

* To show this analytically, let OF^ = cfc, and OZ’ = and let P=(x. y) 

be any point on the ellipse, as before. Equation (5), of Art. 110, gives the 
relation between :e and y; expanding equation (5), and subtracting -iaex 
from each member, it becomes 

(fie- - 2 aex + + y- = a- - 2 aex d- eV-, 

which may be written 

(ae - x)- -f ifi = e- . 

i.e., = 

which shows that P is on an ellipse whose focus is N and whose directrix 
i.s D'lDi. 
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If from any point on the ellipse a perpendicular he drawn 
to the transverse axis; then the square of the distance from the 
center of the ellipse U the foot of this perpendicular, divided by 
the square of the semi-transverse axis, plus the square of the 
perpendicular divided by the square of the semi-conjuyate axis, 
equals unity. 

This geometric or physical property belongs to no point 
not on the curve, and therefore completely determines the 
ellipse. It enables one to write immediately the eciuation of 
any ellipse whose axes are parallel to the coordinate axes. 

For example : if, as in Fig. 82, the major axis of an ellipse 
is parallel to the ic-axis, and the center is at the point 



0'=(A, ib), let P = (x,y') be any point on the curve, and 
a, b be the semi-axes, then 


OM' ffP' . 
CA' ^ W ~ ' 


that is 


(X - (•?/-/£) a _ j 




wliicli is the equation of the given elli])S(‘,. 

Or again, if, as in Fig. 8r3, tlie major a,xis is parallel to 
the y-axis ; then, as before 


cm' ^ MP- 




\ 





112.] 


THE CONIC SECTIONS 


1&5 


’ a2 ^ • [46] 

which is the equation of the given 
ellipse. 

Equation [45] may be considered 
a second standard form of the equa¬ 
tion of the ellipse ; by a change of 
coordinates to a set of parallel axes 
through the center (7 = (A, A), as 
the new origin, it can be reduced 
to the first standard form. 

By Art. 110 the distance from 
the center of an ellipse to its focus 
is ae ; but since = ^^(l 
[Art. 110, eq. (7)], therefore ae = Va- — 5-; hence, in 
Figs. 82 and 83, 



K 


L 

Fig, 83. 


0 X 


Again, the equation of an ellipse, in either standard form, 
gives the semi-axes as well as the center of the curve, there¬ 
fore the positions of the foci are readily determined from 
either standard form of the equation. 


EXERCISES 

Construct the following ellipses, and find their equations: 

1. given the focus at the point ( — 1, 1), the equation of the directrix 
:r — ^ + 3 = 0, and the eccentricity J (cf. Art. 109) ; 

2. given the focus at the origin, the equation of the directrix x = —9, 
and the eccentricity 


* The student should observe that b is the semi-rninor-axis and not nec¬ 
essarily the denominator of y- in the standard forms of the equation of the 
ellipse—■ [44], [45], or [4G] ; he should also observe that the foci are always 
on the major axis. 
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3. given the focus at the point (0, 1), the equation of the directrix 
2/ - 25 = 0, and the eccentricity 

4. given the center at the origin, and the semi-axes ^2, VK Find 

also the latus rectum. 

Find the equation of an ellipse referred to its center, whose axes are 
the coordinate axes, and 

5. which passes through the two points (2, 2) and (3,1). 

6. whose foci are the points (3, 0), (“3,0), and eccentricity J. 

7. whose foci are the points (0, 6), (0, “6), and eccentricity 

8 . whose latus rectum is 5, and eccentricity 

9. whose latus rectum is 8, and the major axis 10. 

10. whose major axis is 18, and which passes through the point 6, 4. 

Draw the following ellipses, locate their foci, and find their equations: 

11. given the center at the point (3, ”2), the semi-axes 4 and 3, and 
the major axis parallel to the a:-axis (cf. Art. 112) ; 

12. given the center at the point (“8, 1), the semi-axes 2 and 5, and 
the major axis parallel to the y-axis; 

13. given the center at the point (0, 7), the origin at a vertex, and 
(2, 3) a point on the curve; 

14. given the circumscribing rectangle, whose sides are the lines 
a; + 1 = 0, 2 a; - 3 = 0, y + G = 0, 3 y + 4 = 0 ; the axes of the curve 
being parallel to the coordinate axes. 

15. If h becomes more and more nearly equal to a, wliat curve does 
the ellipse approach as a limit? 

113. Every equation of the form -h 2 Gx + 2 Fy 

+ 0 = 0, in which A and B have the same sign, represents 
an ellipse whose axes are parallel to the coordinate axes. 
Equations [44], [45], and [46], obtained for tlie ellipse, iire 
all, when expanded, of the form 

+ 2 Grx 4- 2 Fy -i- f7 = 0, . . . (1} 

where A and B lave the same sign, and neither- of them is zero. 
Conversely, an equation of this form represents an ellipse 
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whose axes are parallel to the coordinate axes. As m 
Art. 107, a numerical case will first be examined, and then 
the general equation taken up in a similar manner. 

Example. Given the equation 4 + 9 __ _j_ 13^ _ 21 = 0, to 

show that it represents an ellipse, and to find its elements. Completing 



the square for the terms in x, and also for those in y, and transposing, 
this equation becomes 

- 16a; + 16 4- 9/ 4.18^ -f- 9 = 11 + 16 + 9, 


that is, 
hence 


4(a;-2)2 + 9(^ + l)2=:36; 

32 2^ ~ 


This equation is of the form [45], and, therefore, its locus has the 
geometric property given in Art. 112, and is an ellipse. Its center is 
the point (2, —1); its major axis is parallel to the .^-axis, of length 6; 
its minor axis is of length 4; the foci are the points 

F = (2 - V5, - 1 ), F = (2 4 - V5, - 1 ); 

and the equations of the directrices are, respectively, 


:2 4-- 


Vo 


_ 9 __ 

Vo 


Following the method illustrated above, of completing 
the squares, the general equation (1) may l>e written 




'A^J' 




F 

B' 
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that is, 

a(x + B{y + 

which becomes, if the second member be represented by K, 


_B(P‘ + A F^ - AB^ 
Bj ~ . AB ’ 


^ + a) 


K 

A 


■ + 


B. 


K 

B 


= 1 . 


( 2 ) 


Comparing this equation with [45] or [46], it is seen to 
express the geometric relation of Art. 112, and theiefoie 
represents an ellipse. Its axes are parallel to the coiirdinate 
. . f Q- F' 

axes, its center is at the point ( 

of the semi-axes are 


B 


and the lengths 




The foci and directrices may be found as above. 

Note, li A = B, then equation (1) represents a circhi (Art. 70). Tf 
ABO BG^ A AF% equation (1) having been written with .1 and B 
positive, then no real values of a- and y can satisfy efpiation (2), which 
is only another form of equation (1), and it is said to nqiresmit a-ii 

wiagina 7 'y ellipse. If ABC = A AF'^^ then x = j-, and y = ■ - 

are the only real values that satisfy equation (2) ; in that ctas(^ ibis (‘([na¬ 
tion is said to represent a point ellipse; or, from am 
two imaginary lines which intersect in the real point 
of the above may be regarded as a limiting form of the elli[>st‘.. 


tlKU' ])oint or view, 
Mach 


:;)■ 


EXERCISES 

Determine, for each of the following ellipses, the c(‘nter, semi-axiis, 
foci, vertices, and latus rectum; then sketch each curve. 
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1 . + ~~27y + 2 = 0. 

2. 4:X^ + f-~Sx + 2y + l =0. 

3. a;2 + 15 + 4 a; 4 . 60 y + 15 = 0. 

4. By completing the squares of the r-terms and of the y-terms, and a 
suitable transformation of coordinates, reduce the equations of exercises 
1, 2, and 3 to the standard form [44]. 


114. Reduction of the equation of an ellipse to a standard form. 

It is now evident that, if the directrix and focus of an ellipse are 
known, as in the example of Art. 109, the transformation of coordinates 



which is necessary to reduce the equation to a standard form can easily 
be determined. To illustrate: the ellipse of eccentricity f, with focus at 
F=(2, “1), and having for directrix the line D'D, whose equation is 
.r + 2y = 5, has for its equation (Art. 109) 


41 -lQxy + 29 f -U0x+ 170 ?/ + T25 = 0. 


Its axis FZ, perpendicular to D'D, has the equation 2x ~ y = 5, and 
cuts the 2 '-axis at the angle tan-i 2. If then the coordinate axes are rotated 
through the angle tan-i2, the equation will be reduced to the second 
standard form. Again, Z may be found as the intersection of the 
directrix and axis; it is the point (3, 1). Then A and A’, the vertices 
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of the ellipse, divide FZ internally and externally in the ratio f; hence 
(Art. 30) these coordinates are (0, “5). Also C7, the center 

of the ellipse, is the point (f, If the origin be next transformed 

to the point (7, the equation will be reduced to the first standard form. 

10 

Since the axis A A' is of length and the eccentricity is f, the semi- 

r 

axes are — and 2; hence the reduced equation, with C as origin and 

Vo 

CA as a:-axis, will be 



The problem of reducing to standard form the equation of an ellipse, 
when the directrix is not known, will be postponed to Chapter XII. 


EXERCISES 

Find, and reduce to the first standard form, the equation of the ellipse: 

1 . with focus at the point (1, ”3), with the line y = 7 for direc¬ 
trix, and eccentricity ; 

2. with focus at the point (c, h), the line = l for directrix, 
and eccentricity ~ (where I <n). 


III. THE HYPERBOLA 
Special Equation of the Second Degree 


115. The hyperbola defined. An hyperbola is the locus of 
a point which moves so that the ratio of its distance from a 
fixed point, called the focus, to its distance from a fixed line, 
called the directrix, is constant and greater than unity. The 
constant ratio is the eccentricity of the hyperbola. Tdiis 
curve is the conic section with eccentricity e > 1 (c/f. 
Art. 48). 
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Since the hyperbola differs from the ellipse only in the 
sign of 1 - e\ which is + in the ellipse and - in the hyper¬ 
bola, the standard equation of the hyperbola can be derived 
by the method of Art. 110 ; and it will be foimd that with 
choice of axes and notation as there given, the results given 
in eqs. (1), (2), and (3) of that article apply equally to the 
hyperbola. If now, since 1 — is negative, the substitution 
j 2 ^ is made, equation (6) (p. 181) will become 



[ 47 ] 


which is the simplest equation of the hyperbola. For variety, 
this equation will be obtained by a different method. 


116. The fist standard form of the equation of the hyper¬ 
bola. Let F be the focus, 

JD^JD the directrix, and e the 
eccentricity of the curve. 

Take I)‘I) as the y-axis, with 
the perpendicular OFX upon 
it, through the focus, as the 
a;-axis. Let denote the 
given distance OF, and let 

P = (x,y') FIG.S6. 

be any point of the locus, with coordinates LP and iliP. 

Then FP = eLP ; [geometric equation] 

but FP = N (x — and 3IP = x ; 

. *. (x — 2p)^ -f y^ = 

that is, — 1)^'^ + y^ -f- 4 yx — , . . (1) 

which is the equation of the hyperbola referred to its 
directrix and principal axis as coordinate axes (cf. Art. 48). 
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The curve cuts the a;-axis in two points, A = 0), 

and A'= (_x^, 0), — the vertices of the hyperbola, — whose 
abscissas are determined by the equation 
(e® l)a^ + 4^0! + = 0. 

The abscissa of G, the middle point of the segment AA\ 
is, therefore, 

= = (Art. 11); 

2 e^ — 1 


hence the center is on the oj)posite side of the directrix from 
the focus. 

Now transform equation (1) to a parallel set of axes 
through 0; the equations for transformation are (Art. 71) 


X=: X’ 


and = 


substituting these values, and removing accents, eq. (1) 
becomes 

(e^-l')(x--^^^ + f + 4p(x--^^-ip^=0 


which reduces to — V)x^ -\-y^=z 




that is, 


r 

A .9. - 


( 2 ) 


4:p^e^ 

(^e^~iy — 1 

If these denominators are represented by and res])ec- 
tively, i.e., if 

= = • ■ • (•') 

then b^=a\e^ — l'), . . . (4) 

and equation (2) may be written in the simple form 
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the standard equation of the hyperbola. Every equation 
representing an hyperbola can be reduced to this form, as is 
shown in Chapter XII. 

The distance from the center to the focus of the hyperbola 
^ = 1 is easily found thus: 

CF= CO + OF 


but, from equation (2), 
a = 



'2pe 


2pe2 _ 


hence CF = ae, 

therefore the focus F is the point (ae, 0). . . . (4) 

Similarly for the directrix : 


hence 


00 = 4 ^=^. 
e^ — 1 e 

the directrix is the line a: — - = 0. 

e 




As above defined, h is real, and its value is known when a 
and e are known. In Fig. 86, 


OB = 6, OB' = — 6, and h = — 1. 


2 2 

117. To trace the hyperbola = Equation [47] 

shows that : ^ ^ 

(1) The hjqjerbola is symmetrical with regard to the 
.r-axis; that is, with respect to the line through the focus 
and perpendicular to the directrix. This line is therefore 
called the principal axis of the hyperbola : 

(2) The hyperbola is symmetrical with regard to the 
y-axis also; i.e., with regard to the line parallel to tlie di¬ 
rectrix and passing through the mid-point of the segment 
cut by the curve from its principal axis; 

TAN. AN. GEOM. — 13 
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(3) For every value of x from — ^ to a, 2 / is imaginary; 
while for every other value of x, y is real and has two 
values, equal numerically but opposite in sign. But for 
every value of y, x has two real values, equal numerically 
and opposite in sign. When x increases numerically from a 
to 00 , then y increases also numerically from 0 to oo. 

These facts show that no part of the hyperbola lies 
between the two lines perpendicular to its principal axis and 
drawn through the vertices of the curve; but that it has 
two open infinite branches, lying outside of these two lines. 
The form of the hyperbola is as represented in Fig. 86. 

The segment A^A of the principal axis, intercepted by the 
curve, is called its transverse axis. The segment B'B of the 

second line of symmetry (tlie 
y-axis), where jB'O = OB = 
is called the conjugate axis; 
and although not cut by the 
hyperbola, it bears impor¬ 
tant relations to the curve. 
From the symmetry of the 
hyperbola, with respect to 
these axes, it follows that it 
is also symmetrical with re¬ 
spect to their intersection (9, 
the center of the curve. It follows also that there is a sec¬ 
ond focus at the point ( — ae, 0), and a second directrix in 
the line a: -f ~ = 0 on the negative side of the conjugate axis, 

and symmetrical to the original focus and directrix. (See 
Art. Ill, foot-note.) 

The latus rectum of the hyperbola is readily found to be 
^ (cf. Arts. 105, 111). 
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118. Intrinsic property of the hyperbola. Second standard 
equation. Equation [47] states a geometric property which 
belongs to every point of an hyperbola, whatever the coordi¬ 
nate axes chosen, and to no other point; and which therefore 
completely defines the hyperbola. With the figure and 
notation of Art. 117, equation [47] states (Fig. 87) 

OIP mP 
OT 0& 

a property entirely analogous to that of Art. 112 for the 
ellipse. It enables one to write at once the equation of an 




hyperbola with given center and semi-axes, and axes parallel 
to the eoiirdinate axes. 

For example, if the transverse axis is parallel to the 
3 ;-axis, as in Fig*. 88, and the center at the point C — (A, 
and if P = (r, y) is any point on the curve ; then 
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'wliicli is the ecj[iiatioii of the hyperbola, with a and h as semi¬ 
axes. 

Again, if the transverse axis is parallel to the ^-axis, as in 
Fig. 89, with the center at the point the equation of 

the hyperbola will be found to be 




(X - 7i)- _ ( y - 


1 . 


[49] 


Note 1. That the expressions obtained on p. 193 for the distances 
fro!n the center to the focus and the directrix, of hyperbola [47], are 
equally true for hj'perbolas [48] and [49] follows from the fact that 
those expressions involve only a, b, and e; moreover, equation (4) of 
Art 116 determines e in terms of a and hence, for all these hyper¬ 
bolas, - - 1 the distances from the center to the foci are given by 

a- 

CF = ae = ± 

and those to the directrices by 

_u__ ^ __ 

” « ~ dr 


XoTE 2. It should be noticed that in equations [47], [48], [49], the 
negative term involves that one of the coordinates which is parallel to 
the conjugate axis. 


EXERCISES 


1. Find the equation of the hyperbola having its focus at the point 
(-I, -1), for its directrix the line S x — y = 7, and eccentricity -|. Plot 
the curve (cf. Art. 105, and Art. 109, Ex.). 

Find the equation of the h}q)erbola whose center is at the origin and 

2. whose semi-axes equal, respectively, 5 and 3 (cf. Art. 116, [47]); 

3. with transverse axis 8, —the point (20, 5) being on the curve; 

4. the distance between the foci 5, and eccentricity V2; 

5. with the distance between the foci equal to twice the transverse 
axis. 


Find the equation of an hyperbola 

6. with center at the point (3, ■*'2), semi-axes 4 and 3, and the trans¬ 
verse axis parallel to the a;-axis. Plot the curve (cf. Art. 118) ; 
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7 . with center at the point (“3, -4), semi-axes 6 and 2, and the 
transverse axis parallel to the y-axis. Plot the curve. 

8 . Find the foci and latus rectum for the hyperbolas of exercises 
6 and 7. 


9 . By a suitable transformation of coordinates, reduce the equations 
of exercises 6 and 7 to the standard form —5 ~ Vy = 


10, Find the foci of the hyperbolas 

W (/3) 


2;_2c= 1 

4 9 


(y) 



Plot the curves (p) and (y). 


119. Every equation of the form Aao- + 2 <?a5 + 2 J’y 

-I- C = 0, in which A and B have unlike signs, represents an 
hyperbola whose axes are parallel to the coordinate axes. 
When cleared of fractious and expanded, the three equations 
found for the hyperbola are of the form 

A. 0 I?By^Grx + 0 • • ■ ( 1 ) 

where A and B have opposite signs, and neither of them is zero. 
Conversely, it will now be shown that every equation of this 
form represents an hyperbola, whose axes are parallel to the 
coordinate axes. A numerical case will be examined first, 
and then the general equation. 

Example. To show that the equation 9 - 4 - 18 -I- 24 ij - (io = 0 

represents an hyperlmla, and to find its elements. Transposing the con¬ 
stant term, and completing the squares of the x-terins and y-terms, the 
equation may be written 

9(2: — l)'^ — 4 (y ■“ 3)^= 36, 

(j/ - 3)-^ _ , 

ne., 0 “ ■ 

Since this equation is of the form [48], its locus has the geoinetnc 
property given in Art. 118, and therefore represents an hyperbola. Its 
center is at the point (1, 3), its transverse axis is parallel to the .r-axis. 
of length 4, and its conjugate axis is of l^gth 6. The eccentricity is 
e = 1 VlTl, the foci are at the points (1 - Vl3, 3) and (1 -I- v 13, 3) ; and 
the directrices are the lines whose equations are 
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X 



Following the method illustrated in the numerical example, 
the general equation (1) may be writteu in the form 



wherein (cf. Art. 113, p. 188), 


j^= 


AB 


Since A and B have opposite signs, the two terms in the 
first member of this equation are of opposite signs ; the 
equation is therefore in the form of [48] or [49], and repre¬ 
sents an hyperbola. Its axes are parallel to the coordinate 

axes, its center is the point semi-axes 

are ^j±^* and ■sj± 


Note. Since A and B have opposite signs, equation (2), which is 
only another form of equation (1), always represents a real locus; it is an 
hyperbola proper except when ABC = BG^ AF'\ and it then represents 
a pair of intersecting straight lines (cf. Art. 67). 

It is clear that the method shown for the ellipse in Art, 114 
can be applied equally well to the hyperbola, to reduce any 
equation of this curve to the standard form, when the direc¬ 
trix is kiiowm. The problem of reducing to the standard 
form the general equation of an ellipse, when the directrix 
and focus are not known, is considered in full in Chapter Xll. 


^ That sign (+ or —) which makes the fraction positive is to he used. 
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EXERCISES 

Determine for each of the following hyperbolas the center, semi-axes, 
foci, vertices, and latus rectum: 

1. 16:r2 - 82 / 24 . 64a;-36y-{-10 = 0; 

2. x2 — 5?/2-1-15 ?/— 10 a;-h 1 = 0; 

3. 2x + Qy + ^y^ = x^ + 7. 

4. Reduce the equations of exercises 1, 2, 3, to the standard form 

^ = 1. Sketch each curve. 

a2 62 

120. Summary. In the preceding articles it has been 
shown that the special equation of the second degree, 

Ax^ + + 2 (rrr + 2Fy + (7= 0, 

always represents a conic section, whose axes are parallel to 
the coordinate axes. There are three cases, corresponding 
to the three species of conic. 

(1) The parabola: either A or B is zero. In exceptional 
cases this curve degenerates into a pair of real or imaginary 
parallel straight lines, and these may coincide. [Art. 107] 

(2) The ellipse : neither A nor B is zero, and they have 
like signs. In exceptional cases this curve degenerates into 
a circle, a point, or an imaginary locus. [Art. 113, Note] 

(3) The hyperbola : neither A nor B is zero, and they 

have unlike signs. In exceptional cases this curve degener¬ 
ates into a pair of real intersecting lines. [Art. 119] 

The ellipse and hyperbola have centers, and therefore are 
called central conics, while the paral)ola is said to be non¬ 
central; although it is at times more convenient to consider 
that the latter curve has a center at infinity, on the princi¬ 
pal axis (cf. Appendix, Note E). 

The equation for each conic has two standard forms, Avliich 
state a characteristic geometric property of the curve, and to 
which all other equations representing that species can be 
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rediieecl. These standard forms are the simplest for study¬ 
ing tlie curves ; but the student must discriminate carefully 
between general results and those which hold only when the 
equation is in the standard form. 

IV. TANGENTS, NORMALS, POLARS, DIAMETERS, ETC. 

121 . Since the equation 

Ax^A- A- 0^^ . . . ( 1 ) 

always represents a conic whose axes are parallel to the 
coordinate axes, and since by giving suitable values to the 
constants JL, B, G-, F, and 0, equation (1) may represent any 
such conic, therefore, if the equations of tangents, normals, 
polars, etc., to the locus of equation (1) can be found, inde¬ 
pendent of the values that A, etc., may have, these equa¬ 
tions will represent the tangents, etc,, when any special 
values whatever are given to the constants involved. 

In the next few articles such equations will be found. 

122. Tangent to the conic 

in terms of the coordinates of the point of contact: the secant 
method. The definition of a tangent has already been given 
(Art. 81), and the method to be employed here in finding 
its equation is the one which was used in Art. 84. That 
article should now be carefully re-read. 

Let the given conic, z.e., the locus of the equation, 

(7=0, . . . (1) 

be represented by the curve BHK\ and let Py = (xy, z/O be 
the point of taiigency. 
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Through = draw a 

secant line iikT, and let P 2 =(rr 2 ' ^ 2 ) 
be its other point of intersection 
with the locus of equation (1). If 
the point P 2 niov^es along the curve 
until it comes into coincidence with 
Pi, the limiting position of the se¬ 
cant LM is the tangent PiP. 

The equation of the line LM is 

y - = ~ • • • C2) 

X 2 — Xi 

If now Po approaches Pi until Xo = Xi and equa¬ 

tion (2) assumes the indeterminate form 

y-yi=^C^- ■ • • (3) 

Tliis indeterminateness arises because account has not yet 
been taken of the path (or direction) by whicli Po shall 
approach Pi, arid it disappears immediately if the condition 
that Pi and Po are points on the conic (1) is introduced. 
►Since Pi and P^ are on the conic (1), 

tlierefore Jjy + -h 2 -f 2 Piy + = 0, . . . (4) 

and ylrv + + 2 ffx, -p 2 P^,, + = 0, . . . (d) 

Su1)tracting c([nation (4) from equation (d), transposing, 
factoring, and rearranging [cf. xVrt. 84, etpiations (8), (1>), 
and (10)], tlie result may be written 

UlZllb = __ ^ \ 

X2-.n * * * 0 ^ 



Fig. 90. 


If this value of ^ is substituted in equation (2), the 
result is 


A(xi -f .To) 4- 2 

-^C^i + ^2) 4- 2 P 


(:r 


-.r(), . , . (7) 
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whieli is the equation of the secant line L3f of the given 
conic (1). 

If now this secant line be revolved about Pi until P 2 
comes into coincidence with i.e.^ until X 2 =Xi and 
this equation becomes 


-I/i 


_ AlXi -f- Gr 


(x. - Xi); 


( 8 ) 


Bifi + F 

which is, therefore, the equation of the tangent line PiP at 
the point P^ This equation (8) can be put in a much 
simpler and more easily remembered form, thus : 

Clearing equation (8) of fractions, and simplifying, it may 


be written 


Axix 4- Byxy + Grx + P^ = Axi^ -j- Byi + Gxi + Pyi, . . . (9) 
but, from equation (8), 


Axi^ + Byi^ + Gxi + Fyi = — Gxi — Fyi — C, 
hence substituting this value in the second member of equa¬ 
tion (9) that equation becomes 

Axix 4- Byiy + GxFy = — Gxi - Fyi - 0, . . . (10) 


and, by transposing and combining, this may be written, 


Axix + Bf/iy + G(x-i-x{) + + yi) + C = 0.* . . . [50] 


This is, then, the equation of the tangent to the conic 
Ax^ -f P/ 2 + 2Py -f C= 0, 

whatever the values of the coefficients A, P, ff, P, and 0 
may be; the point (xi^ yi) being the point of contact. 

If J. = 0, P=l, ff= —2p, P=0 and 0=^0, then the equa¬ 
tion of this conic becomes y^ = 4:px^ and the equation of the 
tangent becomes, yyi="2p(x + Xi); similarly for any other 
special form of the equation of the conic. 


* Compare note, Art. 84, (/3). 
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123, Normal to the conic + 2iGx-{- +€=0, 

at a given point. The normal to a curve lias been de¬ 
fined (Art. 81) as a straight line perpendicular to a tan¬ 
gent, and passing through the point of contact. Therefore, 
to obtain the equation of a normal to a conic, at a given 
point on the conic, it is only necessary to write the equation 
of the tangent to the conic at that point (by Art. 122), and 
then find the equation of a perpendicular to the tangent 
which passes through the point of contact (cf. Arts. 53, 
62). 

Example. To find the equation of the normal to the 



The perpendicular line through (8, 2) is 


3 a; — 2 y = 5, 

wnich is, therefore, the required normal. 

Similarly, to find the normal to tlie conic whose equation 

Aa^- + Bi/^-{-2ax-\-2Fi/-{-a=(K . . . ( 1 ) 

at the point = (aq, y^) on the curve. The equation of the 
tangent at P-^ is (Art. 122) 

Ax-^x + Bi/^y + G Qx + F{yt/i)0 = 0 . . . (2) 
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ind its slope is, therefore, (Art. 58 (2)) 


Ax-^ + Gr 

'By,+F- 

Hence the required equation of the corresponding normal 


at Pi is (Arts. o3, 6-2) 

y-Vx 




[ 51 ] 


EXERCISES 

1. Is the line 3 x + 2 ?/ = 17 tangent to the ellipse 10 + 25 = 400 ? 

2. Find the equation of a tangent to the conic + 5j,2 _ 8x + lOj^ 
-4=0, parallel to the line j/ = 3 x + 7 (cf. Art. 8-2). 

Write tlie equations of the tangent and normal to each of the follow¬ 
ing conics, through a point (Xj, on the curve (cf. Art. 122 [50]). 



5. = 4p (j; - 5) ; sketch the figure. 

6. 3 x2 - 5r + 24x = 0; sketch the figure. 

7. X- + 5 ,y- - 3x + 10^ - 1 = 0; sketch the figure. 

8. Derive, by tlie secant method (cf. Art. 122), the tangent to the 

parabola pxj the point of contact being (xj, y,). 

9. Derive, by the secant method, tlie tangent to the ellipse x^ + 4 -f 
— Sx 4 - 20y = 0; the point of contact being (xj, 

Write the equations of the tangents and normals to each of the fol¬ 
lowing conics, at the given point; also sketch each figure: 

10 . 0 x'^ -4 5y2 4 - 36 X -f- 20.y 4- 11 = 0, at the point (-2, 1) ; 

11 . 9 x= 4 - 4 r 4 - 6 X 4- 4 y = 0, at the point (0, 0) ; 

12 . _ 6 y - Sx = 31, at the point ( -3, - 1); 


* Since the equation of the normal [51] is so readily deduced, in e\eiy 
particular case, from (h.at of the tangent, and since the latter is so easily 
remembered, it is not recommended that equation [51] be memorized. 
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13. ^ 1, at the point (1, >/3); 

14. 3 x® + 4 ?/- = 16, at the point (2, -1). 

124 . Equation of a tangent, and of a normal, that pass through a 
given point which is not on the conic. 

The method to be followed in finding the equation of a tangent, or of 
a normal, that passe.s through a given point which is not on the conic, 
may be illustrated by the following example; the same method is appli- 
cable to any conic whatever. 

Let it be required to find the equation of that tangent to the parabola 
— 6 ?/ — 8 X — 31 = 0, • • • 

which passes through the point (-4, -1). This point not being on the 
parabola, the method of Art. 116 does not apply; but, assuming for the 
moment that it is possible to draw such a tangent, let .i/i) be its puin 
of contact. The equation of this tangent is (Art. 122) 

i/iJ/ - d (y + i/i) - 4: (a- + aq) - 81 = 0. . • • (-) 

Since this tangent passes through the point (-4, -1), therefore equa¬ 
tion (2) is satisfied by the coordinates -4 and 1, 

- l/i - 3 ^ ~ ~ 


l.e.. 


which reduces to 


*1 + yi + -^ = 


0 ) 


Equation (4) furnishes one relation between the two unknown con¬ 
stants aq and ; another equation between these two ’ 

nished by the fact that (.iq, ?/,) is a point on the parabola (1), t . 

“ ^•i_6y,-8.r.-31=0. . • • (•>) 

Solving between equations (4) and (o) gives 

= — 2± ‘2 V2 and = — 1 T 2V2 ; 

l.ence, there are tiro points on the given parabola the tangents at winch 

,,ass through the point (-4, -1); their coordmates arc (- - + - -• 

1 _ -w-’) nud (-•’-■^V2, -1 -1-2V2); and sub.stitutiiig eilhei pan 
.q llH.; dhies tor .q aJl /q in equation (2) gives the -I'uitiou o£ a 
straight line that is tangent to tlie parabola (1), and that passes noug i 

''Ttn!>,^^’iris desired to find the equation of a normal through a 
point not on the curve, it is only necessary to a.ssumr teinpuranly the tool 
dinates of the point on the curve through which this normal passes, and 
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ilien Jind these coordinates by solving two equations, corresponding to 
equations (4) and (5) above. 

The problem of finding the above tangent could also have been solved 
:>y writing the equation of a line through the point (~4, “1) (Art. 53) 
ind having the undetermined slope m, and then so determining m that 
:he two points in which this line meets the parabola should be coincident. 


125. Througli a given external point two tangents to a conic 
:an be drawn. This theorem can be proved in precisely the 
jame way as the corresponding theorem in the case of 
:he circle (Art. 89) was proved. It may also be proved by 
die method abeady applied to the parabola in the preceding 
irticle. Let the latter method be adopted. Suppose the 
equation of the conic to be 

Ax^ + ^ 2 + 2 -1- 0; . . . (1) 


.et the locus of this equation be represented by the ciuwe 
LPiP^L^ and let Q=(h^ k) be the given external point. 



If Pi = (bi, i/i) is a point 
on ZPiPoP^) then the equa¬ 
tion of the tangent at Pi is 

AxiX+B'i/i^-i- Cr(x+xi) 

+^(y+yi) + C^=o, (2) 

and this tangent will pass 
through the point Q if 

AJiXi-]- JBk^iA" 

A-O~0. (3) 


But Pi being on the locus of equation (1), its coordinates 
q and also satisfy equation (1); 

Axi + PyT + 2 Qxi -f- ^Pyi -i- = 0. ... (4) 

If now equations (3) and (4) are solved for Xi and yi^ tivo 
ralues of each are found ; these values are both imaginary 
f ^ is within the conic, they are real but coincident if Q is 
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on the conic, and they are real and distinct if Q is outside of 
the conic. This proves not only the above proposition hut 
also the fact that no real tangent can be drawn to a conic 
through an internal point, and that only one tangent can be 
drawn to a conic through a given point on the curve. 

126. Equation of a chord of contact. If the two tangents 
are drawn from an external point to a conic section, the 
straight line through the corre¬ 
sponding points of tangency is 
called the chord of contact cor¬ 
responding to the point from 
which the tangents are drawn 
(cf. Art. 90). 

Let Pi = (a?!, yj) he the ex¬ 
ternal point from which the 
tw'o tangents are drawa; T^= 
and = (0:3, y{), the 
points of tangency of these tangents to the conic whose 
equation is 

+ By^ ^2ax + 2Fy + 0 = . . . ( 1 ) 

it is required to find the equation of the line through P, 
and P3. 

The equation of the tangent at (of. Art. 122) is 
Ax^r + By^y + G-(x+x^')+ F (y + iQ-\-C = 0, . . , (2) 
and tlie equation of the tangent at is 

Axgx + By^y + Gi(x + Xg) + F{y + y^) O = (}. . . . (3) 

Since eacli of these tangents, by hypothesis, passes tlirough 
Pp tlierefore the coordinates x^ and y^ satisfy both equation 
(2) and equation (3) ; i.e., 

Ax^xg + By^Hg -h a{x^ -f r.3) 4- Pfyj -t y^) + (7 = 0,... fl) 
and Ax^xg -f By-^y^ + Gf-(x^ + Xg) + F (y^ -h yg) + (7 = 0. (5) 
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Equations (4) and (5), respectively, assert that the points 
= (> 2 , ya) and = (% y^) 
are eacli on the locus of the equation 

Axxx + Byiy^G(:x + xi)+F{y + yx) + C = 0. . . [52] 
But equation [52] is of the first degree in the two vari¬ 
ables X and y, hence (Art. 57) its locus is a straight line; 
Le,, [52] is the equation of the straight line through and 
which was to be found. 

Note 1. The equation [52] of the chord of contact corresponding to 
a given external point (.zq, zq), and the equation [50] of the tangent 
whose point of contact is (aq, are identical in form. This might have 
been expected because the tangent is only a special case of the chord of 
contact, since the chord of contact, for a given point, approaches more 
and more nearly to coincidence with a tangent when the point is taken 
more and more nearly on the curve. 

Note 2. The present article furnishes another method of treatment 
for the question of Art. 124. To get the equations of the two tangents 
that can be drawn through a given external point to a given conic, it is 
onlv necessary to write the equation of the chord of contact correspond¬ 
ing to this point; then hud the points in which this chord of contact 
intersects the conic. These are the points of contact of the required 
tangents, whose equation may then be written down. 

EXERCISES 

1. By first finding the chord of contact (Art. 126) of the tangents 
drawn from the point (“|, -V) to the conic 

4 -f y- -}- 24 - 2 y -f 17 = 0, 

find the points of contact, and then write the equations of the tangents 
to the conic at these points; verify that these two tangents intersect in 
the point ("§, y). 

2. Solve Ex. 1 by the method of Art. 124. 

3. Solve Ex. 1 by the method of Art. 89. 

4 . Find the equation of a normal through the point (7, 5) to the 
conic 

4x2 hy-'+ 24a:-2y +17 = 0. 
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Is it possible to draw more than one normal through (7, 5) to the given 
conic ? 

5. By the methods of Exs. 1, 2, and 3, find the equations of the 
tangents through the origin to the conic 

3 — 2 = 6 a; + 8 y + 6. 

6 . By the methods of Exs. 1, 2, and 3, find the equations of the 
tangents through the point ("I, 1) to the conic 

9 + 5 y'2 + 30 a; + 20 y -f 11 = 0. 

7. Sketch the conics whose equations are given in Ex. 1, 5, and 6. 

8. Find the equations of the tangents to the conic, + 4:^^ = A, 
from the point (3, 2). 

9. Find the normal to the conic -\-4: =z 4:, through the point 
(3, 2). 

10. Solve Exs. 8 and 9, by assuming the slope m of the required 
line (Art. 53), and then determining m so that the two points in which 
the line meets the given curve shall be coincident. 

127. Poles and polars. If through any given point 
outside, inside, or on a given conic, a secant 
is drawn, meeting the conic in two points Q and i2, and 
if tangents at Q and R are drawn, they will intersect in 
some point, as P’ ~ (x\ y'). The locus of P' as the secant 
revolves about P^ is the polar of the x3oint (cf. Art. 91) 
with regard to the given conic ; and P^ is the pole of that 
locus. 

To find the equation of the 
polar of a given point 

Pi =0*1’ yi)’ 

witli regard to a given conic 
whose equation is 

+ 6 ^= 0 , . . . ( 1 ) 

let QP^R he any position of 
the secant through P^, and 

TAN. AN. GEOM.— 14 



Fig. 94. 
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let the tangents at Q and B intersect in = (x\ y')- Then 
the equation of QPiR (Art. 126) is 

Ax^x + By^y d- G-(x + x'') + F(^y + + 0^=0.... (2) 

Since this line passes through Pj, therefore the coordinates 
and yi satisfy equation (2), 

+ + +• • * (^) 

and equation (3) asserts that the variable point P' =(a?( y^) 
lies on the locus of the equation 

Ax^x -{-By-^y^ G-(x^-x^ -^FQy + 2^^) + (7 = 0. ... (4) 

Equation (4) is of the first degree in the variables x and y ,. 
hence (Art. 57), its locus is a straight line; the polar of P^, 
with regard to the conic (1), i.e., the locus of P^ is then 
the straight line whose equation is 

Ax^x + Byiy + G (x+xi) + F{y + 2 /i) + <7 = 0. . . . [63] 

^7ote. That the equation of a tangent [50] and of a chord of con¬ 
tact [52] have the same form as equation [53] is due to the fact that a 
tangent, and a chord of contact, are but special cases of a polar. 

128. Fundamental theorem. An important theorem con¬ 
cerning poles and polars is: If the polar, of the point P^, with 



\ 

d 
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regard to a given conie^ passes through the point then the 
polar of tvith regard to the same conie passes through P-^. 
Let the equation of the given conic be 

+ . . . ( 1 ) 

and let the two given points be 

Pi = Vi) and y^). 

Then the equation of the polar of P^ with regard to the 
conic (1) is (x4rt. 127) 

Axp: +By-^yG(x-\-x-^)-\-F{y-\-y^O=0\ . . . (^2) 
if this line passes through P^^ then 

Ax^x^ + By^y^^-a(x^-^x^)-\-FQy^^y{)^0^(). . . (3) 

But the polar of P^ with regard to the conic (1) is 

Axp!)-{-Byg/-\- G(x-{-xf) -{-F(y-\‘y;^) . . . (4) 

and equation (3) shows that the locus of equation (4) passes 
through the point Pj, which proves the proposition. 

129. Diameter of a conic section. The locus of the middle 
points of any system of ]3nrallel chords of a given conic is 
called a diameter of that conic, and the chords which that 
diameter bisects are called the chords of that diameter. 

For a given conic, it is required to find the equation of 
the diameter bisecting a system of chords Avhose slope is m. 
Let the equation of the given conic (HJK, Fig. 96) be 

J[a;2^P^2^2(?:r + 2P^4-(7=0, . . . (1) 

let the equation of any one of the parallel chords of slope 
LM for example, be 

y—mx + h, .(2) 

and let the two points in which it meets the given conic be 

Pi = Vi) and Pj = (^2’ Vi)- 
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Then (Art. 122, eq. (6)), 


jA. (x-^ -f- -f- 2 (t 

(^1 + 2/2) + 2 ^' 


( 3 ) 



If ^ = (Ji, k) be the mid¬ 
dle point of the chord 
PjPj, then 

_a+:a„d4=&±*; 

substituting these values of 
+ x^ and in equa¬ 

tion (3), then clearing of 
fractions and transposing, 
that equation becomes 


Ah -h -yyiBk + (r + mF = 0. . . . (4) 

But equation (4) asserts that the coordinates (A, k) of 
the middle point of any one of this system of parallel chords 
satisfy the equation 

Ax + mB^+ aA-mF=0, . . . [ 54 ] 

which is therefore the equation of the diameter whose chords 
have the slope m. 


EXERCISES 

1 . Find the polar of the point (2, 1) with regard to the hyperbola 
- 2 (f x) - 4: - 0. Show that this polar passes through (12, 8), 

and then verify Art. 128, for this particular case, by showing that the 
polar of (12, 3), with regard to the given hyperbola, passes tlirough (2, 1). 

2. Write the equation of the chord of contact of the tangents drawn 
through (2, 1) to the hyperbola a--- 2y2 - 2p - 4^0, then find tlie 
points in which it meets the curve, get the equations of the tangents at 
these points, and verify that they pass through the given point (2, 1). 

3 . By specializing the coefficients in equation [54], prove that the 
diameter of a circle is perpendicular to the chords of that diameter. 
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Solution. If equation (1) of Art. 123 represents a circle, then 
A = By and then equation [54] becomes 

1 G^mF 

y = - X -^-, 

m Am 

i.e.y the slope of the diameter is — —; but the slope of the given system 
of chords is hence the diameter is perpendicular to its chords. 

4 . By means of eq. [54], by specializing its coefficients, prove 
that the diameter of a circle passes through the center of the circle. 

5 . By means of equation [54] prove that any diameter of the ellipse 

3 -f- y- — 6 a: -f 2 y = 0 passes through the center of the ellipse. Does 

this property belong to all ellipses? To all conics? 

6. Find the equation of that diameter of the hyperbola 

a;2 — 4 + 16 y -f- 6 a: — 15 = 0, 

whose chords are parallel to the line y = 2 a* + 10. Does this diameter 
pass through the center of the curve ? 

7 . Find the angle between the diameter and its chords in exercise 6. 

8. Show that every diameter of the parabola 3 y^ — 16 a; -f 12 y = 4 
is parallel to its axis. Is this a property belonging to all parabolas ? 

9. Derive, by the method of Art. 129, the equation of that diameter 
of the hyperbola a:‘-2 ~ 4y2 + 16y + 6a; — 15 = 0, wdiich bisects chords 
parallel to the line 3 a: — 4 y = 12. 

130. Equation of a conic that passes through the intersec¬ 
tions of two given conics. Let the given conics lie 

and .S; = 4- 2 a,x 2 F,y + 0,^= 0; . . . (2) 

tlien, if k be any constant whatever, 

S^ + kS,^ = 0 . . . (3) 

represents a conic whose axes are parallel to the coordinate 
axes (Art. 120), and which passes through the points in 
which the conies &\ = 0 and AS 2 = 0 intersect each other 
(x4rt. 41); + 0 rejiresents ii family of conics, 

each ineniber of which passes through the intersections of 
S-y = 0 and aS), = 0. The parameter k may be so chosen that 
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the conic (3) shall, in addition to passing through the four 
points in which = 0 and ^2 ~ ^ intersect, satisfy one other 
condition; e.g., that it shall pass through a given fifth point. 
Moreover, if 8-^^ = ^ and /S '2 = 0 are both circles, then 
= 0 is also a circle (cf. Arts. 95 and 96). 


V. POLAU EQUATION OP THE CONIC SECTIONS 

131. Polar equation of the conic. Based upon the “ focus 
and directrix ” definition already given in Art. 48, the polar 
equation of a conic section is easily derived. 

Let D’l) (Fig. 97) be the given line (the directrix) and 0 
the given point (the focus); draw ZOR through 0 and per- 
ip pendicular to R'D, and let 0 be chosen 

I ^ as the pole and OR as the initial line. 

-^= 0^1 be any point on the 
I /q'^'P j locus, and let e be the eccentricity. 

— Draw MR and OK parallel, and LP 
I and HK perpendicular, to P'D, and let 

j OK = I ; then 

\D' 

PIS. 97. OP = e'LP, [definition of the curve] 

= e(ZO+ OJISf); 


p = + p cos^^. 


This equation, when solved for p, may be written in the 
form 

''rvsse- • • ■ [56] 


which is the polar equation of a conic section referred to 
its focus and principal axis; e being the eccentricity and I 
the semi-latus-rectum. If e = l, equation [55] represents a 
parabola; if e < 1, an ellipse ; and if c > 1, an hyperbola. 


& 
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^sTote. Equation [55] shows that if ^ < 1, z.e., if the equation repre¬ 
sents an ellipse, there is no value of 0 for which p becomes infinite. 
Therefore there is no direction in which a line may be drawn to meet an 
ellipse at infinity. If e = 1, i.e., if the equation represents a parabola, 
there is one value of Oy viz., ^ = 0, for which p becomes infinite. There¬ 
fore there is one direction in which a line maybe drawn to meet a parab¬ 
ola at infinity. If 6>1, i.e., if the equation represents an hyperbola, 
there are two values of 0, viz., ^ = i cos-i (1: e), for which p becomes 
infinite. Therefore there are two directions in which a line may be drawn 
to meet an hyperbola at infinity. 

The three species of conic sections may therefore be distinguished 
from each other by the number of directions in which lines may be drawn 
through the focus to meet the curve at infinity. Or, since parallel lines 
meet at infinity, any point of the plane may be used instead of the focus. 


132. From the polar equation of a conic to trace the curve. Suppose 
e>l, i.e., suppose equation [55] represents an hyperbola. . When ^ = 0, 

p = --j hence p is negative; as 0 increases, cos 6 decreases, and e cos 6 

X ~ e 

becomes numerically more and more nearly equal to 1; therefore p re¬ 
mains negative and be¬ 
comes larger and larger; 
p = — 00 when 

1 ~ e cos ^ = 0, 
i.e., when 

0 ~ cos“^I 





say; as 0 increases 
through this value, p 
becomes + co and then 
decreases, but remains 
positive, and becomes 
equal to I when 0 = 90°; as $ increases through 90° to 180°, p remains 
positive, but continues to decrease, reaching its smallest value, viz. 
p= ~—, when ^ = 180°; as 0 increases from 180° to 270°, p remains 


Fig. 98. 


1 + ^ 

positive and increases from 


I 


1 + e 


to Z; as ^ increases from 270° to 


360° — a, p increases from Z to -f co ; as ^ increases through 360° — a, p 
becomes — oo; and finally, as 0 increases from 360° — a to 360°, p re¬ 
mains negative, hut decreases numerically, reaching the value 
again when 0 becomes 360°. 


Z 

1 — e 
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These deductions from equation [55] show that the hyperbola has 
the form represented in Fig. 98, and that, as B increases from 0 to a, the 
lower half A^W oi the infinite branch at the left is traced; as 6 increases 
from a to 360° — a, the right hand branch VA U is traced; and as 6 in¬ 
creases from 360° — a to 360°, the upper half SA’ of the left hand branch 
is traced. 

If 0 increases beyond 360°, the tracing point moves along the same 
curve; this is also true if 0 changes from 0° to — 360°. 


Note. To show the identity of the curve as traced in the present 
article and in Art. 117, it need only be recalled that 


g =- and that — 

a a 


These values .substituted above show that 


a = cos~^( — .^ . . = tan-i f-V that OA'= - (a + etc. 

VVa^ 4 .^, 2 / \a} ^ 


EXERCISES 

1 . From equation [55], trace the parabola. 

2. From equation [55], trace the ellipse. 

3. By means of equation [55], prove that the length of a chord 
through the focus of a parabola, and making an angle of 30° with the 
axis of the curve, is four times the length of the latus-rectiini. 

4. By transforming from rectangular to polar coordinates, (hndve the 
polar equations of the conic sections from their rectangular equations. 

EXAMPLES ON CHAPTER VIII 

1. Find the equations of those tangents to the conic 7 a;- - 12 y- = 112 , 
which pass through the point (~ 9 , 7 ). 

2 . What is the polar of the point (7, 2) with reference to the conic 

10 7/2 4 9 a;2 = 144 ? equation of the line which is tangent to 

the conic and parallel to this polar. 

3. Find the polars of the foci of the ellipse —4^!^ = !, with 

9 16 

regard to this ellipse. Also for the parabola = 4 pa. 

4. What is the equation of the polar of the center of the conic 
Ax“ + By“ + - Gx + 2 Fy -f C = 0, with reference to the conic ? 

5. What is the pole of the directrix of the hyperbola _ 4 ^ 21 ( 5 ^ 
with reference to that curve ? 
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6 . The line y = rn (x — ae) passes through the focus of the central 

conic 1. On what line does its pole lie? Find the line ioin- 

ing its pole to the focus. What relation exists between this line and 
the given focal chord? 

7 . What is the polar of the vertex of the conic 

Ax^ 4- + 2 fe -f 2 + C = 0, 

with reference to the curve ? 

8 . What is the equation of each common chord of the two conics 

16 . 1-2 4 D ^2 ^ 144 ^ iQ ^.2 _ 9 / = 141? 

Hint. Use Art. 130, equation 3 ; find k so that + 182 can be 
factored. 

9. Prove that the perpendicular dropped from any point of the 
directrix, to the polar of that point, passes through the focus 

(a) for = ipx. (jS) for ^ ± = 1 . 

a- 

Using the simplest standard equations of the conics, find for each 

10. the polar of the focus; 

11 . the ]3ole of the directrix; 

12 . the ratio of the angle subtended by a chord at its pole, and the 
angle subtended by the same chord at the focus. 

13 . Find a conic through the intersections of the ellipse 4.r2-|- y-= 16 
and the parabola ?/2=4a: + 4, and also passing through the point 2, 2. 
What kind of a conic is it ? 

14 . Show that the curves — + ^ = 1 and -— = 1 have the same 

16 7 4 5 

foci, and that they cut each other at right angles. 

15 . Find the vertices of an equilateral triangle circumscribed about 
the ellipse 9 a ;2 + 16 y 2 = 144^ one side being parallel to tlie major axis 
of the curve. 

16 . Find the normal to the conic Sx- y^ — 2x — y — 1, making the 
angle tan“^ (f) with the a*-axis. 

17 . Sliow that the locus of the pole, witli respect to the parabola y- = 4 ax, 
of a tangent to the liyperbola x- — y- — a-, is the ellipse 4 x- + y- = 4 a^. 

j .,‘2 y 2 

18 . Show that -^- 1 -^-= 1, where k is an arlutrary con- 

- k^ h- - k- 

stant, represents an ellipse having the same foci as = 1 when 
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but represents a confocal hyperbola when > 1 : 2 > 52 . given 

a^b. 

Determine the nature of the following conics; and also their foci, 
directrices, centers, semi-axes, and latera recta: 

19. y^ = (x + 3) (a: + 4); 

20. — 4^2-}-^-|-^-}-Iz=05 

21. a:2 = 4a: + lly-f7; 

22. 3 a;2 4- _ 6 8 y 1 = 0; 

23. 3 a:2 4- 5 y = 3 2 /^ 4- 5 a:; 

24. 9(a-2-y)=3y(l4-2a:-ay). 


25. Show that the polar equation of the parabola, with its vertex at the 
• 4p,Q0S^ 


26. Show that if the left hand focus be taken as pole, the polar equatjon 

of the ellipse is p = - 

1 - e cos ^ 

27. Derive the polar equation of an hyperbola, with its pole at the 
focus, eccentricity 2, and the distance of the focus from the directrix 
equal to 6. 



CHAPTER IX 


THE PARABOLA = 

133. Review, In the preceding chapter (Arts. 102 to 108), 
the nature of the parabola has been examined, and its equa¬ 
tion derived in two standard forms. These equations are : 

4.px^ if the axis of the curve coincides with the a^-axis, 
and the tangent at the vertex with the ^-axis; and 

(y — = A), if the axis of the curve is parallel 

to the a;-axis, and the vertex is at the point (A, A). In the 
present chapter, some of the intrinsic properties of the parab¬ 
ola are to be studied, i.e., properties which belong to the 
curve and are entirely independent of the position of the 
coordinate axes. For this purpose, it will, in general, be 
easier to use the simplest form of the equation of the curve, 
viz., y‘^ = 

In every parabola, the value of the eccentricity is e = 1. 
If the equation of the parabola is y^y^\px^ then the focus 
is the point (jp, 0), the directrix is the line x==~p^ and 
the axis of the curve is the line y = 0. The equation 

ViV = 2 p 4- ) 

represents the polar of the point with respect 

to the parabola, for all positions of If be outside 

the curve, this polar is the chord of contact corresponding 
to tangents from ; if P^ be upon the curve, this polar 
is the tangent at that point. These facts, shown in the 

219 
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previous chapter, will be assumed in the following dis¬ 
cussion. 

134. Construction of the parabola. The two conceptions 
of a locus given in Article 35 lead to two methods for con¬ 
structing a curve, viz., by plotting points to be connected 
by a smooth curve, and by the motion of a point constrained 
by some mechanical device to satisfy the law which defines 
the curve. These two methods may be used in constructing 
a parabola. 

{a) By separate points. Given the focus F and the vertex 
0, draw the axis OFX, the directrix D'D cutting this axis 

in and also a series of lines 
perpendicular to the axis at 
Jlfp 31^, etc., respectively. 

With F as center and Z3I-^ 
as radius, describe arcs cut¬ 
ting the line at M-^ in two 
points Pj and ; similarly, 
with F as center and Z3I^ as 
radius, cut the line at 
P 2 and ; and so on. The 
points thus found evidently 
satisfy the definition of the parabola (Art. 102). In this 
way, as many points of the curve as are desired may be 
found. If these be then connected by a smooth curve, it 
will be approximately the required parabola (cf. Note B, 
Appendix). 

(^) By a continuously moving point. Let B^I) be the 
directrix and F the focus. Place a right triangle with 
its longer side KH in coincidence with the axis of the 
curve, and its shorter side KJ in coincidence with the direc¬ 
trix. Let one end of a string of length KR be fastened at 
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and the other end at F. If 
now a pencil point be pressed 
against the string, keeping it 
taut while the triangle. is 
moved along the directrix, as 
indicated in the figure, then, z 
in every position of P, 

FP^KP, 

therefore the pencil will trace 
an arc of a parabola. 

135. The equation of the tangent to the parabola 
in terms of its slope. The equation of a line having the 
given slope m is 

y=^mx + Tc\ . . . ( 1 ) 

it is desired to find that value of k for which this line will 
become tangent to the parabola whose equation is 

. ( 2 ) 

Considering equations (1) and (2) as simultaneous, and 
eliminating y, the resulting equation, which is 

(pix (3) 

has for its roots the abscissas of the two points in which the 
loci of equations (1) and (2) intersect. These roots will 
become equal (cf. Art. 9), and therefore the points of inter¬ 
section Avill become coincident, if 


(jnk — 2p)2 — 0, 


2.6., if 

11* 

(4) 


m 

Therefore 


. . [56] 

is, for all values 

of m, the equation of 

a tangent to the 

parabola 

II 
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The abscissa of the point of contact of the loci of equa¬ 
tions (2) and. [56] may be found from equation (3), by sub¬ 
stituting in it the yalue of k given in equation (4); it is 
The ordinate may then be found from equation (1); it is 

The point of contact is then 
m m J 

136. The equation of the normal to the parabola 
in terms of its slope. Since, by definition, the normal to a 
cui've is perpendicular to the tangent at the point of con¬ 
tact, the equation of a normal to the parabola 

= . . . ( 1 ) 

is, if be the slope of the tangent [Arts. 62, 135], 



If m be the slope of the normal, then 

1 

-„ 

m 

and equation (2) may be written 

y = mx — 2 pm —prrfi, . . . [57] 

This is the equation of a normal in terms of its own 
slope m. 

137. Subtangent and 
subnormal. Construction 
of tangent and normal. 

Let Pj = y{) be 

any given point on the 
X_ parabola whose equa¬ 

tion is 

y'^^zipx. . . . ( 1 ) 
Draw the ordinate 
ikfPj^, the tangent PP^,, 
and the normal P^N, 
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Then by the definitions of Art. 86, the subtangent is TJkT, the 
subnormal is MN, the tangent length and the normal 
length P^N. The tangent at P-^ has for its eq^uation (Art. 

ViV = 2p(a; + x{), . . • (2) 

hence its oj-intercept AT = —x-^. But AM = 

therefore TM = 2 

This proves that the suhto/ngent of the parabola if = 4:px 
is bisected at the vertex; and that its length is equal to tivice 
the abscissa of the point of contact. 

The normal at Pj has for its equation (Art. 123) 

• • • (^) 

“'Jr 

hence its a;-intercept is AN = + 2_p. But AM = x-^, 

therefore MN = 2 p. 

That is, in words, the subnormal of the parabola = ^px 
is constant; it is equal to half the latus rectum. 

These properties of the subtangent and subnormal give 
two simple methods of constructing the tangent and normal 
to any parabola at a given point, if the axis of the parabola 
is given. 

First method: from the given point, let fall a perpendicu 
lar PfM to the axis of the parabola, meeting it in M, The 
vertex of the curve being at A, construct the point T on the 
axis produced, so that TA = AM. The straight line TF^ is 
the required tangent at P^, and a line through P^ at right 
angles to this tangent is the required normal. 

Second method : from the foot of the perpendicular MP^ 
construct the point A", so that JTAeipials twice the distance 
from vertex to the focus (2p —2AP); tlieii P^N is the 
required normal, and a line through P^ at right angles to 
Py^N is the required tangent. 
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EXERCISES 

1. Construct a parabola with focus from the directrix. 

2. Construct a parabola with latus rectum equal to 6. 

3. Find the equations of the two tangents to the parabola 

which form with the tangent at the vertex a circumscribed equilateral 
triangle. Find also the ratio of the area of this triangle to the area of 
the triangle 'whose vertices are the points of tangency. 

4 . Find the equation of a tangent to the parabola if- — ^px, perpen¬ 
dicular to the line 4y — a; + 3 = 0, and find its point of contact. 

5. Find the equations of the two tangents to the parabola if = bx 
from the point (7, 1), using formula [56]. 

6 . Write the equations of the tangents to the parabola = 10 x, at 
the extremities of the latus rectum. On what line do these tangents 
intersect? (cf. Art. 138 (5), p. 228.) 

7 . Write the equations of the tangent and normal to the parabola 
y ^ = 9 X , at the point (4, 6). 

8. Write the equation of the normal to the parabola / = 6 x, drawn 
through the point (|, 3). 

9. Write the equation of the tangent to the parabola y^ = 4:px, for 
the point for which the normal length is twice the subtangent; for the 
point for which the normal length is equal to the difference between the 
subtangent and subnormal. 

10 . Two equal parabolas have the same vertex, and their axes are at 
right angles; find the equation of their common tangent, and show that 
the poMits of contact are each at the extremity of a latus rectum. 

11 . Find the locus of the middle point of the normal length of the 
parabola y^ = ipx. 

12. The subtangent of a parabola for the point (5, 4) is 10; find the 
equation of the curve, and length of the subnormal. 

13. Find the subtangent, and the normal length, for the point whose 
abscissa = — 6, and which is on the parabola if = ~Gx. 

14. Find the equation of the tangent parallel to the polar of (“1, 2) 
with respect to the parabola y^ = 12x; also find the point of contact, 
the length of the tangent, and the subtangent. 

15. Find the equation of a parabola w^hicli is tangent to the line 
2y — 3x* = 1, and whose axis is parallel to the a'-axis. 
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16 . Show that the sum of the suhtangent and subnormal for any 
point on the parabola y^=:4:pXf equals one half the length of focal chord 
parallel to the corresponding tangent. 

17 . Show that as the abscissa in the parabola = 4:px increases 
from 0 to CO, the slope of the tangent diminishes from co to 0; hence the 
curve is concave toward its axis. 

138. Some properties of the parabola which involve tangents 
and normals. Let F be the focus, A the vertex, AX the 



axis, and F^D the directrix of the parabola whose equation is 

^2 = 4 ^ 2 ;. . . . ( 1 ) 

Through any point = yO on the curve draw the 
tangent cutting the ^-axis in P, tlie directrix in S, and 
the x-'dxia in T; also draAV the normal the focal chord 

P^PPj; the tangent at P^; the lines L^P-^Q and X. 2 P 2 , per¬ 
pendicular to the directrix; and the lines SF and L^F. 
Then tlie following properties of the parabola are readily 
obtained: 
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(1) The focus is equidistant from the points Pj, T, and N. 

For iPj = AA = + 

TF=TAA-AF= + p, • Art. 137 

and PiV= AM^ + {M^N- AF) = x^+p-, Art. 137 

lienee PPj = TF = FN. 

The point F i.? the midpoint of the hypotenuse of the 
right triangle TPfSf, and is therefore equidistant from tlie 
vertices T Pi, and N. Thus a third method is suggested for 
constructing the tangent and normal at Pj, viz.: by means of 
a circle, with the focus F as center, and the focal radius PPj 
as radius, which cuts the axis in T and N. 

(2) The tangent and normal bisect internally and externally^ 
respectively, the angle hetiveen the focal radius to the point of 
contact and the perpendicular from that point to the directrix. 

For ZLiPiT=ZP^TF, since AA H 

and Z 2PjP —ZP^ TF, since TF = PPj; 

ZLiPiT==ZTPiF. 

Also, ZFPiN=ZNPiQ, since PiNZP^T. 

(3) Through any point in the plane two tangents can he - 
drawn to the parabola (cf. Arts. 89, 125). 

The line y = mx + -2..H) 

m 

is tangent to the parabola y^ = ipx for all values of m. If 

P'= (x', y') be any given point of the plane, tium the lan- 

gent (1) will pass through P' if, and oidy if, m .satisfy the 

equation „ 

y' — mx' + F-, 
m 


i.e., if 


_.y'± Vy^— 4; 


Therefore two, and only two, values of m satisfy the given 
conditions; and therefore through any point of the plane two 
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tangents can be drawn to the parabola. If, however, P' is 
on the curve, then — ipx' = 0, the two values of m are 
equal, i,e., the two tangents coincide. If P' is inside the 
parabola, then y— 4 px' < 0, and the two values of m are 
imaginary, i.e., there are no real tangent lines. Therefore 
it is only when P’ is outside the parabola that two real and 
different tangent lines may be drawn from it to the parabola. 

(4) Through any point in the plane three normah can he 
drawn to the parabola. 

The line y = mx—2p7n—pni? , . . (1) 

is normal to the parabola y^^ = 4: px for all values of m 
(Art. 136). If P' = (x\ y ) be any point of the plane, then 
the normal (1) will pass through P^ if, and only if, m has a 
value that will satisfy the equation 

y^ = x'm*— 2 pm — pm^. . . . (2) 

Since equation (2) is a cubic in m, there are three values of 
7)1 which satisfy the given conditions, and therefore, in gen¬ 
eral, three normals may be drawn to a parabola from a given 
point. Special cases may, however, arise in which two of 
the roots of equation (2) are equal, when there would be 
only two different normal lines; or all the roots may be 
equal,^ or two imaginary and one real, in both of which 
cases there would be only one normal line. Through every 
point at least one normal line can be drawn to the parabola. 

(5) The tangents at the extremities of a focal chord mtersect 
on the directrix. a)id at right angles (cf. (6), below). 

For, if S={x\ y') is the point of intersection of the 
tangents at the extremities of the focal chord, then the chord 
is the polar of S, and its equation is 

y^y = 2p(x . . . (1) 


* For only one point, viz.; P' = (2 p, 0), are all the roots of equation (2) equal. 
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But since this line passes through the focus F={p, 0), 

0 = 2p(p + x'); 

i.e., x' = -p. ... (2) 

Hence the point F' is on the locus x = -p, i.e., on the 
directrix. 

Again, the tangent line 

2 /==^^ + ^ ■ • • ( 3 ) 


passes through the point = { —p, ij') 
if y( ^^yYip-\- 

if 4- — 1 = 0. 

TP 


( 4 ) 


But the roots of equation (4) are the slopes wJ and m'' of 
the two tangents at P^ and Pc ^; and by Art. 11, 

rrJwI^ == — 1 . 


Hence, the tangents at Pi and Pg intersect at right angles. 

(6) The line joining any point in the directrix to the focus 
of a parabola is perpendicular to the chord of contact cor¬ 
responding to that point. 

For A SL,P, = A SFP, 

since iiPi = PPi, SPi is common, /.LiPiS=/. SPiF\ 
hence, Z SFP^ = Z SL^P^ = 90°. 

The property of (5) may now be shown geometrically. 
Draw the tangent at Pg, and suppose it to meet tlic directrix; 
in aS"'; then, by what has just been proved, ZS'FP^ is a 
right angle ; then FS^ must coincide with FS ; and the tan¬ 
gents at Pi and Pg meet on the directrix. 
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Moreover, Z is a right angle, for jSPi bisects 

Z FSLi^ and SP^ bisects Z L^SF, . 

(T) A jperpendicular let fall from the focus upon a tangent 
line meets that tangent upon the tangent at the vertex. 

For the equation of the tangent at Fi is 

yiy = 2i)a; + 2]0Xy, ... (1) 

and the equation of the perpendicular through the focus 
F = (^p, 0) is 

2py = - y^x + py^. ... ( 2 ) 

Regarding equations (1) and (2) as simultaneous, and 
solving to find the point of intersection P, its abscissa is 
determined by the equation 

(4^2 q. ^ p(4:pxi - pi") = 0 ; 

or, since pi = ipxi^ 

X = 0; . ..( 8 ) 

and P is therefore on the tangent at A, 

Note. The preceding properties of the parabola have for variety 
been given in some cases a geometric, in others an analytic, proof. The 
student is advised to use both methods of proof for each proposition. 
Other properties of the parabola are given below as exercises for the 
student, and should be derived by analytic methods. 


EXERCISES 

1. Write the equations of the normals drawn through the point (3, 3) 
to the parabola y- = G x. 

2. The focal distance of any point of the parabola y- = ipx is p + x. 

3. The circle on a focal chord as diameter touches the directrix. 

4. The angle between two tangents to a parabola is one half the 
angle between the focal radii of the points of tangency. 
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5. The polars of all points on the latus rectum meet the axis of the 
parabola in the same point; find its coordinates, for the parabola 

6. The product of the segments of any focal chord of the parabola 

equals p times the length of the chord. 

7. Two tangents are drawn from an external point = to 

a parabola, and a third is drawn parallel to their chord of contact. The 
intersections of the third with each of the other two is half way between 

and the corresponding point of contact. 

8 . The area of a triangle formed by three tangents to a parabola is 
one half the area of the triangle formed by the three points of tangency. 

9. The tangent at any point of the parabola will meet the directrix 
and latus rectum produced, in two points equidistant from the focus. 

10. The normal at one extremity of the latus rectum of a parabola is 
parallel to the tangent at the other extremity. 

11. The tangents at the ends of the latus rectum are twice as far 
from the focus as they are from the vertex. 

12. The circle on any focal radius as diameter touches the tangent 
drawn at the vertex of the parabola. 

13 . The line joining the focus to the pole of a chord bisects tlie angle 
subtended at the focus by the chord. 

14 . Prove, geometrically, that a perpendicular let fall from ihe focus 
upon a tangent line of a parabola meets that tangent upon tlni tangent 
drawn at the vertex (cf. (7) of Art. 138, p. :229). 

139. Diameters. A diameter lias been cbdincMT as the 
locus of the middle points of a system of |)a,ra,ll(d (*,herds. 
Its equation may he found as follows (of. Art. 129): 

Let m be the common slope of a system of parallel cliords 
of the parabola whose equation is 

. . (1) 

then the equation of one of tliese chords is 


y = mx + /c, 


( 2 ) 
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and tlie equation of any other chord of the system will differ 
from this only in the value 
of the constant term k. 

The chord (2) meets the 
parabola (1) in two points 

yi) 

and 

and the coordinates of the 
middle point P' = (x\ y) 
are therefore 



Fig. 103. 


and y' = 

2 2 


( 3 ) 


Considering (1) and (2) as simultaneous equations, and 
eliminating it follows that the ordinates of and P^ are 
the roots of the equation 

= 4 - ^), 

yl _ ££ y -j- = 0, 


i.e., of 


m 


m 


(4) 


Therefore, by Art, 11, 


I 4;> . ,2® 

^1 + ^/2 = —, ij = ~^-\ 
m in 

hence whatever the value of the coordinates of the middle 
point of the chord satisfy the equation 


y 




( 5 ) 


This is, therefore, the equation of the diameter correspond¬ 
ing to tlie system of chords w'hose slope is 


^ E(|uation (5) might have been obtained at once as a special form of 
equation [o4], Art. 120, by giving appropriate values to the coefficients A, 

F, Cr, and C there used. 
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140. Some properties of the parabola involving diameters. 

The equation of the diameter of the parabola (Art. 139), 



( 1 ) 


shows at once that every diameter of the parabola is parallel 
to the axis of the curve. (See also Ex. 8, p. !218.) 

Conversely, since any value whatever may be assigned 
to m, each value determining a system of parallel cliords, 
equation (1) may represent any line parallel to the r^-axis, 
and therefore every line parallel to the axis of a parabola bisects 
some set of parallel chords.^ and is a diameter of the curve. 

Again, each of the chords cuts the parabola in general in 
two distinct points, and the nearer these chords are to tlie 
extremity of the diameter the nearer are these two points 
to each other and to their mid-point. In tlie limiting posi¬ 
tion, when the chord passes through the extremity of the 
diameter, the two intersection points and their mid-point 
become coincident, and the chord is a tangent. Therefore 
the tangent at the end of a diameter is parallel to the bisected 
chords. 

It follows from the preceding properties, or directly from 
equation (1), that the axis of the parabola is the only diameter 
perpendicular to the tangent at its extremity. 

The student will readily perceive how the above properties 
give a method for constructing a diameter to a set of cliords, 
and in particular how to construct the axis of a given parab¬ 
ola. Thus the problem of Art. 137, to construct a tangent 
and normal to a given parabola at a given point, ca,n now be 
solved even when the axis is not given. 

If any point on a diameter is taken as a pole, its polar 
will be one of the system of bisected chords, of slope m. 
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For the pole is P 's (^, hence the equation of its polar 
(Art 127) is 

o 

■■2p(x + x'), 


m ^ 


%,e 


y = mx + mx\ 

which is the equation of a chord of slope m. In other words, 
the tangents at the extremities of a ehord of the parabola inter¬ 
sect upon the corresponding diameter. 


141. The equation of a parabola referred to any diameter and the 
tangent at its extremity as axes. In the simplest form of the equation 
of the parabola, vjz., 

... ( 1 ) 

the coordinate axes are the principal diameter and the tangent at its 
extremity. These are the only pair of such lines that are perpendicular 
to each other (Art. 140). It is now desired to find the equation of the 
parabola, when referred to any diameter of the curve and the tangent at 
its extremity as axes. 

Let any diameter O'X' of the parabola (1) be the new j-axis, and the 
tangent O'F' at O' be the new 
^-axis, meeting the old a-axis at 
an angle 0. 

If 7n = tan . (2) 

then (Art. 135) the coordinates 
P 


of O' are -L- and 


and the 


equation for transforming the 
equation from the old axes to a 
parallel set through the point O' 
are (Art. 71), 


r 





-Vj X' 

-- Tyfi 


X 




Fig. 104. 


/ P , 

^ = y = !l +“ 

77i- m 


(a) 


Substituting these values in equation (1) gives 


'2 
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To turn the 2 /-axis to the final position, making an angle 6 with the 
a:-axis, the equations for transformation are (Art. 72, [24]), 

x' = a:" + y” cos B, y' = y" sin 0, 

or, by equation (2), 


a/ = a:" + ■ 




-, and y' = 


'^ny" 

Vl + m^' " Vl + 

Substituting these values in equation (4), it becomes 


1 4 - 

or, dropping now the accents, 


; 


y‘ 




(s) 


( 6 ) 


which is the required equation of the parabola. 

This equation may, however, be written more simply. Observing 

(Art. 103) that p is the focal distance of the new origin O', and 

representing that distance by p', equation (6) becomes 

p2 = 4/a;. . . . [58] 

This equation is of the same form as equation (1), but is referred to 
oblique axes. In general, therefore, the equation 


= hx 


k . 


represents a parabola, and ^ is the distance of its focus from the origin. 

Equation [58] states the following property for every point P of the 
parabola • 


a property entirely analogous to that of Arte 106. 


EXERCISES 

1. Find the diameter of which bisects the chords parallel 

to the line z - y + 2 = 0. 

2. A diameter of the parabola y^ = 8x passes through the point 
(2, “3); what is the equation of its corresponding chords V 

3. Find the equation of the diameter of the parabola y^ = ix + 4 
which bisects the chords 2y ~8x = h 

4. Find the equation of the tangent to the parabola (y — 6)2=8(z-+2), 
which is perpendicular to the diameter y — 4 = 0. 
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. 5. Show that the pole of any chord is on the diameter which corre¬ 
sponds to the chord. 

6 . What is the equation of the parabola — when referred 
to its diameter y — 5 = 0 and the corresponding tangent as coordinate 
axes? 

7. What is the equation of the parabola (^ + 3)^ = 12 (y — 1), 
when referred to a diameter through the point (3, 4) and the corre¬ 
sponding tangent as coordinate axes? 

8. Find the pole of the diameter y = h with reference to the parab¬ 
ola 3/2 ~ 4,px. 

9. The polar of any point on a diameter is parallel to the correspond¬ 
ing tangent of that diameter. 


EXAMPLES ON CHAPTER IX 

Find^er equation of a parabola with axis parallel to the r-axis: 
passing through the points (0, 0), (3, 2), (3, -2); 

'^s§ing through the points (1, 1), (-3, “3), (2, 2); 

the point (4, -5), with the vertex at the point (3, “7). 

Find the equation of a parabola through the four points (0, 2), 
(3/0)^^-I),(-3,-2). 

Find the vertex and axis of the parabola of Ex. 4. 

Find^e equation of a parabola 

axis and directrix are taken as coordinate axes. 

^ with the focus at the origin, and the ?/-axis parallel to the directrix. 

to the line 4y = 3x — 12, the equation being in the sim¬ 
plest standard form. 

ySC^fa focal radius of length 10 lies along the line 4:r-3 3/-8 = 0 . 

Jru. Two equal parabolas have the same vertex, and their axes are per¬ 
pendicular ; find their common chord and common tangent (cf. Ex. 10 
p. 224). ^ 

what angle do the parabolas of Ex. 10 intersect? 
yiS. Two tangents to a parabola are perpendicular to each other; find 
the product of the corresponding sub-tangents. 


Find the locus of the middle point 

13. of all the ordinates of a parabola. 

14. of all chords passing through the vertex. 
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15. From any point on the latns rectum of a parabola, perpendiculars 
are drawn to the tangents at its extremities; show that the line joining 
the feet of these perpendiculars is a tangent to the parabola. 

16. If tangents are drawn to the parabola = i ax from any point 
oil the line x + 4a = 0, their chord of contact will subtend a right angle 
at the vertex. 

Two tangents of slope m and m', respectively, are drawn to a parab¬ 
ola ; find the locus of their intersection: 

17. if mm^ = h ; 

18. if i+i-=X'; 

m m! 

19. if i - ^ = Jc- 

m ml 

20. Find the locus of the center of a circle which passes through a 
given point, and touches a given line. 

21. The latiis rectum of the parabola is a third proportional to any 
abscissa and the corresponding ordinate. 

22. Find the locus of the point of intersection of tangents drawn at 
points whose ordinates are in a constant ratio. 

23. What is the equation of the chord of the parabola ?/^ = 3 a: whose 
middle point is at (2, "5) ? 

24. A double ordinate of the parabola = is 8p; prove that 
the lines from the vertex to its two ends are perpendicular to each qthnr 

25. Find the locus of the center of a circle which is tangent to i given 
circle and also to a given straight line. 

26. Find the intersections of a normal to the parabola with tne curve, 
and the length of the intercepted portion. 

27. Prove that the locus of the middle point of the normal ii-tercepted 
between the parabola and its axis is a parabola whose vertex is the focus, 
and whose latus rectum is one fourth that of the original parab()la. 

28. Prove that two confocal parabolas, with their axes in opposite 
directions, intersect at right angles. 

29. Find the equation of the parabola when referred to tangents 
at the extremities of the latus rectum as coordinate axes. 

30. The product of the tangent and normal lengths for a certain point 
of the parabola = 4:px is twice the square of the corresponding ordi¬ 
nate; find the point and the slope of the tangent line. 
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142. Review. In Chapter VIII the nature of the ellipse 
has been briefly discussed, and its equation found in the two 
standard forms: 

when the axes of the curve are coincident with the coordi¬ 
nate axes; and 

(x-Tif , Qy-hJ- 

a2 + 

« 

when the axes of the curve are parallel to the coordinate 
axes, and the center is the point (A, ^). In the present 
chapter it is desired to study some of the intrinsic properties 
of the ellipse, z.e., properties which belong to the curve but 
are independent of the coordinate axes ; and these can for the 
most part be obtained most easily from the simpler equation, 




■ 1 . 


The ellipse ^ -p ^ = 1 has its eccentricity given by the 


a2_62 


its foci are the 
a 


relation = a?(l — 

a*‘ 

two points (±a^?, 0), and its directrices the lines x=± 

e 

(Art. 110). If the axes are equal, so that 6 = a, the curve 
takes the special form of the circle, with eccentricity ^ = 0, 

237 
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tlie two foci coincident at tlie center, and the directrices 
infinitely distant. 

The equation = 1 represents the polar of the 

point ( 2 ;^, with respect to the ellipse; if the point is 
outside the curve, this polar line is its chord of contact; 
if upon the curve, the polar is the tangent at that point 
(Arts. 122, 126, 12T). 

These facts will be assumed in the following work. 

^2 ^.2 

143. The equation of the tangent to the ellipse 
in terms of its slope. The equation of a line having the 
given slope mis y = mx + k-, . . . (1) 


it is desired to find that value of k for which this line will 
become tangent to the ellipse whose equation is 


^+ 2^=1 


( 2 ) 


Considering equations (1) and (2) as simultaneous, and 
eliminating the resulting equation 

+ a^rrfi')x^ + 2 ahnkx -f = 0 . . (3) 

determines, the abscissas of the two points of intersection of 
the curves (1) and (2). When the curves are tangent, these 
abscissas are equal; therefore 

<2%%^ — (h^ -f- a^m^')(aV — aH^') = 0, 

i,e,^ = ahn^ +. 

and k = ± V ahyi^ + P, 

Hence y = mx ±'\/ahn^ + 6^ . . . [59] 

X^ y/2 

is the equation of a tangent to the ellipse + A = for all 
values of m. 
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Equation [59] shows that there are Uvo tangents to an 
ellipse parallel to any given line; and also (Art. 125), that 
there are two tangents to an ellipse from any external point. 

144- The sum of the focal distances of any point on an 

ellipse is constant; it is equal to the major axis. 

2 2 

The ellipse ^ ^ 1 has its foci at the points 

a" 

Fi~ ( — ae^ 0) and F 2 = 0); 

with =1 a? (Cf. Art. 110.) 

Let Fi=Qxi, yi) be any point on the curve, so that 



Then, = (xi + aeY + y/’ = aV -f 2 aexi + xf + 

= are^ + 2 aexi 4- :2’i' 4* ^ 

= + 2 aexi + —— 

a- 

= 2 aeXi -f- e'^x^^ ; 

Z.6., FjFi = a 4- exi. 
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Again, F2P1 = (xi — aey + 

= a^ — 2 aexi + e^x^ • 

Le,^ F 2 P 1 == <35 — ex^. 

Hence, by addition, 

FrPi + F 2 P, = 2 ^ ; 

i.e., the sum of the focal distances of any point on an ellipse 
is constant; it is equal to the major axis. 

This property gives an easy method of finding the foci of 
an ellipse when the axes A^A and are given. 

For FiB + F 2 B = 2 a ; 

but FiO ~ OF 2 , 

F 2 B = FiB = a. 

Hence, to find the foci, describe arcs with B as center and 
a = OA as radius, cutting A'A in the points Fi and F 2 ; 
these points are the required foci. 

145. Construction of the ellipse. The property of Art. 
144 is sometimes given as the definition of the ellipse ; viz. 
the ellipse is the locus of a point the sum of whose distances 
from two fixed points is constant. This definition leads at 
once to the equation of the curve (cf. Ex. 5, p. G7); and 
also gives a ready method for its construction. 

(a) Construction hy separate points. Let A^A be the 
given sum of the focal distances, i.e., the major axis of tlie 
ellipse; and F^ and F 2 be the given fixed points, the foci. 
With either focus as center, and with any radius A'R < A^A 
describe an arc; then with the other focus as center, and 
radius RA, describe an arc cutting the first arc in two 
points. These are points of the ellipse. In the same way 
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as many points as desired may be constructed; a smootii 
curve connecting these points is approximately an ellipse. 

_ iP A F, 

[-- 



Fig. 106.'' 

(yS) Construction by a continuously moving point. Fix two 
upright pins at the foci, and over them place a loop of string, 
equal in length to the major axis j)liis the distance between 
the foci. Press a pencil point against the chord so as to 
keep it taut. As the pencil moves around the foci, it will 
trace an ellipse. 

EXERCISES 

1 . Construct an ellipse with serni-axes and 6^^“. 

2. Construct an ellipse with semi-axes 5*^™ and 12®“. 

3- Construct an ellipse with the distance between the foci 24, and 
the minor axis of length 10. 

4. Write the equation of the polar of the left-hand focus of the 

ellipse £_ -f = 1. What line is this V 
4 9 

5. By employing* equation [59], hnd the tangent to the ellipse 
16 -f 2c tp = 400, and passing through the point (6, 4). 

6. By tlie method of Ex. 17, p. 225, show that an ellipse is concave 
toward its center. 

7. Through what point of the ellipse — + *^=1 must a tangent and 

u- 6- 

normal be drawn, to form with the x*-axis an isosceles triangle? 

8. Write the equations of the tangent and normal at the positive end 

of the latus rectum of the ellipse x- -f- 4 = 4. Where do these lines cut 

the ^r-axis? 

TAN. AN. GEOM. - 16 
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9 . Tangents to the ellipse 4:x^ + 5 are inclined at 60° to the 

ar-axis; find the points of contact. 

10. Find the equation of an ellipse (center at the origin) of eccen¬ 
tricity such that the sub tangent for the point (3, V') is 

11. Find the chord of contact for tangents from the point (3, 2) to 

the ellipse + 4 ^ 2 - 4 ^ also the equation of the line from (3, 2) 

to the middle point of this chord. 

12. Find the tangents to the ellipse 7 x'^ + = 56 which make the 

angle taii”^ 3 with the line a; + ^ + 1 = 0. 

13. Find the product of the two segments into which a focal chord is 
divided by the focus of an ellipse. 

14. Find the equation of a tangent, and also of a normal, to the ellipse 

^ 4 ^2 _ each parallel to the line 3 a: — 4 y = 5. 

15. Find the pole of the line 3 a: ~ 4y = 5 with reference to the ellipse 

x^-^4: = 16; also the intercepts on the axes made by a line through the 

pole and perpendicular to the polar. 

16. Find the points on the ellipse h^x'^ -h such that the tan¬ 

gent makes equal (numerical) angles with the axes; such that the 
subtangent equals the subnormal. 


146. Auxiliary circles. Eccentric angle. Tlie circum¬ 
scribed and inscribed circles for the ellipse (Fig. 107) are 
called auxiliary circles, and bear an important part in tlie 
theory of the ellipse. Let the equation of the ellipse l)e 


a? ¥ 


= 1 . 


( 1 ) 


The circle described on its major axis as diameter is called 
the major auxiliary circle; its equation is 

a?z= . . , ( 2 ) 

and the circle on the minor axis as diameter is the minor 
auxiliary circle; its equation is 

a:;2q_^2_ J2^ 


( 3 ) 
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If AulOQ is any angle cj> at tlie center of the ellipse, with 
the initial side on the major axis, and the terminal side cut¬ 
ting the auxiliary circles in M and respectively; and if 



P is the intersection of the abscissa LR with the ordinate 
MQ^ then _P is a point on the ellipse. 

For the coordinates of P are 


0M= OQ cos 0 and MP = MR = OR sin 0, 
i.e., x = acos(j), ^ = b sin. [60] 

Now these values satisfy the equation of the ellipse ; for, 
substituting them in equation (1), gives 


: cos^ (f) 4- sin^ ^ = 1 ; 


COS^ <p ^ 

' 

hence P is a point of the ellipse. 

The points P, and R are called corresponding points. 
The angle (j) is the eccentric angle of the i)()int P and the 


^ The eccentric angle of an^ given point P on an ellipse is readily con¬ 
structed thus: produce the ordinate 3IP to meet the major auxiliary circle in 
Q; the angle is the eccentric angle of the point P. 
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two equations [60] are equations of the ellipse in terms of 
the eccentric angle, for together they express the condition 
that the point P is on the ellipse (1).^ 

Since, in the figure, A OM^M and OMQ are similar, it 
follows that 

MP:MQ^ OR: OQ=b:a, 

and OM ^: OM=^ OR : OQ = b : a; 

that is, the ordinate of any point on the ellipse is to the ordi¬ 
nate of the corresponding point on the major auxiliary circle in 
the ratio (b : d) of the semi-axes. Similarly for the abscissas 
of the corresponding points R and P. 


147. The subtangent and subnormal, 
gent and normal. 


Let 

be a given ellipse, 


4 -^ = 1 


then 



Construction of tan- 

. . ( 1 ) 

• • ( 2 ) 


is the tangent to it at a point P^={xp yf). Let this tangent 
cut the a7-axis at the point T. Draw the ordinate MPy 
Then the subtangent is, by definition, TM ; and its numer¬ 
ical value is 

MT=OT- OM^ 


but, from equation (2), OT — — \ and OM=x^\ 

X-t 


hence 


MT=--x, 




TM= 


xA — 


* The equations [60] are of great service in studying the ellipse by the 
methods of the differential calculus. 
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Hence the value of the subtangent, corresponding to any 
point of the ellipse whose equation is (1), depends only upon 
the major axis, and the abscissa of the point; therefore, if a 
Bevies of ellipses have the same major axis^ tangents drawn to 
them at the points having a common abscissa will cut the major 
axis (extended') in a common point* 



This fact suggests a method for constructing a tangent 
and normal to an ellipse, at a given point: draw the major 
auxiliary circle ; at Q on this circle, and in MP^ extended, 
draAV a tangent to the circle. This will cut tlie axis in T ; 
and Twill be the required tangent of the ellipse at P^. 
The normal P^iV may then be drawn perpendicular to P^T. 
The equation of the normal through P^ is (cf. eq. [51]) 

therefore the 2 :-intercept of the normal at that point is 

^2 _ A2 

ON^ ^—^x, = e^x,. 
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But the subnormal corresponding to Pj is 

MN= ON- OM, 


and OM=x-^-, 

therefore MN x-. — x. 

^2 11 

Kote. From the value of ON it follows that the normal to an ellipse 
does not, in general, pass through the center, but passes between the 
center and the foot of the ordinate; the extremities of the axes of the 
curve being exceptional points. If, however, a = &, then e = 0, the curve 
is a circle, and every normal passes through the center (cf. Art. 85). 

148. The tangent and normal bisect externally and inter¬ 
nally, respectively, the angles between the focal radii of the 
point of contact. 



2 2 

Let the equation of the given ellipse he -f- ^ = 1 • also 

let and be the foci, and P any given jjoint 
on the curve. Draw the tangent the normal P^N, and 
also the lines and P^P^ F. 
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. Tlieii =F^0-\- ON^ae + e^x^ [Art. 147] 

= e{a + ex^')^ 

iVTg = OF^ ~ 0N== ae — 

= e(^a — ex-^ ^ 

also = ^ + [Art. 144] 

and ^ 2^1 = ^ — ^^ 1 * 

Hence F^N : ; 

and, by a theorem of plane geometry, this proportion proves 
that the normal P^N bisects the angle F^P^F^ between the 
focal radii. Again, since the tangent is perpendicular to 
the normal, the tangent P^T will bisect the external angle 
FoPiW. 

This proposition leads to a second method of constructing 
the tangent and normal to an ellipse at a given point 
(cf. Art. 147), First determine the foci, F^ and F^ (Art. 
144), then draw the focal radii to the given point and 
bisect the angle thus formed, — internally for the normal, 
externally for the tangent. 
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and the point of intersection P' is on the line, x= ^.6., on the directrix 
corresponding to the focus i^ 2 * Similarly, if the chord passes thiongh 
the focus = ae, U), the point P' is on the directrix x= 

Hence, the tangents at the extremties of a focal chord intersect upon the 
corresponding directrix. 

Again, the line joining the intersection P' i/j to the focus A^s 
the slope 

-j'i_ ^ ■ 


. Vi ■ 
m 



while the slope of the focal chord (1) is 


m — 


aY' 


aey'^ 


hence 


m = — 


and therefore the line joining the focus to the intersection of the tangents at 
the ends of a focal chord is perpendicular to that chord. 


150- The locus of the foot of the perpendicular from a focus upon a 
tangent to an ellipse. Let the equation of a tangent to the ellipse 
(Art. 143), whose equation is 

?/2 . ... 

. . . (1) 


be written in the form y=mx A 

Then the equation of a perpendicular to (2), through the focus (ae, 0), is 

y = - L (a; - ae), i.e., x + 7ny — ae. . . . (8) 

If P'=(x', 7 y') is the point of intersection of (2) and (3), it is r(‘- 
quired to find the locus of P'; i.e., to find an equation which will bo 
satisfied by the coordinates x', y', whatever the value of ???.; this must 
be an equation involving x' and y*, but free from in. Since P' is on 
both lines (2) and (3), 

therefore y' — mod = . . . (4) 

od + mf = ae. . . - (5) 


and 
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TLh© sliniination of m is accomplished most easily by s< 4 uarii]g‘ each 
member of equations (4) and (5), and adding: 

this gives (1 + m^) + (1 + ^ ^ ^ 2^2 ^ 

(1 4- nfi} (x''^ -1-y2) ^ op. (^2 + 1)^ 

whence, y 2 ^ ^2 

Hence, the point P’ is on the circle 

a;2 -}- y2 ™ ^ 2 . 

that is, the locus of the foot of a perpendicular from either focus upon a tan¬ 
gent to the ellipse is the major auxilmp circle. 


151. The locus of the intersection of two perpendicular tangents to the 
ellipse. 

Let the equation of any tangent to the ellipse + be written 
in the form (Art. 143) 

y -mx = VaV + h% ... (1) 

then the equation of a perpendicular tangent is 



i-e., 7ny X = Va^ -|- . ( 2 ) 

Letting P = (^x , y ') be the point of intersection of these two tangents, 
(1) (“)’ required to find the locus of P' as in varies in value: 

that is, to find an ecpiatioii between x' and y' wliich does not involve m. 
Proceeding as in Art. 150; since P' is on both lines (1) and (2), 

therefore f - wx' = + 1,% 

mf + x! = Vrt^ _i_ 

To eliminate m, square both equations, and add: this gives 

{ in - + 1) //'2 + („i-2 1) ^(,,,2 1) ^2 

a;'2 + y'^ == rt2 _}. 


4 herefore, the point of intersection of perpendicular tangents is on 
the circle 

+ y-= ^2 + 52, . . . [-(nj 

which is called the director circle for the ellipse. The locus of the Inter¬ 
section of two perpendicular tangents to an ellipse i% then, its director circle. 



250 


ANALYTIC GEOMETRY 


[Ch. X. 


EXERCISES 

1. Prove that the two tangents drawn to an ellipse from any external 
point subtend equal angles at the focus. 

2. Each of the two tangents drawn to the ellipse from a point on the 
directrix subtends a right angle at the focus. 

3. A focal chord is perpendicular to the line joining its pole to the 
focus. Show that this is also true for a parabola. 

4. The rectangle formed by the perpendiculars from the foci upon any 
tangent is constant; it is equal to the square of the semi-niinor-axis. 

5. The circle on any focal distance as diameter touches the major 
auxiliary circle, 

6. The perpendicular from the focus upon any tangent, and the line 
joining the center to the point of contact, meet upon the directiix. 

7. The perpendicular from either focus, upon the tangent at any point 
of the major auxiliary circle, equals the distance of the corresponding 
point of the ellipse from that focus. 

8. The latus rectum is a third proportional to the major and minor 
axes. 

9. The area of the ellipse is waft. 

Suggestion. Employ the fact, proved in Art. 146, that the ordinate 
of an ellipse is to the corresponding ordinate of the major auxiliary 
circle as h:a, and thus compare the area of the ellipse witli that of its 
major auxiliary circle. 


152. Diameters. As already shown in Articles 129 and 
139, the definition of a diameter as the locus of tlio middle 
points of a system of parallel chords leads directly to its 
equation. 

Let m be the slope of the given system of parallel chords 
of the ellipse whose equation is 



( 1 ) 


and let 


y = mx + c 


( 2 ) 
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be the equation of one of these chords, which meets the curye 
in the two points and P^^Cx^, y^. Let 

P' = y'')i he the middle point of this chord, so that 





( 3 ) 


The coordinates of P-^ and are found by solving (1) 
and (2) as simultaneous equations, therefore the abscissas 
x-^ and are the roots of the equation 

(ahn^ -f 6^) -f- 2 a^cmx -f =0, ... (4) 

and the ordinates y-^ and are roots of the equation 

_l_ ^2)^2 _ 2 IP^cy 4- 6^^ — a%hn^ =0. . . . (5) 
Hence, by Art. 11, the coordinates of P^ are 

_ ahm _ b^c 

~ ahn^ + V^' y ~ ahii^ + IP‘' ' ' ' ^ ^ 

Now, by varying the value of c, equation (6) gives the 
coordinates of the middle point for each of the chords of the 
given set. It is required to find the locus of P^ for all 
values of i.e., to find an equation satisfied by x’ and y\ 
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and not dependent upon the value of e. If be divided by 
y, the e is eliminated from the equations (0), giving 


a?' 

-7 = --ToW^. 


Therefore the coordinates of. the middle point of every 
chord of slope m satisfy the equation 


X 

y 


a^m 


. [62] 


which is therefore the equation of the diameter bisecting 
the chords of slope m. 

The form of equation [62] shows that every diameter of 
the ellipse passes through the center. 


153. Conjugate diameters. Since every diameter passes 
through the center of the ellipse, and since, by varying the 
slope m of the given set of parallel chords, the corresponding 
diameter may be made to have any required slope, therefore 
it follows that eve^^y chord which passes through the center of 
an ellipse is a diameter^ corresponding to some set of pa,ral]el 
chords. In particular, that one of the set of chords given 
by equation (2), Art. 152, which passes through tlie center, 

— z.e., the chord whose equation is 

y = mx, . . , [68] 

is a diameter. This diameter bisects the chords parallel to 
the line [62]; for if m' be the slope of the line [62], 

then - 

arm 

hence, mm! =. , . [641 

*■ -' V, 
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and this equation expresses the condition that line [62], 
which has the slope shall., bisect the chords of slope m 

(Art. 152). But conversely, it expresses also the condition 
that the line [63] which has the slope m shall bisect the 
chords of slope m'. Hence each of the lines [62] and [63] 
bisects the chords parallel to the other. Hence, if one 
diameter hisects the chords parallel to a eeeond^ then aUo the 
second diameter bisects the chords parallel to the first. Such 
diameters are called conjugate to each other. 

Each line of the set of parallel chords in general cuts the 
ellipse in two distinct points, and the further the chord is 
from the center, the nearer these two points are to each 
other, and to their mid-point. In the limiting position, the 
chord becomes a tangent, with the two intersection points 
and their mid-point coincident at the point of tangency. 
Therefore, the tangent at the end of a diameter is parallel to 
the conjugate diameter. This property, with that of Art. 152, 
suggests a method for constructing conjugate diameters: 
first draw a tangent at an extremity of a given diameter 
(Art. 147), then a line drawn parallel to this tangent through 
the center of the ellipse is the required conjugate diameter. 
(See Fig. 111. ) 

154. Given an extremity of a diameter, to find the extremity of its 
conjugate diameter. 

Let be an extremity of a given diameter (Fig. Ill), then 

P.,=(-.?V -//i) will be the other extremity. Let (./•/, y/) and 

= -y^') extremities of the conjugate diameter. Let the 

equation of the e be 



then the equath °f ■- the given diameter i.s 


(1) 
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and that of the conjugate 
to .tangent at is 


diameter P{Pi^ through the center and parallel 


“• 


62 


0 . 


(3) 



The coordinates of P{ and Pg', in terms of a, and 6, are given by 
equations (1) and (3), considered as simultaneous; hence, eliminating 
y between these equations, and remembering that the point is on the 
ellipse (1) and that therefore the abscissas of the 

points P/ and Pg' are given by the equation 

3 


i.e., x{ = - and = 2^1. 

Substituting these values in equation (3), gives for the corresponding 
ordinates, 

t ^ A , ^ 

= a.nd iJ2'=--Xy 


Therefore the required extremities of the conjugate diameter are 

155. Properties "of conjugate diameter^^f the ellipse. 

(a) It has been seeX^^(Art. 153) that liuiueters are 
conjugate when their, ^pes satisfy the re*^ m 
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It follows, since the product of their slopes is negative, 
that with the exception of the case where one diameter is 
the minor axis itself, conjugate diameters do not both lie in 
the same quadrant formed by the axes of the curve. 

(/3) From the definition (Art. 153) it is evident that the 
minor and major axes of the ellipse are a pair of conjugate 
diameters, and they are at right angles to each other. Per¬ 
pendicular lines, however, in general, fulfill the condition 


mm' = — 1; . . . (2) 

hence, in general, equation ( 2 ) is not consistent with equa¬ 
tion ( 1 ) for other values of m and m' than 0 and oo, — the 
slopes for the axes of the curves. But for z.e., for 

the circle, it is clear that every pair of conjugate diameters 
satisfy equation ( 2 ), and are therefore perpendicular to each 
other. Hence, the major and minor axes of the ellipse are 
the only pair of conjugate diameters that are perpendicular to 
each other. 

( 7 ) If, in Fig. Ill, the lengths of the conjugate semi-axes 
be a' = GPi-, l>’ = CPf then, since 




and 


«/i), 

^ 2^2 _ ^^252^ ^/2 _ ^ 2 ^ ^ 2 ^ 

^ - 19 ~T“ 9 ’ 


therefore 




4- a^y^ (Py^ -f b'^xf^ 


= a2 + ^2. , . . ^3^ 

i.e., the s%m of the squares of two conjugate semi-diameters is 
constant; it is equal to the sum of the squares of the two semi¬ 


axes. 
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(by Keferring again tn Fig. Ill, where ON is perpen- 
cTicnlar to the tangent at Pj, the conjugate diameters PyP^ 
and Pj'Pa' intersect at an angle such that 

= Z Pj (7Pi'= 1)0° + Z Pj (7iF; 

. sin = cos Z P^ON = 

But, hy Art. 64, since the equation of the tangent at 


Pj is 


0 'P= 


h^x-^x + «Viy= 

aW- ah 


but 

hence 


'Oh‘^x-^+c^y^ 

OP^ = a'. 


\ f;z 


h'^r ^ 

_ + -.Al 

B ..o 


ah 




( 4 ) 


• -1 

/ -I__ - 


,7/ 


and angle between two conjugate diameters is sm 

(e) Tangents at the extremities of a pair of conjugate 
diameters form a parallelogram circumscribed about the 
ellipse; its sides are parallel to, and cupuil in huigth to, 
the conjugate diameters. Since the area of a parahclogrinn 
is equal to the product of its adjacent sidchs {ind tli(‘ oF 
the included angle, therefore the area of this circiunscribed 
parallelogram is Aa'V sin-v/r, Avhicli, by (4), (uputls 4 ah. 

That is, the area of the parallelogram consfraofed upon, any 
two eo7ijugate diameters is constant; it is eqaal to the area of 
the rectangfe upon the axes. 

(f) A simple relation exists between tlu^ eccentric jingles 
of the extremities of two conjugate (lia,in( 4 ,ers. 

Let the eccentric angle of Pi= he (Fig. 112 ), 

and of ^ 2 = (ajg, yf). be 02 then tlie slojies of ilu^ coji jugate 
diameters may be written (cf. Art. 14()), 
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m 


m 


Xi a cos 

_y<i_ 'b sin 

a cos (j)2 


7yim z= — - 




sin sin (f>2 _ ^ • 
cos <pi cos (f>2 ^ 


[Art. 155 (a)] 



that is, sin <p2 sin cf>i + cos <^2 cos cj^i = 0 , 

whence cos (^2 — <j>i) = 

Therefore <^2 — </>i = 90 *^, 

and the eccentric angles of the extremities of Uvo conjugate 
diameters differ hy a right angle. 


156 . Equi-conjugate diameters. If two conjugate diameters be equal 
to each other, e.//., if CPj = CP^ (see Fig. 112), then the properties given 
in the preceding article lead to other simple ones. 

Let 1)6 the eccentric angle of Pj, then is the eccentric angle 

for P^; hence the coordinates of Pj and Pg cos b sin <^j) and 

(-a sin <^p h cos <^j), and since 

a'=6', 
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therefore cos^ sin^ sin^ cos^ 

i.e., tan^ = 

Hence = 45° or 135° 

for the extremities of equi-conjugate diameters, and the extremities are 

The equations of these diameters are 

i A h 

y = ~x, and y = - x. 

a a 

Evidently these lines are the diagonals of the rectangle formed on the 
axes of the curve. 

By Art. 155, (y), the length of each equi-conj agate semi-diameter is 

EXERCISES 

1. Find the diameter of the ellipse ^ + 2'" = i which bisects the 

lo 9 

chords parallel to the line 3 a: + 5 y-f 7 = 0 . 

2. Bind the diameter conjugate to that of exercise 1 . 

3 . Show that the lines 'ix-y = Q, r + 3y = 0 are conjugate diame- 

ters of the ellipse 2 a;^ + 3 — 4 . 

4 . For the ellipse W + a^yS = write the equations of diameters 
conjugate to the line 

(a) ax = hy, (/3) hx = ay, 

5 . Prove that the angle between two conjugate diameters is a 
maximum when they are equal. 

6 . Show that the pair of diameters drawn parallel to the chords join¬ 
ing the extremities of the axes are equal and conjugate. 

7 . What are the equations of the pair of equi-conjugate diameters 

of the ellipse 16 y^ + 9 = 144 ? 

8 . Two conjugate diameters of the ellipse ~ = 1 have the 

slopes I and - f, respectively; find their lengths. 

9. Given the ellipse a: 2 + 5 y 2 = 5 , find the eccentric angle for the 
point whose abscissa is 1 . Also find the diameter conjugate to the one 
passing through this point. 
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10. Given the ellipse 3 + 4 = 12 , find the conjugate diameters 

for the point whose eccentric angle is SO*-'. 

11 . Find the lengths of the diameters in exercise 10. 

12. The lengths of the chord joining the extremities of any two con¬ 
jugate diameters of the ellipse ~ -f = 1 is sin 2 

Find its greatest value. What is the corresponding value of <j) ? 

13 . The area of a triangle inscribed in an ellipse, if 
eccentric angles of the vertices, is 

\ ah [sin (<^2 - <^>3) + sin (<^>3 ~ + sin - ^2)]* 

14 . Given the point (~ 3 , “ 1 ) on the ellipse -f 3 = 12 ; find the 

corresponding point on the major auxiliary circle, and also find the 
eccentric angle of the given point. 

15 . Find the polar of the focus of an ellipse with reference to each 
auxiliary circle. 

16 . Find the pole of the directrix of the ellipse with reference to each 
auxiliary circle. 

17 . Prove analytically that tangents at the ends of any chord intersect 
on the diameter which bisects that chord. 

157 . Supplemental chords. The chords drawn from any point of 
an ellipse to the extremities of a diameter are called supplemental chords. 
Such chords are alw^ays parallel to a pair of conjugate diameters, since 
their slopes satisfy the relation 

, h^ 

mm =--• 

a- 


For if 3 / 1 ) and Po = (-.iV - y^) be the extremities of a 

diameter, and P' = (x', y') be any other point of the ellipse, and m and 
m' the slopes of the chords P'Pj and P'P^, respectively, 


then 


m 


y'-Vi 

-7-’ ~ -7—- 

x' — X + Xj’ 


therefore 


mm' = 


tlull. 

X'^ — 


But 




and 
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hence, by subtraction, 

IS) 

hence 

Therefore, supplemental chords are parallel to, a pair of conjugate 
diameters. 

For the special case when a = &, the product o£ tlic slopes becomes 
mm! = — 1, and therefore the supplemental chords arc perpendicular; in 
other words, the angle inscribed in a semicircle is a right angle. 


mm =-- 


158 . Equation of the ellipse referred to a pair of conjugate diameters. 
In the simplest form for the equation of the ellipse, viz., 


+ = 

_<) ' 1 . 0 . ‘ 




0 ) 


the coordinate axes are the axes of the curve. These axes are conjugate 
diameters, and they are the only pair which are at right angles to each 
other (cf. Art. 155, P). It is desired now to find the eqinition of the 
curve referred to any pair of conjugate diameters, as PJ\ a,nd in 

Fig. 111. With the notation of Art. 154, let 0 and 6 ' be the angles the 
new ar-axis, CPj, and the new y-axis, CP/, make with the old ar-axis, re¬ 
spectively; they satisfy the relation [64], 

tan 0 tan . . . . (o') 


The lengths of the conjugate semi-diameters are a' = CP, and 
h' = CP/. 

Then, by Art. 73, the equations for transformation to the new axes are 


a; = x' cos ^ -f 7 / cos S', y — x' sin S + y/ sin S', 
and after transformation equation (1) becomes 

/cos2^ sin2^\ ,, o/cos<9cos6>' , sin/9sin^'\ , . 


(COSTS' . sin^^'X « 


(») 


sin S sin S' _ 
cos S cos S' 


But, by(2), 


• ( 4 ) 


i 
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hence 


sin 6 sin 6' , cos ^ cos ^ _ a 

---+--- 0 , 


and equation (4) reduces to 
/cos 
\ a 




'cos^^' . sin^^ 


+ ■ 


52 


ly. 


1 . 


(5) 


From equation (5) it is seen that the curve is obliquely symmetrical 
with respect to the new axes. Moreover, since ± a' and ± b' are the 
intercepts on the new axes, equation (0) may be further simplified: 


for 

/cos^^ sin^e'i , 2^1 
\ / 


and 

/cOs2^' sin2^\,,2_^. 

\ b^ } 


hence 

cos2 0 sin2 ^ _ 1 cos2 § 1^2 Qt 

II 


and equation (5) may be written 


a'2 5/2 


= 1 . 


[65] 


This is the required equation of the ellipse when referred to any pair of 
conjugate diameters. It is evident that propositions which were derived 
for the standard form (1) without reference to the fact that the axes 
were rectangular, hold equally for equation [65] ; e.g., the equation of a 

XX V V 

tangent at the point (a-\, y^) of the curve is = 1. 

Equation [65] states a geometric property of the ellipse entirely 
analogous to that of Art. 112. It is left to the student to express this 
property in words. 

If the ellipse is referred to equi-conjugate diameters, so that a' = 5', 
its equation will be 

= a'2. . . . [66] 

This is the same form as the simplest equation of the circle, but here 
the axes are oblique, and the equation represents, not a circle, but an 
ellipse. 


159. Ellipse referred to conjugate diameters; second method. 


If the ellipse 



(1) 


is transformed to a pair of conjugate diameters, its equation after trans¬ 
formation (xVrt. 73) must be of the form 

Ax^- + 2Hxy^By‘^=:l, ... ( 2 ) 
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Bat, since each chord parallel to either axis is bisected by the other, 
therefore, if is a point on the curve, then + y{) must also 

be on the curve; 


Le., if + 2 Hx^y^ + By^^ = 1, 

then Ax{^ - 2 Hx^y^ + By^^ = 1, 

and, consequently, H = Q, 

Again, (u', 0) and (0, W) are points on the curve; 

hence Aa'-^ = 1, = 

4 — -L ^ — JL 


therefore, equation (2) becomes 


This method illustrates how analytic reasoning may often be used 
to shorten or perhaps obviate the algebraic reductions involved in a 
proof. With the similar methods of Arts. 39 and 40, it will suggest 
to the reader the power and interest of what are called the modern 
methods in analytic geometry. 


EXAMPLES ON CHAPTER X 

Find the foci, directrices, eccentricity of the ellipse 4 x- + 3 y- = 5. 

2 . Find the area of the ellipse 4x2 + = 5 

3. Show that the polar of a point on a diameter is parallel to the 
conjugate diameter. 

4 . Find the equations of the normals at the ends of the latus rectum, 
and prove that each passes through the end of a minor axis if + 0 -- 1. 

5 . Show that the four lines from the foci to two points l\ and 
on an ellipse all touch a circle whose center is the pole of 

6. Tangents are drawn from the point (3, 2) to the ellipse 

x2 + 4?/2=:4. 

Find the equation of the line joining (3, 2) to the middle point of the 
chord of contact. 

7 . Find the locus of the center of a circle which passes through the 
point (0, 3) and touches internally the circle + ?/2 ~ 05. 

8. Find the length of the major axis of an ellipse whose minor axis 
is 10, and whose area is equal to that of a circle whose radius is 8. 
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9. The minor axis of an ellipse is 6, and the sum of the focal radii 
for a certain point on the curve is 16; find its major axis, distance 
between foci, and area. 

10 . A line of fixed length moves so that its ends remain in the 
coordinate axes; find the locus generated by any point of the line. 

11 . Pind the locus of the middle points of chords of an ellipse drawn 
through the positive end of the minor axis. 

12 . With a given focus and directrix a series of ellipses are drawn; 
show that the locus of the extremities of their minor axes is a parabola. 

13. Show that the line x cos a -f y sin a = jo touches the ellipse 




if 


pS ~ ^2 (5 qs 2 a -f 52 ct. 

14. Find the locus of the foot of the perpendicular drawn from the 
center of the ellipse ^ -f ^ = 1 to a variable tangent. 

15. Prove, analytically, that if the normals to an ellipse pass through 
its center, the ellipse is a circle. 

16. Find the locus of the vertex of a triangle of base 2 a, and such 
that the product of the tangents of the angles at its base is — ■ 

17. The ratio of the subnormals for corresponding points on the 
ellipse and major auxiliary circle is — • 

18. Find the equation of the ellipse 9x^-\-25y‘^ = 225 when referred 
to its equi-conjligate diameters. 

19. Normals at corresponding points on the ellipse, and on the major 

auxiliary circle, meet on the circle x'^ = (a by. 

20 . Two tangents to an ellipse are perpendicular to each other; find 
the locus of the middle point of their chord of contact. 

21 . Tf is a point on the director circle, the product of the distances 
of the center and the pole, respectively, from its polar with respect to 
the ellipse is constant. 

The tangents drawn from the point P to an ellipse make angles 
and Oo with the major axis; find the locus of P 

22 . when 0^ + — ^ a., a constant. 

23. when tan Oj + tan = c, a constant. 
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Find the locus of the intersection P of two tangents 

24. if the sum of the eccentric angles of their points of contact is a 
constant, equal to 2 a.. 

25. if the difference of the eccentric angles be 120°. 

26. Find the locus of the middle points of chords of an ellipse which 
pass through a given point Qi, k), 

27. Find the tangents common to the ellipse ^ ^ 

circle + 



CHAPTER XI 

The Hyperbola, ^-^=1 

160. Review. The definition of the hyperbola given in 
Chapter VIII led at once to two standard forms for its equa¬ 
tion, viz. (cf. Arts. 116, 118): 

when the axes of the curve are coincident Avith the coordi¬ 
nate axes; and 

{x - Kf (jy -Tif 
62 

when the axes of the cuiwe are parallel to the coordinate 

axes, and its center is the point (A, A:). 

A brief discussion of the first standard form — 4- = 1 

¥ 

showed that the curve has its eccentricity gwen by the rela- 

tion 62 = a2(e2-l), z.e., by @2 = 2:^^; its foci are the 

“ a 

tAA^o points {±ae^ 0), and its directrices the lines a:=±- 

(Art. 116). These results are entirely analogous to the 
corres})()ii(liiig ones for the ellipse, if it be remembered that 
1 _ positive -for the ellipse, while c- — 1 is positive for 
the lijqierbola. 

The similarity of the equations of the hyperbola and the 
ellipse leads to various correspondences in the analytic prop¬ 
erties of the curves. For example, tlie equation 

^ - &A = 1 
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represents the polar of the point y{) with respect to the 
hyperbola ; it represents the chord of contact if the point is 
outside the hyperbola, and the tangent if the point is upon 
the curve (Arts. 126, 122). Again, by the method shown 
in Art. 143, merely replacing by — it is evident that 

y —mx±'\/ — 5^ . . . [67] 

is the equation of a tangent to the hyperbola in terms of its 
slope m. The student will be able in like manner to prove 
other properties of the hyperbola, analogous to those already 
shown for the ellipse, using the same methods of derivation. 

It was shown, however, in the discussion of Chapter VIII, 
as also in Art. 48, that the nature of the hyperbola appar¬ 
ently differs widely from that of the ellipse, consisting, as 
it does, of two open infinite branches instead of one closed 
oval. It is desired in the present chapter to show some of 
the most important properties of the hyperbola which corre¬ 
spond to similar properties in the ellipse ; and also to prove 
some special properties which are peculiar to the hyperbola. 
For the most part, these will be derived for the hyperbola 

— — ^ = 1; and the facts summarized above will be assumed. 
¥ 


161. The difference between the focal distances of any point 
on an hyperbola is constant; it is equal to the transverse axis. 

The hyperbola — 4- = 1 has its foci at the points 

aA 

F^ = (— ae^ 0), = (ae^ 0), with ¥ = — a^. 

Let be any given point on the curve, so that 


2 


2 
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Then = (x^ + aey + = x^ + ^ aex^ + + y^ 

= + 2 aexi 4- - - ih ^ — 52 

= + 2 

= + 2 <2^rC]^ + 

U., ^ P^P^ = + < 35 . . . . (1) 

Similarly, ^JPi = • . . (2) 

These expressions for the focal distances of a point on the 
hyperbola are of the same form as those for the ellipse 
(Art. 144); here, liowever,’e >1. 

Subtracting equation (2) from equation (1) gives 

P^P^-F^P^ = 2a; 

hence, the difference between the focal distances of any point 
on an hyperbola is consta^it; it is equal to the transverse axis. 

If the foci are not given, they may be constructed as 
follows, provided the semi-axes of the curve are known : plot 
the points A=(a, 0) and ^ = (0, S); then with the center 
of tlie hyperbola as center, and the distance A£ as radius, 
describe a circle ; it will cut the transverse axis in the 
required foci F^ and F^, for 

OF= AB = VA2 = ± ae. 

162. Construction of the hyperbola. The property of the 
preceding article might he taken as a new definition of tlie 
hyperbola, viz.: the hyperbola is the locus of a point the dif¬ 
ference of ivhose distances from tivo fixed points is constant. 
Tills definition leads at once to the equation of the curve 
(cf. Ex. 6, p. 67), and also to a method for its construc¬ 
tion. 
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(a) Construction hy separate points. Let A'A be the given 

difference of the focal distances, — i.e., the transvci’so axis 

of the hyperbola, — and and F 2 the given fixed points, 

tlie foci. Witli eitlier 
'^P 

focus, say Fi, as a center, 
and a radius A^li >A^A^ 
describe an arc; tlien 
witli the otlier focus as 


-A 


R 




Fig. 113. 


'P 


SO 


a center, and a radius 
AB describe an arc cutting the first arcs in the two points 
Pi. These are points of the hyperbola. Similarly, as many 
points as desired may be obtained and then coimected by a 
smooth curve,—approximately an liyperbola. 

(/9) Construction by a continuously moiring point; the foci 
being given. Pivot a straight edge LM at one focus F 
that FfA is greater than the trans¬ 
verse axis 2 ; at JH and the other 
focus Pg fasten the ends of a string 
of length Z, such that F-^M= Z + 2 a ; 
then a pencil P held against the ^ 
string and straight edge (see Fig. 

114), so as to keep the string always ta,ut, will, while 
straight edge revolves about Pp trace one hranc.li ol' the 
hyperbola. By fastening the string at the llrsl, r()(uis and 
the straight edge at the second, the other brjuuth oF the eurv(‘ 
can be traced. 



Fig. 114. 


le 


163. The tangent and normal bisect internally and exter¬ 
nally the angles between the focal radii of the point of contact. 

Let Pi and P 2 be the foci of the hy[)(U‘h()bi = 

PiT the tangenb and PiiV^ the normal at the point 
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Then the equation of PiT is ^ = 1, and the length of 

a" 0"' 

the intercept OT of the tangent is 

Xi 



Now, in the triangle FiPiF 2 ^ 

FiT= FyO + OT=ae+- 

Zy 

= —(exy + a). 

_Zy 

and TF. = OF, - 0T= ae-- 

Xy 

= ^(exy — a); 

^1 

but PiPi = + a, [Art. 161] 

and PiPo = 

H ence PiT: TP. = F,P, :P,F,. 

and, by plane geometry, the tangent bisects internally the 
angle between the focal radii. Then, since the normal is 
perpendicular to the tangent, the normal PiiV bisects the 
external angle F 2 P 1 W- These facts suggest a method, anal- 
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ogous to that of Art. 148, for constructing the tangent and 
normal to an hyperbola at a given point. 


164. Conjugate hyperbolas. A curve bearing very close 
relations to the hyperbola 


*2 


( 1 ) 





Y 

s V' 

1 ? / 

( 1^2 X 

fJa 

A' ''''s. 



/' 


y 

A 

/ 

\B' 





% 


Fig. 116. 


in whicli a and h have the same values as in equation (1). 
This curve is evidently an hyperbola, and has for its trans¬ 
verse and conjugate axes, respectively, the conjugate and 
transverse axes of the original, or primary hyperbola. Two 
such hyperbolas are called conjugate hyperbolas ; they are 
sometimes spoken of as the x- and y-hyperbolas, respectively. 
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It follows at once that the hyperbola (2), conjugate to 
the hyperbola (1), has for its eccentricity 

e =—y—, 

for foci the points (0, ± Sa'), and for directrices the lines 


Two conjugate hyperbolas have a common center, and 
their foci are all at the common distance + 6^ from this 
center; i.e,, the foci all lie on a circle about the center, 
having for radius the semi-diagonal OS of the rectangle 
upon their common axes, and whose sides are tangent to the 
curves at their vertices. Moreover, when the curves are 
constructed it will be found that they do not intersect, but 
are separated by the extended diagonals OS and OK of this 
circumscribed rectangle, which they approach from opposite 
sides. These diagonals are examples of a class of lines of 
great interest in analytic theory, called asymptotes (cf. Art. 
37, (e)). 


EXERCISES 

1 . Construct an hyperbola, given the distance between its foci as 
3 cm. 

2 o Construct an hyperbola, given the distance from directrix to focus 
as 2 cm. 

3. Write the equation of an hyperbola conjugate to the hyperbola 

^ — 10 = 144, and find its axes, foci, and latus rectum. Sketch the 

figure. 

4. Write the equations of the tangent and normal to the hyperbola 
16 a-- — 9y- = 112 at the point (4, 4), and find the subtangent and sub¬ 
normal. 

5 . Write the equations of the polars of the point (3, 4) wuth respect 
to the hyperbola — lOy^ = 144 and its conjugate, respectively. 
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6 . For what points of an hyperbola are the subtangent and sub¬ 
normal equal? 

7 . Given the hyperbola 9 y 2 _ = 36, find the focal radii of the 

point whose ordinate is (~ 1 ), and abscissa iDositive. 

8 . A tangent which is parallel to the line 5 a- - 4 y + 7 = 0, is drawn 
to the hyperbola - 'f— 9; what is the subnormal for the point of con¬ 
tact? 

^.2 ^fL 

9. What tangent to the hyperbola 1 ^/-intercept 2? 

10 . Find, by equation [67], the two tangents to the hyperbola 
4 a ;2 _ 0^2 _ 0 which are drawn through the j^oint (3, 5). 

11 . Find the polars of the vertices of an hyperbola with respect to its 
conjugate hyperbola. 

12. Prove that if the crack of a rifle and the thud of the ball on the 
target are heard at the same instant, the locus of the hearer is an 
hyperbola. 

13. An ellipse and hyperbola have the same axes. Show that the 
polar of any point on either curve is a tangent to the other. 

14. Find the equation of an hyperbola whose vertex bisects the dis¬ 
tance from the focus to the center. 

15. If e and e' are the eccentricities of an hyperbola and its conjugate, 
then 

g 2 ^ g /2 _ 

16. If e and e' are the eccentricities of two conjugate hyperbolas, 
then 

ae — he', 

17. Find the eccentricity and latus rectum of the hyperbola 

= 4 (-x- + a-). 

18. Find the tangents to the hyperbola 9 - 16 ~ 111 , which, 

with the tangent at the vertex, form a circumscribed (‘quihitcral tria,ngl(‘. 
Find the area of the triangle. 

19. Find the lengths of the tangent, normal, snl)l,angent, and sub¬ 
normal for the point (3, 2) of the hyperbola - 2 y^ = 1. 

t 

165. Asymptotes. If a tangent to an iniinito branch of a 
curve approaches more and more closely to a fixed straiglit 
line as a limiting position, when the ])oint of contact moves 
further and further away on the curve ami becomes infinitely 
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.distant, then the fixed line is called an asymptote of the 
curve.More briefly, though less accurately, this defini¬ 
tion may be stated as follows: 
an asymptote to a curve is a 
tangent whose point of contact 
is at infinity, but which is not 
itself entirely at infinity. It is 
evident that to have an asymp¬ 
tote a curve must have an infi¬ 
nite branch; and this branch 
may be considered as having 
two coincident, and infinitely 

distant, points of intersection with its asjmiptote. This 
property will aid in obtaining the equation of the asymptote. 

The hyperbola • • • (1) 

ar 6“ 

is cut by the line y = mx -f (?, . . . (2) 

in two points whose abscissas are given by the equation 

(^arm^—lr)x^ -h 2 a^cmx + aW -f a'V = 0. . . (3) 

If line (2) is an asymptote, the two roots of equation (3) 
must both become infinite ; therefore, by Art. 10, 

ahw — = 0 and 2 arcm = 0, . . . (4) 

hence e == 0 and m = ± -. 

a 

Substituting these values in equation (2), gives 

I , h ... 

y = - 2 % and . . . (o) 

This definition implies that the distance between a curve and its 
asymptote becomes infinitely small. McMahon & Snyder, Differential Cal¬ 
culus, Chap. XIV. 

TAN. AN. GEOM. — 18 
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and these equations represent the asymptotes of the hyper¬ 
bola ; they are the lines OS and OK in Fig. 117. Therefore, 
the hyperlola has two asymptotes^ which pass through its center; 
they are the diagonals of the rectangle described upon its axes. 


Since the equation of the hyperbola conjugate to (1) 

= _ 1 

62 ’ • • • 


is 

( 6 ) 


and thus differs from equation (1) only in the sign of the 
second member, which affects only the constant term in 
equation (3), therefore the equations (4) determine the 
value of m and c for the asymptotes of the conjugate hyper¬ 
bola also. It follows that conjugate hyperbolas have the same 
asymptotes. 


A second derivation of the equation of the asymptotes of an hyper¬ 
bola (1) is as follows: 

The equation of the tangent to (1) at the point is 

^2 ■ 7,2 - 


(7) 

. ( 8 ) 
(. 0 ) 

. 

which is only another form of the equation of the tangent represented 
by equations (7) or (8). If now the point of contact y,) moves 
further and further away, so that = co, then the limiting position of 

the line (10) is represented by ~ ahj ^ - ^ = ± ahy. 

Hence the equations of the asymptotes are : ^ ± (cf. Art. 156) 


CL^ 5 ^ 

which may be written in the form 

h^x = a^y Ak -j-- 

Since is on the curve (1), ^ ^ 

therefore — 

Substituting this value of h in equation (8), it becomes 


Vx = 
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The equations of the asymptotes may be combined, by 
Art. 40, into the one equation which represents both lines, 


viz.: 






[ 68 ] 


166. Relation between conjugate hyperbolas and their 
asymptotes. It has been seen that the standard forms for 
the equations of the primary hyperbola, its asymptotes, and 
its conjugate hyperbola are, respectively, 




( 1 ) 


^ /_o 


( 2 ) 




(3) 


It will be noticed at once that these three equations differ 
only in their constant terms; and that the equation of the 
primary hyperbola (1) differs from that of the asymptotes 
(2) by the negative of the constant b}^ which the equation 
of the conjugate hyperbola (3) differs from equation (2). 
Moreover, this relation between the equations of the three 
loci must hold when not in their standard forms, what¬ 
ever the coordinate axes. Foi’, any transformation of coor¬ 
dinates will affect only the first member of equations (1), 
(2), and (3), and will affect these in precisely the same way. 
After tlie transformation, therefore, the equations of the loci 
will differ only l)y a constant (not. however, usually by 1); 
and the value of the constant in the equation of the 
asymptotes will be midway between the values of the con¬ 
stants in the equations of the two hyperbolas. 
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Example 1. An hyperbola having the lines 
(1) a; + 2y + 3 = 0 and (2) 3a? + 4^ + 5 = 0 
for asymptotes, will have an equation of the form 

(a; + 2y + 3)(3a: + 4y + 5) + /c = 0, . . ( 3 ) 

while the equation of its conjugate hyperbola will be 

(a: + 2 y + 3)(3 a; + 4 y + 5) — 7c z= 0. . . ( 4 ) 

If a second condition is imposed upon tluj liyperbola, 
e.g., that it shall pass through the point (1, “1), then the 
value of k may be easily found thus: since tlie curve passes 
' through the point (1, "1), therefore by equation (3), 

(l-2 + 3)(3-4 + 5) + /c = 0; yfc = -8, 
and the equation of the hyperbola is 

(a; + 2y + 3)(3a; + 4y + 5) - 8 = 0, 
that is, 3a)2 + 10a:y + 8y2 + 14a;4.22y + 7 = 0; . (5) 

and the equation of the conjugate hyperbola is 

3a;2 ^ ^ 3 ^2 44^ ^ 22y + 23 = 0. 

Example 2. The equation of the asymptotes of the 
hyperbola 

3a?-14a:y-5y2 + 7a;+13y-8==0 ... ( 1 ) 

differs from equation (1) by a constant only, hence it is of 
the form 

3a:2-14a:y-5y2+7a: + 18y + /r = 0 . . . ( 2 ) 

Now equation (2) represents a pair of sl.raiglit lines, tliere- 
fore its first member can be factored, and, by Art. (17, [17] 

-15 7; - _ lox ^ _2|.n _ 4<(/(. = q ; 

647: = — 384, whence k = — 6. 

Therefore the equation of the asymptotes is 

^3?-Uzg- 5y2 + 7.a: + 13 y - (1 = 0, 
i.e., (3a; + y—,-2)(a:—5y4-3)=0; 
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and the equation of the conjugate hyperbola is 

3 — 14 ajy — 5 + 7 a; + 13 2/ •“ 4 = 0. 

167. Equilateral or rectangular hyperbola. If the axes of 
an hyperbola are equal, so that a = b, its equation has the 
iorm . . . ( 1 ) 

and its eccentricity e = V2. Its conjugate hyperbola has 
the equation ... (2) 

■with, the same eccentricity and the same shape; ■while its 
asymptotes ha^ve the equations 

£B = ± y, . . . (3) 

and are therefore the bisectors of the angles formed by the 
axes of the curves; hence the asymptotes of these hyper¬ 
bolas are perpendicular to each other. The hyperbola whose 
axes are equal is therefore called an equilateral, or a rec¬ 
tangular hyperbola, according as it is thought of as having 
equal axes or asymptotes at right angles. 

EXERCISE 

1. Find the asymptotes of the hyperbola 9 — 16 = 25, and the 

angle between them. 

2. What are the poles of the asymptotes of the hyperbola 

9 X- — 16 y- = 25 

with reference to the curve ? 

3. If the vertex lies two thirds of the distance from the center to 
the focus, find the equations of the hyperbola, and of its asymptotes. 

4 . If a line j/ = mx + c meets the hyperbola = 1 in one 

finite and one infinitely distant point, the line is parallel to an asymptote. 

5. Show that, in an equilateral h^qberbola. the distance of a point 
from the center is a mean proportional between its focal distances. 

6. Find the equation of the hyperbola pas.sing through the point 
(0, 7), and having for asymptotes the lines 

2x — y — 1, and 3 j: -|- 3^ == 5 (ef. Art. 166), 
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7. Write the equation of the liyperbola conjugate to that of Ex. 6. 

8 . Find the equations of the asymptotes of the liyperbola 

^ xy - 2x = y + i)-, 

also find the equation of the conjugate hyjjerbola. 

9. Find the equation of the asymptotes of the hyperbola 

3 + 31 xy + 11 _j_ 21 y ~ 

10 . Find the equation of the hyperbola conjugate to 

9 x'^ — IGy-^ + 30 X + 100 y = 508. 

11. Prove that a perpendicular from the focus to an asymptote of an 
hyperbola is equal to the semi-conjugate axis. 

12. The asymptotes meet the directrices of tlie 2-liyperbola on the 
ar-auxihary circle, and of the conjugate hyperbola on the y-auxiliary circle. 

13. The chcle described about a focus, with a radius equal to half the 
conjugate axis, will pass through the intersections of the asymntotes 
and a directrix. 

14. The line from the center C to the focus F of an hyperbola is the 
diameter of a circle that cuts an asymptote at 7"; show that the chords 

CP and FP are equal, respectively, to the semi-transverse and semi- 
conjugate axes. 


168. The hyperbola referred to its asymptotes. If the 

asymptotes of an hyperbola are eliosen as tlie coordinate 
axes, their equations will be * = 0 and y = 0, respectively; 
or, combined in one equation, 

= . . . ( 1 )' 

By the reasoning of Art. 166, it follows tliat tlie equation 
0 the hyperbola, — which differs from that of its asymptotes 
by a constant, — is 

. . . ( 2 ) 
wherein the value of the constant k is to be determined by 
an additional assigned condition concerning tlie curve ; e.g., ^ 

that it shall pass through a given point. ^ 
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Tlie value of this constant, in terms of a and 5, can in 
general be found most easily by making the proper trans¬ 
formation of coordinates upon the equation of the hyperbola 


d? 62 ■ 


(3) 



The new a;-axis makes the angle 6, the new ^-axis the 
angle 6\ with the old a^-axis, such that 

tan0 = — tan 6' = -■ 
a a 


Hence sin 0 = — sin 6^ = 


and 


cos 0 = + cos 6^ = 


V cfi + 

therefore the formulas [24] for transformation, 

X = cos 9 -\- y’ cos 9\ y = sin 9 y' sin 9\ 
become in this case 




Or' 4- /), y = 


V-h 


Gr'~/). . (4) 
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Applying this transformation, equation (3) becomes 
x'^ + 2 x 'y’ + y'^ x'^ — 2 xhf + y'^ ^ 

a^ + h^ a^ + 1^ '— - 1 ; 


a2 + 52 


that is, dropping the accents, 

xy = ^LL^, . . . |- 69 ^ 

which is the desired equation of the hyperbola when referred 
to its asymptotes as coordinate axes. 

The equation of the conjugate hyperbola is then 


xy 




(5) 


Remembering the relation a\e^ - 1), it will be seen 
that the value of the constant term in equation (2) may be 
written 

^ _ gV o 

4 4 ~ 

so that e is half the distance of the focus from the center of 
the curve. Again, the coordinates of the foci, x = ± ae, y = 0, 
become after the transformation (4), 


J- J2 


( 6 ) 


and the equations of the directrices, x = ±-, l)ecome 

e 

a; + y=±a. . . _ 

169. The tangent to the hyperbola xi/ = c^. Tlio cciuation 
oi the tangent to the hyperbola 

= . . . (- 1 ^ 
any given point (xi, y{)^ may be easily derived by the 
secant method (cf. Arts. 84, 122). Let P. ^ y,) and 

•^2—(« 2 ' 2 ^ 2 ) be two points on the curve; then 


(2) and x^^ = 


(3) 
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The equation of the line through P-^ and P^ is 

wherein ~ - ^ 1 must have a value determined by equations 
^2 — ^1 

( 2 ) and (3), hence 

^ 

x-^ ^2 _ 

The equation of the secant line Px^% therefore 

y~y^^ ~ 

If now the point P 3 becomes coincident with equation 
(4) becomes 

y-y\ = 

^1 

which may be reduced by equation ( 2 ) to 

*+1 = 2 , . . . [70] 

y\ 

or to y^x + x^y = 2 

which is the required equation of the tangent at the point 
P^~( 2 q, of the curve. 

170. Geometric properties of the hyperbola. Equation [60] 
states the following intrinsic property for the hyperbola, 
P^ = (rj, being any point on the curve (Fig. 110). 

4 ilJPi • LP^ = OF" ; 

that is, fo 7 ' every point of the hyperbola, four times the product 
of its distances from the asymptotes, measured, parallel to the 
asymptotes respectively, is equal to the square of the distance 
from the center to the focus; and is therefore constant. 
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Again, 29 being the angle between the asymptotes, equa¬ 
tion [69] may be written 


xy sin 2 9 




9 


• ( 1 ) 



Fig. 119. 

Now a;ysin2^ is the area of the parallelogram OMP^L, 
constructed upon the coordinates of the point Pj of the 
hyperbola; and since the coordinates of the vertex A are 

x = y = - —, the second member of equation (1) is the 

area of the rhombus ORAS, constructed upon tlie co^irdimites 
of the vertex. Therefore, the area of the parallelogram 
formed by the asymptotes and lines parallel to them draivn 
from any point of an hyperbola, is constant; it is e(pial to 
the rhombus similarly drawn from the vertex of the curve. 
The equation of the tangent to the liypei'bola 

xy = c\ . . . (2) 

at the point P, is ~ H- -^ = 2. f 3) 

^1 ^1 

The a;-intercept of this tangent is OT = 2 xp, hence if OT^ 
be the y-intercept, and M the foot of the ordinate of Pj, 
then from the similar triangles MTP^ and OTT^, 

TP^'.TT’ = MT: 0T=x^:2x^ = 1 : 2. 
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Hence, the segment of any tangent to an hyperhola lehveeyi 
the asymptotes is bisected hy the point of eoyitacL 

The tangent (8) has the intercepts on the oj-axis and ^-axis, 
respectively, 

OT'==2y^. 

Then OT • OT^ = 4:x-^y-^. . . . (4) 

But since (x-^^ is a point of the hyperbola 
4 x^y-^ = 

hence OT^ OT =a^ + . . . (5) 

i.e., the rectangle formed hy the intercepts which any tangent 
to the hypyerbola maJces upon the asynptotes is constant; it is 
equal to the sum of the squares upon the semi-axes. 

Moreover, equation (5) may be written 

OT- OT' '^-^ sin 2 6 ; ... (6) 

J) Jti 


but sin 2 0 = 2 sin ^ cos ^ = 2 


2 ab 




nnn. n'Vf 

hence (G) bcoines - - -sin 2 ^ = a6 ; .... (4) 

that is, the triangle formed by any tangent to an hyperbola 
and its asymptotes is constant; it is equal to the rectangle 
upon the semi-axes. 


EXERCISES 


1 . Find the equation of the hyperhola 9.r‘- — 10y- = 25 when referred 
to its asymptotes as axes. 

2 . Find the semi-axes, eccentricity, and the vertices, of the hyperbola 
xy = 4, the angle between the axe.s (a.sym])t(>tes) being 90^. 

3. Find the senii-axe.s, eccentricity, vertices, and the foci, of the hyper¬ 
bola xy = —12, the angle between the axes being 00^. 

4 . Prove that the segments of any line which are intercepted between 
an hyperbola and its asymptotes ai*e equal. 



284 


AWAIYTIG OEOMKTRT 


[Cit. XL 


5. Express the angle between the asymptotes of an hyperbola in terms 
of e ; i.e., in terms of the eccentricity of the hyperbola. 

6. The segment of a tangent to an hyperbola intercepted by the 
conjugate hyperbola is bisected at the point of contact. 

7. Show that the pole of any tangent to the rectangular hyi>erbola 

xy = c2 with respect to the circle + = lies on a concentric and 

similarly placed rectangular hyperbola. 

8 . Prove that the asymptotes of the hyperbola xy = hx + kv are 

x = and y =zh. ‘ ‘ 


Derive the equation o£ the tangent to the curve xy = hx + k?/ 
point P = (a:p yj on the curve 


171 . Diameters. A diameter lias already been defined 
(Art. 129) as the locus of the middle poiiits of a system of 
parallel chords, and in Art. 152 the equation was derived 
for a diameter of an ellipse. By the same method, if a sys¬ 
tem of parallel chords of the hyperbola 

a2 '52 ~ 

have the common slope m, the equation of the corresponding 
diameter will be found to be 


■ ■ ■ pi] 

Tins equation shows that every diameter of the htmerlmla 

puss€s tJiTougli the centev. 

Conversely, it is true, as in the case of tlie ellipse, tliat 
every chord of the hyperbola through tlie center is a diamc- 
ei. hat chord of the original set wl.ich pus.ses tlirougli 
tiolTs diameter conjugate to [71]; and its eqna- 


y^mx. 


[72] 
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Letting m' be the slope of a diameter, and m that of its 
conjugate, the essential condition that two diameters should 
be conjugate to each other is that (cf. Art. 153) 


mm' 



[73] 


172. Properties of conjugate diameters of the hyperbola, 
(a) It is clear that the condition 


mm' — 


52 


[73] 


holds also for the hyperbola 




+ 


t. 

P 


= 1 , 


which is conjugate to the given hyperbola; for, replacing 
by — and — P by P leaves equation [73] unchanged. 
Hence, diameters ivhich are conjugate to each other for a given 
hyperbola are conjugates also for the conjugate of that hyper¬ 
bola. 

(/3) The axes of the hyperbola are clearly diameters of 
the curve. They are perpendicular to each other, and 
therefore satisfy the relation 

= — 1 . 

Comparing this condition with that of equation [73], it 
follows that the ti'ansverse cxnd eonjugate axes of the hyper¬ 
bola are the only pair of perpendicular conjugate diameters 
(cf. (/3) p. 255). 

If a = 5, the condition [73] reduces to 
mnf = 1 ; 

therefore (Art. 1(1), in the rectangular liyperhola the sum 
of the angles which a pair of conjugate (liameters make 
with the transverse axis is 90° (cf. Art. 156). 
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( 7 ) Siuce ill equation [73] the product mm^ is positive, 
it follows that the angles which conjugate diameters make 
with the transverse axis are both acute, or both obtuse. 
Moreover, 

if < ± -, then w! > x 
a a 

and the diameters lie on opposite sides of an asymptote. 
Tivo con{)ugate diameters lie in the same quadrant formed hy 
the axes of the hyperbola^ on opposite sides of the asymptote 
(cf. Art. 155 (a)). 

(S) An asymptote passes through tlie center of an hyper¬ 
bola, hence may be regarded as a diameter. Its slope is 

m = ± -, m' = ±-; 

a a 

hence, an asymptote regarded as a diameter is its own conju¬ 
gate ; it may be called a self-conjugate diameter. 

This is a limiting case of ( 7 ) above. 

(e) It follows from this last fact that if a diameter inter¬ 
sects a given hyperbola, then the conjugate diameter does 
not intersect it, but cuts the conjugate hyperbola. It is 
customary and useful to deline as the extremities of the 
conjugate diameter its points of intersection with the conju¬ 
gate hyperbola. With this limitation, it follows from (a) 
of this article, that, as in the ellijise, each of tivo conjtigate 
diameters bisects the chords p>arnllel to the other. 

(^) As a limiting case of tliis last pro[)()sition, also, it is 
evident that the tangent at the end of a diameter is parallel 
to the conjugate diameter. 

By reasoning entirely analogous to tliat given in Art. 155, 
for the ellipse, properties similar to those tliere given may 
be derived for the hyperbola. They are included in the 
following exercises, to be worked out by the student. 
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EXERCISES 

1 . Find the equation of the diameter of the hyperbola 

9 — 16 = 25 

which bisects the chords y = Zx A h. 

Find also the conjugate diameter. 

2. Find, for the hyperbola of Ex. 1, a diameter through the point 
(1, 1), and its conjugate. 

3. Find the diameter of the hyperbola jg "■ ^ which is con¬ 

jugate to the diameter x — oy = 0. 

4. Find the equation of a chord of the h 3 "perbola 12 — 9 108^ 

w^hich is bisected at the point (4, 2). 

5. Lines from an}^ point of an equilateral hyperbola to the extremi¬ 
ties of a diameter make equal angles with the as^nnptotes. 

6. Show that, in an equilateral hyperbola, conjugate diameters make 
equal angles with the as^unptotes. 

7. The difference of the squares of two conjugate semi-diameters is 
constant; it is equal to the difference of the squares of the semi-axes. 

8 . The angle between two conjugate diameters is sin“i-^. 

9. The polar of one end of a diameter of an hyperbola, with reference 
to the conjugate hyperbola, is the tangent at the other end of the 
given diameter. 

10. Tangents at the ends of a pair of conjugate diameters intersect 
on an asymptote. 

173. Supplemental chords. As previously defined, chords of a curve 
are supplemental when drawn from any point of the curve to the ex¬ 
tremities of a diameter. If, in the analytic work of Art. 157, is 
replaced ])y tlien, if m and ///' are the slopes of two supplemental 
chords of the hyperbola, the}" must satisfy the relation 

. . . ( 1 ) 

(r 

But this is (see Eq. [73]) the condition that exists between the 
slopes of two conjugate <liani(‘ters. Therefore, supplemental chords are 
parallel to a pair of con jayate dianu'ters. 

For tlie equilateral hyperbola, i.e., when a = h, this relation has the 
special value ymi’ =1, . . . (2) 
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and, therefore, the sum of the acute angles which a pair of supplementary 
chords of the equilateral hyperbola make with its transverse axis is 90° 
(cf. Art. m (13)). 

174. Equations representing an hyperbola, but involving only one 
variable. 

(a) Eccentric angle. In the theory of the hyperbola, the auxiliary 
circles described upon the axes of the curve as diameters are not as 
useful as the corresponding circles for the ellipse, since the ordinate for 
a point on the hyperbola does not cut the a;-auxiliary circle, and, there¬ 
fore, there is no simple construction for the eccentric angle. It is, how¬ 
ever, sometimes desirable to express by means of a single variable the 
condition that a point shall be on an hyperbola; and for this purpose 
the equations 

X =: a sec <j>, y = h tan <^, . . . [74] 

similar to equations [60], may be used; for these evidently satisfy the 
equation of the hyperbola . 

x^ _ 1 

since sec^ <l> — tan^ <^ = 1. 

The angle <#> may be defined as the eccentric angle for the hyperbola, 
and the corresponding point of the curve may be constructed as follows: 



Eig. 120. 


Draw the auxiliary circles, and any Z A OQ = At the points R and Q, 
where the terminal side of cji cuts the circles, draw tangents cutting the 
transverse axis in the points M' and AT, respectively. Erect at M an 
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ordinate MP equal to RM'-, its extremity P is a point of the hyperbola. 
For, in the right triangle OMQ^ 

OM cos <j> =OQi i.e,f OM = a seocj>; 
and, in the right triangle OM'R, 

M'R = OR tan (j>, Le., M'R = h tan <^. 

But for the point P, 

a; =ai/, y = MP = M'R\ 
hence x = a sec (p, y = b tan cj>, 

and P is a point on the hyperbola.* 

The eccentric angle for any given point, P, of an hyperbola is easily 
obtained. Draw the ordinate il/P, and from its foot, d/, draw a tangent 
MQ to the .r-auxiliary circle; then the angle MOQ is the eccentrfc angle 
corresponding to P. 

(^) The equation of the hyperbola referred to its asymptotes, viz. 
xy = c% is satisfied by the coordinates x = ct, U = whatever the values 

of t The use of this single independent variable t is sometimes convenient 
in dealing with points on the hyperbola.* 

EXAMPLES ON CHAPTER XI 

1. Write the equation of an h 3 q)erbola whose transverse axis is 8, 
and the conjugate axis one half the distance between the foci. 

2. Find the equation of that diameter of the hyperbola 16 9 y-=144: 

which passes through tlie point (5, -V-); also find the coordinates of the 
extremities of the conjugate diameter. 

3. Assume the equation of the hyperbola, and show that the difference 
of the focal distances is constant. 

4. Find the locus of the vertex of a triangle of given base 2 c, if the 
difference of the two other sides is a constant, and equal to 2 a. 

5. Find tlie locus of the vertex of a triangle of given base, if the 
difference of the tangents of the base angles is constant. 

6. Find an expression for the angle between any pair of conjugate 
diameters of an hyperbola. 

7. Show’ that two concentric rectangular hyperbolas, whose axes 
meet at an angle of 45^ cut each other orthogonally. 


* The forms of this article are useful in the differential calculus. 
T.4N. AN. OEOM. — 19 
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a The portions of any chord of an hyperbola intercepted between 
the curve aud its conjugate are equal. 

Suggestion. Draw a tangent parallel to the line in question. 

9. The coordinates of a point are a tan {0 + a) and &tan Qd B)' 
prove that the locus of the point, as 6 varies, is an hyperbola. 

10 . Prove that the asymptotes of the. hyperbola = 3 a; + 5 y are 
X = 5 and ^ = 3. 

^ 11. If the coordinate axes are inclined at an angle w, find the equa¬ 
tion of an hyperbola whose asymptotes are the lines a; = 2 and ~ 3, 
respectively, and which passes through the point (2, 1). ’ 

12 . Find the coordinates of the points of contact of the common 
tangenfs to the hyperbolas, 

a ;2 __ 2/2 = 3 and xy = 2 

13. If'a right-angled triangle be inscribed in a rectangular hyperbola, 
prove that the tangent at the right angle is perpendicular to the 
hypothenuse. 

14. Show that the line ?/ = ynx -f- 2 /rV — m always touches the hyper¬ 
bola xy = F; and that its point of contact is f 

15. Find the point of the hyperbola xy = 12 for which the subtangent 
is 4. Find the subnormal for the same point. 

16. Find the polar of the point (5, 3) on the hyperbola x^ — 2y‘^ — 7, 
with respect to the conjugate hyperbola. Show that this line is tangent 
to the given hyperbola, at the other end of the diameter from (.5, 3). 

17. If an ellipse and liyperbola have the same foci, they intersect at 
right angles. 

18. I ind tangents to the hyperbola 2y2 __ =z 1 which are perpen¬ 
dicular to its asymjHotes. 

19. Find normals to the hyperbola ^ = 1 which are 

lb 0 

parallel to its asymptotes. Find the polar of their point of intersection. 

20. Show that, in an ecpiilateral hyperbola, conjugate diameters are 
equally inclined to the asymptotes. 

21 . Show that two conjugate diameters of a rectangular hyperbola 
are equal. 
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22 . Show that, in an equilateral hyperbola, two diameters at right 
angles to each other are equal. Show also that this follows from Ex. 21. 

23. Find the sum of two focal chords which are, respectively, parallel 
to two conjugate diameters. 

24. Find the common tangents to the hyperbola ^ ^ = 1 and its 

mid-circle = ab. 

25. In the hyperbola 25 — 16 = 400 , find the conjugate diameters 

that cut each other at an angle of 45°. 

26. The latus rectum of an hyperbola is a third proportional to the 
two axes. 


27. The polars of any point (A, IS) with respect to conjugate hyperbolas 
are parallel. 

28. The sum of the eccentric angles of the extremities of two conju¬ 
gate diameters of an hyperbola is equal to 90° ; Le., cfi <f>' = 90°. 

29. Find the equation of a line through the focus of an hyperbola 
and the focus of its conjugate, and find the pole of that line. 

30. Find the asymptotes of the hyperbola — 3a;--2y = 0. 'VYhat 
is the equation of the conjugate hyperbola? 

31. Show that the y-axis is an asymptote of the hyperbola 

2 a;y + 3 a;- 4 - 4 a: = 9. 

What is the equation of the other asymptote? Of the conjugate 
hyperbola ? 

32. If two tangents are drawn from an external point to an hyperbola, 
they will touch the same or opposite branches of the curve according as 
the given point lies between or outside of the asymptotes. 
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general equation of the second degree 

+ 2 Hicj/ + B\}^ + 2 + 2 Fy + C = 0 

175. General equation of the second degree in two variables. 
Thus far only special equations of the second degree have 
been studied ; they have all been of the form 

J.2;^ + -5y^+2 + • • • C-^) 

j.e., they have been free from the term containing the 
product of the variables. In Arts. 107, 113, and 110 it is 
shown that equation (1) represents a conic section having 
its axes parallel to the coordinate axes. It still remains to 
be shown, however, that the most general equation of tlio 
second degree, viz. 

4 - 1 ^ + 2 Exy + + 2(xa! + 2+ Q= 0, • ■ • (2) 

also represents a conic section. To prove this it is only 
necessary to show that, by a suitable change of tlie (ux-irdi- 
nate axes, equation (2) may be reduced to the form of 
equation (1). 

If equation (2) be referred to new axes, OX' and OY', 
say, making an angle d with the corresi.onding given axes; 
and if the new coordinates of any point on t lic (nirv(i lie x' 
and y', the old coordinates of the same point being a; and y ; 
then (Art. 72) 

x = 3J COS 6 —y' sin d, and y = x' sin 6 + y' cos 6. ■ • (3) 

292 
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Substituting these ralues (3) in equation (2), it becomes 
A(x^ cos 6—y^ sin d'f + 2 H(x' cos 6—y^ sin O') (x' sin 6 cos 6) 
-h B(x^ sin 6 -\-y^ cos Oy + 2 G-(x^ cos 9 — y' sin 6) 

-f 2 F(x- sin 6 y^ cos ^) + (7= 0, . . . (4) 

which, being expanded and re-arranged, becomes : 
x^^C^A cos^ <9 4 - 2 sin 9 cos 0 B sin^ 9) 

A‘X^y\ — '^A sin^ cos ^ — 2 _£rsin 2 ^ 4 - 2 jErcos 2 ^ 4 - 2 jBsin 0 COS 0 ) 
-f y^^QA sin^ 0—2 JTsin 9 cos 0 + jB cos^ 9) 

-\-x\2Gr cos 9 4 - 2 jFsin 9) 

— 2 sin 0 4 - 2 cos 0 ) 4 - <?== 0 . . . . (5) 

This transformed equation (5) will be free from the term 
containing the product x^y^ if 0 be so chosen that 

— 2 A sin 0 cos 0 — 2 iTsin^ 04-25"cos^ 0 4 - 2 5 sin 0 cos 0 = 0, 
z.e., if 2 Si^cos^ 0 — sin^ 0 ) = (JL — 5)2 sin 0 cos 0, 
z.e., if 2 5^* cos 2 0 = (JL — 5) sin2 0, 

or finalty, if tan 2 0 = ^B * * ’ 

Moreover, it is always possible to choose a positive acute 
angle 0 so as to satisfy this last equation whatever may be 
the numbers represented l)y A, 5, and H, 

Having chosen 0 so as to satisfy equation ( 6 ), and having 
substituted the values of sin0 and cos 0 in equation (5), 
that equation reduces to 

H^r'2 4 - 5 y 2 + 2 <?V 4- 2 Fy' 4-0=0,. . (7) 

(wherein 5', represent the new coefficients) 

and therefore represents a conic section with its axes parallel 
to the new coiirdiiiate axes. But equation (7) represents 
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the same locus as equation (2); hence it is proved that, in 
rectangular coordinates, every equation of the form 

Ax^ + ^Hxv+By^+€he + iFy + C = (i 


represents a eoiiic section whose axes are inclined at an angle 6 
to the given coordinate axes, where 6 is determined by the 
equation tan 20 = -#^. 


It is to be noted that tlie constant term 0 has remained 
unchanged by the transformation giyen above. 

The next article will illustrate the application of this 
method to numerical equations. It is to be observed that 
this method is entirely general, and enables one to fully 
determine the conic represented by any given numerical 
equation of the second degree. 


Note. In tlie proof just given that every equation of the second 
degree represents a conic section, it is assumed that the given axes are at 
right angles. This restriction may, however, he removed; for if they are 
not at right angles, a transformation may be made to rectangular axes 
having the same origin (cf. Arts. 74, 75), and the equation will have its 
form and degree left unchanged; after which the proof already given 
applies. 


176. Illustrative examples. Example 1. Given the equation 

— — 4 a* + 2 — 11 = 0, . . . (1) 

to determine the nature and position of its locus. 

Turn the axes through an angle 6, z.e., substitute for x and y, respec¬ 
tively, x' cos 0 — y' sin 0 and x' sin 0 y' cos 0] equation (1) then becomes 

x'\ — cos® ^ -f 4 sin 0 cos 6 — sin® 0) 

4- x'y \-f 2 sin |9 cos ^ -f 4 cos® 6 — i sin® ^ ~ 2 sin 0 cos 6) 

— y'® (sin® 0 i sin 0 cos 6 cos® 6) 

— ar' (4 \/2 cos 6 — 2 V2 sin 0) 

4-y'(++ 2 V2cos^) - 11 0. . . . (2) 



1 
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The coeflBcient of x'y^ in equation (2) reduces to 4 (sin‘^ B — cos^ B) ; it 
will therefore be zero if sin B = cos B, ue., il B — 45 °.^ 

11 B = 45°, then sin ^ = cos^ = and this value of sin B and cos B 

being substituted in equation (2), it becomes 

+ Qtj' -11 = 0, ... ( 3 ) 

which represents the same locus as is represented by equation (1); the 
difference in the form of the two equations being due to the fact that the 
axes to which equation (3) is referred make an angle of 45° with the axes 
to which equation (1) is referred. 

Equation (3) may be written in the form 






(x'-lY 

32 (V3)-2 


O) 


which represents an hyperbola (cf. Art. 118). Its center is at the point 
(1, 1) ; the transverse axis is parallel to the a;'-axis; the semi-axes are of 
length 3 and V3, respec¬ 
tively ; the eccentricity is 
e = |v/3; the foci are at 
the points i^=(l + 2 VS, 1) 
and F' = (l - 2 V3, 1), re¬ 
spectively ; the directrices 
have the equations 

x' = 1 + fV3 
and x' = 1 — 5 V 3 , 

respectively; and the latus 
rectum is 2. All these 
results refer to the new 
axes, of course, and the 
locus is that represented 
in Fig. 121. 



* This accords with a result of the preceding article, viz. that to free an 
equation from its [ry-term it is only necessary to turn the axes through a 
positive acute angle determined by tan 2 fl = In the present problem 

if = + 2 and A =B = -l, hence tan2 ^ = co and e = 45°. 
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Example 2. Given the equation 

4 + 4 + ?/2 — 18 a: 4- 26 y + 64 = 0, 


(5) 


to determine the nature and position of its locus. Turn the axes through 
an angle 6, i.e,, substitute for x and y, respectively, x' cos ^ - y' sin ^ and 
x' sin ^ + y' cos 0 ; equation (5) then becomes 

a:'^(4 cos^ $ + sin^ ^ + 4 sin 6 cos 0) 

+ x''i/( - 8 cos 0 sin ^ + 2 cos ^ sin ^ ~ 4 sin^ ^4-4 cos^ 0) 

+ y'-(4 sin^ 0 4 cos-^ — 4 sin 0 cos 0) 

+ a;'(-18cos^H-2Gsin(9) 

4- y'(18 sin 0 4 26 cos + 04 = 0, . . . (6) 

in which 0 is to be so determined that the coefficient of x'y' shall be zero. 
On placing this coefficient equal to zero, it is at once seen that tan 2 ^ = J, 
from which it follows (cf. exercise 3, Art. 16, second method) that 

sin 2^ = I and cos 26 = p,; 

remembering that cos 2 ^ = cos-^ — sin-^ 2 cos‘^^ — 1 = 1—2 sin^ 0, 
it is easily deduced that sin 6 = and cos 6 = 

V5 V5 

Substituting these values in equation (0), it becomes 
5 x-'2 - 2 Vh:r' 4 MVf) ?/ 4- 64 = 0, 

which is the equation of a parabola whose vertex is at the point 

M V, 

^\/5 14\T>/ 

whose focus is at the point -\ whose ;ixis coincides with the 

Vvo Vr>/ _ JJ 

negative eiul of the y/'-axis, and wliose hitus i-(‘(d,um is-. All tlu^sc 

v/r) 

rosiiIi,s refer to tlie new axes; the hams of th(‘ jibove (apiation is given in 
Fig. 70, p. 17<S (Art. lOS). 


EXERCISES 

1. For the hyperbola in Fig. 121 find tlni coordinates of the c(uiter 
and of fh(^ foci, and also ilii^ (Mjua,lions of its a.X(^s a-iid din^ctrices, all 
referred to th(‘ ax(‘s OX a.nd OV. 
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By first removing the ary-term, determine the natui'e and position of 
the loci represented by the following equations. Also plot the curves. 

2. y2 _ 2 -y/g — 4y4-5 = 0. 

3. ar^ — 4 ary + 3 y2 ~ a; — y = 0. 

4. 3 -f- 2 xy 4- 3 y^ — 16 y -h 23 = 0. 

5. x^ — 2 xy -f- y- *- 6 X — 6 y + 9 = 0. 

177. Test for the species of a conic. It is often desirable 
to know the species of a conic represented by a given equa¬ 
tion even when it may not be necessary to determine fully 
the position of the curve. Remembering that every equa¬ 
tion of the second degree represents a conic (Art. 175), and 
also that the three species of conics may be distinguished 
from each other by the mimler of directions in which lines 
meeting the curve at infinity may be drawn through any 
given point (Art. 131, Note), it is easy to find a test that 
will enable one to distinguish at a glance the kind of conic 
represented by a given equation. 

Let the given equation be 

Ax^ -f- 2 Sxy -H By^ 4- 2 Crx 4- 2 4- (7 = 0, . (1) 

If this equation be transformed to polar coordinates, the 
origin being the pole and the a;-axis the initial line, so that 
x = p cos d and y = p sin 0, it becomes 

p^(^A cos^ d 4- 2 ^sin 6 cos 0 B sin^ 6) 

4-2p((7cos<9 4-^sin6>)4-. . (2) 

One value of p, determined by this equation, Avill be infinite 
if its direction be such that 

A cos^ 6 -\-2H sin 6 cos 6 B sin^ 0 = 0; [Arto 10] 
^.6., if B tan^ 0 4 - 2 ff tan 0 4- A = 0 ; 

A 


z.e., if 


( 3 ) 
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Equation (3) shows that tan 6 will have 
two imaginary values, if < f* > 

two real and. coincident values, if S 0 5 

two real and distinct values, if S !l> 0. 

Therefore, there is no direction, one direction, or there 
are two directions, respectively, in which a line meeting 
the curve in an infinitely distant point may be drawn 
through the origin, according as 

is < 0, = 0, or > 0; 

and hence, 

if - AB < 0, equation (1) represents an ellipse, 

if E‘‘‘ — AB = 0, equation (1) represents a parabola, 

HE^- AB>Q, equation (1) represents an hyperbola. 

178. Center of a conic section. As already defined (Arts. 

Ill, 117, 120), the center of a curve is a point such that all 
chords of the curve passing through it are bisected by it. 

It has also been shown that such a point exists for the 
ellipse and hyperbola, i.e., that these are central conics. 

If the equation of the conic is given in tlie form 

Aoi? + 2 Exy + Bf‘ + 2 + 2 4- (7= 0, . (1) 

the necessary and sufficient condition that" the origin is at 
the center, is (? = 0 and J’= 0. 

For if the origin be at the center, and y■^) be any 
given point on the locus of equation (1), then (-aq, 
must also be on this locus (because these two points arc on 
a straight line through the origin and equidistant from it); 
hence the coordinates of each of these points satisfy e<pia- 
tion (1), ^ 

i.e., Ax^^ + 2 Ex^y^ + By,^ + 2 + 2Fy, + 0=Q, \ ( 2 ) 
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and + 

+ + 2 G^C-:ri) + 2 J’C-+ (7= 0; (3) 

and equation (3) may be written thus: 

Ax^ + 2 Sx-^y^ + By-^ — 2 Grx-^ — 2 Fy^ +• t*' = 0. . (4) 

Subtracting equation (4) from equation (2) gives 
4 Grx-^ + 4 Fy^ = 0; 

= 0. (5) 

But equation (5) is to be satisfied by the coordinates x-^ 
and y^ of every point on the locus of equation ( 1 ), and the 
necessary and sufficient conditions for this are 

= 0 and F=0. 

179. Transformation of the equation of a conic to parallel 
axes through its center. Let the equation of the given 
conic be 

Ax^+2£[xy-j-By^ + 2Gx + 2Fy-^ 0=0, . (1) 

and let the coordinates of its center be a and /3. Then to 
transform equation ( 1 ) to parallel axes through the point 
(a, ; 8 ) it is only necessary to substitute in that equation 
x' -h a and y^ ^ for x and y. This substitution gives 
AQF + a)2 + 2 4- a)(y' 4- ^) + B(y^ 4- /S)^ 

4-2 (?( 2 / + a)4-2i^(/ + ^)4- O=0i 
i,e,, AF^ 4- 2 Ilx^y' 4- By'^- 4- 2 x'( Aa + iT/3 4- O) 

4- 2 y'CBa + 5/3 4-^) + Aa^ + 2 ITa/S 4- B/3^ 

-h2 aa-h2FA-h 0^ = 0, ... ( 2 ) 

Since a and /3 are the coordinates of the center (Art. 178), 

Aa-{-E^^ a = 0 and iTa 4- 5/3 -f = 0 ; . (3) 

^ It is to be noted here that the new absolute term, f.e., the term free from 
x' and in equation (2), may be obtained by substituting a and /3 for x and 
y in the first member of equation (1). 
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solving these equations gives 


“ E'^-AB 


and 




AF- an 
h^-ab' 


( 4 ) 


which are the coordinates of the center of the locus of 
equation (1). 

The constant term in equation (2) is, 

Aa^ -\^2ffa/3 + JB/3^ + ^2aa + 2F^+C, 

= a(^Aa + + 6^) + /3(£ra -|- 4- F) + Gra + F^ + (7, 

— + (7, [by virtue of equations (3)] . . (5) 

ABO+2FaE- AF^- Ba^-- OH^_ A ™ 
„ 112^ AB' ^ ^ 

wherein 

A = ABC A 2 FGH- AF^ ^BG^- CH^ (cf. Art. 67). 

Equations (4) show that the center of the locus of equa¬ 
tion (1) is a definite point, at a finite distance from the 
origin, if — ABa^-> h^^-t that the coordinates of this 

center become infinite if E^ — AB — 0. Hence (cf. Art. 
177), while the ellipse and hyperbola each have a definite 
finite center, the paral)ola may be regarded as having a 
center at infinity. 

By making use of equations (3) and (5), equation (2) 
may be written 

AF”^ + 2 TIAy' + = 0; . . (fi) 


hence, if the general equation of an elli])SC5 or liy[)erbola be 
transformed to parallel axes through the etmi-er of the conic, 
the coefficients of the quadratic terms remain unchanged, 
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those of the first degree terms yanish, and the new absolute 
term becomes A 

N’ote. Two special cases should be noted: 

1) Equation (0) shows that if A = 0, the locus of equation (1) cou> 
sists of two straight lines through the new origin (cf.„ Art. 67). 

2) The point (a, /?) is the intersection of the two straight lines 

Ax Hiy -{-0 = 0 and Hx By F = 0. (cf. eq. (3) above.) 
A H O 

Xf —= — = then these lines are coincident (Art. 38, (/^?)), and the 
H B F 

coordinates a and ^ become indeterminate. In this case, it may 
be shown that A = 0; that the locus of equation (1) consists of two 
lines parallel to, on opposite sides of, and equidistant from, the line 
Ax + Hy + 6^ = 0; hence any point of the latter line may be considered 
as a center, since chords drawn through such a point are bisected by it, 
i.e., the curve has a line of centers. Again, since — AB = 0, this 
locus may be considered a special form of a parabola. 

180. The invariants A-\-B and In Art. 175 it 

was shown that a transformation of coordinates by rotating 
the axes through an angle 6 changes the coefficients of the 
equation 

Ax^-\-^2ffxij+Bf + ^ax + 2Fy+ ( 7 = 0 , . ( 1 ) 

with the exception of the constant term. It is true, how¬ 
ever, that certain functions of these coefficients are not 
changed by this transformation, e.g,^ the sum A A- B of the 
coefficients of the and terms is the same after trans¬ 
formation as before. If the transformed equation be written 

A’x^A2WxijAB’y’^-A2a^xA2FyAG=^(). . (2) 
wherein, as in Art. 175, 

A'= A eos2 dA2 Hsin 6 cos 9 aB sin^ 6>, . (3) 

B^ = A sin^ 6 — 2 H^\n 6 cos 6 A B cos^ . (4) 

and = 2Heo^26~iA-B)^m26, ... (5) 
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then the addition of equations (3) and (4) 
gives + = ^ +B (since sin^^ + co.s 20 = 1 ). . ( 6 ) 

Again, A! — B' = '2 S sin 2 d + (A — B) cos 2d. . (/} 
hence 

(A’ — B'y + 4 = {(A — By + 411^1 (sin^ 2 d + cos^ 2 d), 

==(A-By + iH^ . . . ( 8 ) 

i.e., A'2 - 2 A'B' + B'^ + 4 S'^ = A^ - 2AB + B^ + 4 H\ 

But by ( 6 ), 

A'2 + 2 A'5' + = A2 + 2 A.B + ; 

hence, by subtraction, 

H'i - A’B' = - AB, ... (9) 

and the function - AB is also unchanged by the trans¬ 
formation of coordinates, through the angle d. Moreover, 
if a transformation of coordinates to a new origin be per¬ 
formed as in Art. 179, A, B, and H are not changed, 
nor, therefore, the functions A -f ^ and — AB. Such 
functions of the coefficients, which do not vary when the 
transformations of Arts. 175 and 179 are performed, are 
called invariants of the equation for those transformations. 
If, as in Art. 175, 6 be chosen so that 

tan 2 d = 2-B ' 

then jET' = 0 , and equation ( 8 ) becomes 

- = iT-- AJ3. . . . (11) 

2 TI 

Again, from eq. (10), sin 2 ^ ==-— . — , 

V( A — B y 4 - 4 IP 

and cos 2d — - - . 

V(A--7i)- + 4/P’ 

hence, equation ( 8 ), — B’ = • • • • (h- ) 

Since sin 2 0 is positive (Art. 175), therefore the sign of 
A' — is the same as the sign of H, 
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These results are useful in reducing an equation of a conic 
to its simplest standard form, as will be illustrated in the 
following article. 

181. To reduce to its simplest standard form the general equation 
of a conic, a. Central conic. The result of Art. 180 enables one to 
reduce to its simplest form a given equation of the second degree, in 
which much more easily than by the method of Art. 175. 

If the equation of the conic, 

Az^ + 2 iJary + j 5/ + 2 + 2Fi/ + C = 0, (1) 

be first transformed to the center of the curve as origin, the resulting 
equation becomes (Art. 179) 

+ C'=0. . (2) 

If equation (2) be now 
transformed to axes 
O’X'' and CyT’, making 
the angle 6 with O'X’ 
and O'F', respectively, 
such that 


it will become (Art. 175) 

A'x‘^- + B'y^-^C'=zO, ( 3 ) 
wherein the new coeffi¬ 
cients are easily deter¬ 
mined by the relations 
C= C 

A 

H'^-AB 

(Art. 179), 

A' + B'=A -f A 
and ~A'B' = m-AB 
(Art. 180). 

Example. Suppose the given equation to be 

32-2-f 2x^ + 3/-lGy +20 = 0, ... (4) 

in which A = 3, F = 1, B = 3, = 0, F= - 8, and C = 20. 

Then — AB = — 8, and the locus is an ellipse. 
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The coordinates of the center are tt = — 1, /?=3. 

Therefore, C'=Ga+F^-{-C == ~-.47i'=~8; 

and, since A' is larger than B', H being positive (Art. 180), 
hence A' = 4, B' = 2; 


while tan 2 ^ = co, and therefore ^=45°. The transformed 
therefore 

4 + 2 ?/2 — 4 = 0, 


equation is 



(5) 


when referred to the axes O'Z", O'F'; and the locus is ai)proximately as 
given in Tig. 122. 

A Non-central conic. If — AB = 0, the relations of equations (G) 
and (11), Art. 180, may still be used to simplify the reduction of equa¬ 
tion (1) to the standard form for the equation of a parabola, if, as in 
Art. 176, the rcy-term be removed first. In this case, however, a better 
method of reduction is as follows: 

Since the first three terms of equation (1) form a perfect square, that 
equation may be wiitten 

(VAx 4- VFy)2 4- 2 & + 2 Py -I- C = 0 . . . (G) 

wherein the sign of the is the same as that of H. 

Equation (2) may now be transformed to new axes OX' and OF, 
which are so chosen that the equation of OX' referred to the given axes 
shall be 

VZar-h VS ?/ = 0; 

hence, if B be the angle between OX and OX', then 


tan ^ =-whence sin 6 : 


and cos 0 ; 


VA 4 B 


Equation (7) shows that 0 is negative (if the positive value of 
be used), and acute or obtuse according as V/} is positive or negative. 
The formulas for transforming to the new axes are (cf. Art. 72) 

X z= 4 — y' y x' ' 

VX 4 i? VA 4 V/I 4 B 


V/1 + ]]'' 


Substituting these values for x and y in equation (G), it becomes 

(A +B)y'^ + 2 Gj ^-Fy /l ^ ^ g G VA + FVIi 
^/A+B - •' 


^A+B 
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By dividing equation (9) by (A + S'), completing tbe square of the 
y'-terms, and transposing, it may be written in the form 


{ 


y' + - 


= -2 


(4 + B)^ ’ 

GVB-FVa ( 


(A + 


r 


(GVA + Fy/B)^ - C(A +BY ] _ 
2(.4 + B')^(GVB - FVa) ’ 


Comparing equation (10) with equation [42] (Art. 106), it is seen that 
the length of the latus rectum, as well as the coordinates of the vertex 
and focus (with reference to the axes OX' and OY'), and other impor¬ 
tant facts, may be read directly from the equation. 

The advantage of equation (10), over that resulting from the redaction 
of Ex. 2, Art. 176, is that, in connection with equation (7), it gives all the 
facts necessary for the immediate location of the curve, and gives those 
facts in terms of the coefficients of the original equation. 

Example. Let it be required to determine the position and parameter 
of the parabola represented by the equation 

9 0:2 - 24 rry -h 16 2/2 - 18 a; - 101 y+'10 = 0. 

The given equation may be writ¬ 
ten as 

(3 o: - 4y)2 - 18o: - 101 y + 19 = 0. 

If the line So:—4y=0be chosen 
as o:'-axis, then tan ^ = |, whence 
sin^=—f, and cos ^ = --f. The 
formulas of transformation then 
are: 

5 o 

Substituting these values in equa¬ 
tion (1), it becomes 

25y'2+ 70y' = - 75o:' - 19; 
this equation may be written 

(y' + iy = - 3(^-' -1). 

which shows that the latus rectum is 3, and the coordinates of the vertex 
and focus (with reference to the new' axes) are, respectively, f, — J and 
_ It also show^s that the axis of the curve is parallel to the 

negative end of the o:'-axis. 

Recalling the remark about the angle 0 determined by equations (7) 
above, it is seen that the geometric representation of the above equation 
is shown in Fig. 123. 
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182. Summary, it, hius boon shown in tlie preceding 
artieios tliat every e(ina(,ion of the second degree in two 
variables repnssents a (ionic section, whetlier the axes are 
ohli(]^uo or rectangular; and that its species and position 
depend upon the values of the eoeflicients of the ecpnition. 
llie various criteria of tlie nature ot tlie eonici represented 
by siuili iin ecpiation, in rcatanf/ular ooffrdmaten, appear in 
the following table : 

The General Eipiation of t,he KSeeond Degree 

Ax^ + 2 Ilxy + Bif + 2 (lx + 2 Fy +(7=0 
A =H ABO + 2 FOE- AF'^ - BO'^ ~ Mm O 

I. E^-AB< Q. The ellipse. 

(1) it A = B, and 7/=0, a circle. 

(2) if A is +, imaginary. 

(3) if A is real. 

(4) if A is 0, a pair of imaginary straight lines; 

or, a point. 

~ AB = 0 . The j)arahola. 

fl) it is +, principal axis is tin) new ^-axis. 

(2) if E is -, principal axis is the new 3 :-axis. 

( 8 ) if A is 0, 2 )air of i)a,rallel straight lines, which 
are real and dillci'ent, real and cdncldent, 
or imaginary, according as G^~AO>, 
= , or < 0 . 

III. E^ — AB > 0 . The hy 2 )erhoIa. 

(1) if = — B, a rectangidar hy+ei’hola. 

(2) if A is +, 2 )rinci 2 )al axis is the new y-axis. 

(5) if A is -, principal axis is the new .r-axis. 

.^ t), a p>air of real intersecting straight 

lines. 
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i^OTE. The above results have not all been shown, but are easily 
deduced from the work already given. Thus the locus of equation (3), 
Art. 181, if an ellipse, is imaginary if C' is —; but, by equation (6), Art. 
179, C' is — if A is d- ; hence the test I (2), given above. And so for 
the other tests, which the student should verify. The angle 0 which 
the new axes make with the old, respectively, is chosen as in Art. 175, 
2 0 being taken always positive and not greater than ISO'^. 

183 . The equation of a conic through given points. The 

general equation of a conic may be written 

Ax^ + 2Exy + Bf -h ^2ax + 2Fi/+ 0 == 0, . (1) 

and contains five parameters, the five ratios between the 
coefficients JL, K, B, G-, F, 0, Since five equations, or con¬ 
ditions, will determine those parameters, in general five 
points will determine a conic. That is, in- general, a conic 
may he made to pass through five^ and only five^ given 
2^0 hits. 

If, however, the conic is to be a parabola, one equation is 
given ; viz. — AB = 0, hence only four additional con¬ 
ditions are needed. In general, a p)Cirahola may he made to 
pass through four points^ only. 

A circle has two conditions given, viz. A~B, ^=0; 
therefore, in general, a circle may he made to pass through 
three points., only. 

A pair of straight lines has one condition given, A = 0 ; 
therefore, in general, a pair of straight lines Quay he made 
to pass through four points, only. 

The method to be followed in obtaining the equation of 
the required conic has been used in Art. 80, and may be 
indicated for finding the equation of the parabola through 
four given points, 

Pj =(rKi, yi). i/ih P 3 =(,^ 3 . yg). and 

Tlie e(piation must ])e of the form (1)^ 
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therefore, +2 + 2 G-x^ 4- 2 + (7= 0, 

+2 ^ ^^2 "h ^ 0, 

Ax^’{‘2Hx^y^A-By^+2 

Ax^ + 2 Sx^^ + -Sy/ + 2 + 2 + Q^ 0 ; 

also, J.J?=0. 

The required ratios between the coefficients of equation 
(1) may he found from these equations. 

EXAMPLES ON CHAPTER XII 

Without transforming the equations to other axes, find the center 
or the yertex, the axes, and the nature of the following conics: 

1. + 5 a;?/ + 2 /^ + 8 a; — 20 y 4* 15 = 0; 

2 . ( a :-^)2 + 2 a ;- 3 / = 1 ; 

3. Sa;2+2^2_2a;+y-l = 0; 

.4. 3 a;2 — 8 a:y — 3 ?/- + a; + 17 ?/ — 10 = 0; 

5. 4a:2 - 4a;y 4 + 4aa; ~ 2ay = 0; 

6. Sa:^ 4 2a;^ 4 = 0 *, 

7. 3af24 33/2 4lla;-5^4 7 = 0; 

8. a;2 42a;y — 3/2 48a;44y — 8 = 0; 

9. 2/2 — — 6 a:^ 4 y — 3 a; = 0; 

10. 2 /^ — a;?/ — 5 a; 4 5 ?/ = 0. 

Trace the following conics: 

11. 3ar2 4 2a:?/4 3y2_ 16?/4 23 = 0; 

12. 4a;2 492/^48aj4 36?/44 = 0; 

13. 3a:2— 3 2/248 a:?/— 10 7 / 46 .t 45 = 0; 

14. (x - y)(x - ?/ - 6) 4 9 = O. 

15. What conic is determined by the points (0, 3), (1, 0), (2, 1), 
(“1, -3), and (3, -3) ? 

16. Find the equation of the parabola through the points (3, 2), 
(1.1); (“6, 8), and (-2, |). 

17. rind the equation of the conic through the points (9, 2), (6, 3), 
(8, 2), (1, -2), (2,1). 



CHAPTER XIII 
HIGHER PLANE CURVES 

184. Definitions. A curve, in Cartesian coordinates, whose 
equation is reducible to a finite number of terms, each involv¬ 
ing only positive integer powers of the coordinates, is called 
an algebraic curve j all other curves are called transcendental 
curves. 

Algebraic curves the degree of whose equations exceeds 
two, and aU transcendental curves, are (if they lie wholly in 
a plane) called higher plane curves. On account of then- 
great historical interest, and because of their frequent use 
hi the Calculus, a few of these curves will be examined in 
the present chapter. 

I. ALGEBRAIC CURVES 

185. The cissoid of Diodes.* The cissoid may be defined 
as follows : let OFAK be a fixed circle of radius a, OA a 

’was invBnted, by a Gr6ek matbBuiatician named Diodes, for 
the purpose of solving the celebrated problem of the insertion of two mean 
proportionals between two given straight lines. The solution of this problem 
carries with it the solution of the even more famous Delian problem of con¬ 
structing a cube whose volume shall be equal to two times the volume of a 
given cube. Eor, let a be the edge of the given cube ; construct tlie Uvo 
mean proportionals x and y between a and 2 n ; then a : x . . x . y .. y • 
whence = 2 • a^ i.e., x is the edge of the required cube. If « = 1, then 
X = v'S hence the insertion of two mean proportionals enables one to con¬ 
struct a line equal to the cube root of 2. The cissoid may also be employed 
to construct a line equal to the cube root of any given number (see Klein, 
Elementargeometrie, S. 35, or the English translation by Professors Beman 

and Smith). . . 

It is not positively known just when Diodes lived ; it is very probable, 

however, that it was in the last half of the second century b.o. 
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diameter, AT a tangent; draw any line a,8 OQS tlirougli 0 
meeting the circle in Q and the tangent in S, and on this 
line layoff the distance OF = QS: the locus of the point 
F^ as the line OS revolves ahuiit tl, is tlie cissoid.*' 

From this definition, the e(|nati(m of tlie cissoid, referred 
to the rectangular axes OX and OF, is rea<lily derived. 



Let the coordinates of F be x 
and y, and let 0 Ire the center 
of the circle so that 

00= QA = OK= a. 

Since triangles OMF and 
ONQ are similar, 

.■.AIF:03I::NQ: ON,. (\) 
and since OF = QS, therefore 
NA = OM = X ; moreover, 
Mt = ON. NA =(:la- x-)x. 

Sal)8titutiiig those Yalues in 
equation (1) gives 


y.xi: V(2a - x)x : (2rt - x). 


whence 


■ 2 a - r/:’ 


which is the required rectangular equation of tlui cissoid. 

Lhe definition of the ci.ssoid, as well <is the c(j nation just 
derived, shows that the curve is symnu'tric witfi regard to 


* Diodes named his curve “cissoid” (from a (Jreck word incanimc 
“ivy,” because of its resemblance to a vine climbing upwards. 'I'lic munc 
“cissoid” is sometime.s, thougb rarely, applied to othm' curves wliicli arc 
generated as stated in the definition given .above, except-Hint .some oilier 
basic onrve is employed instead of a circle. Ifor other, but ciuiviilciit, dcliiii- 
tions of tlie cissoid see Note 3, below. 
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the a:-axis; that it lies wholly between the and the 

line x = 2ai that it passes through the extremities F and K 
of the diameter perpendicular to OA ; and that it has two 
infinite branches to each of which the line a; = 2a is an 


asymptote. 

Note 1. The polar equation of the cissoid referred to the initial line 
OX, and pole O, is also easily found. Let the polar coordinates of P be 
p and 0 ; then, 

P = OP = QS = os - OQ, ■ ■ ■ C'^) 

but OS = 2 asec^, and OQ = 2acosl9, 

p = 2 a sec 0 - 2 a cos 0 = 2 a(sec 0 - cos 0), 
p = 2a tan 0sm0, ■ ■ ■ ■ - 

which is the polar equation sought. 

Note 2. To “duplicate the cube ” by means of the cissoid,* extend 
CK to H, mating HK = CK = a, draw the line HA cutting the cissoid 
in J, and draw the ordinate EJ. Since CH = 2 C.1, therefore EJ = 2 EA ; 

but from equation (3), _ _ 

grra OE^ _OE^ . 

EJ^=:2 0E\ . . ■ (6) 

Now let m be the edge of any given cube, and let it be required to 
construct a line n such that the.cube on n shall be equal to the double of 
the cube on m. Construct n so that 

OE : EJ ::m:n; 


and, since EJ^ = 2 ■ 0E\ therefore rJ = 2 

Note 3. The cissoid may also be defined in either of the following 
ways: (1) as the locus of the point (P) in which the chord OQS inter¬ 
sects that ordinate (ML) of the circle which is equal to NQ ; and (2) as 
the locus of the foot of the perpendicular let fall from the vertex of a 
parabola upon a tangent. The derivation of the equation of the curve 
based upon these definitions is left as an exercise for the student. 


* To insert two mean proportionals between two given lines liy means of 
the cissoid. See Cantor, Gesehichte der Matheuiatik, Bd. I., S. 339. 
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For Newton’s method of drawing the cissoid by continuous motion 
see Salmon’s Higher Plane Curves, p. 183, or Lardner’s Algebraic 
Gleometry, p. 196. 

186. The conchoid of Nicomedes.* The conchoid may he 
defined as follows: L&tPRP'Q be a fixed circle of radius 
a whose center ^ moves along a fixed straight line OX-, let 
LK be a straight line drawn through a fixed imint A and 
the center S of this moving circle, and let P and P' be the 
intersections of this line and the circle; then the locus 
traced by P (and by P') as S moves along OX is a conchoid. 


Y 



This definition may also be stated thus : If Al is a fixed 
point, OX a fixed line, and S the point in whicli OX is 
intersected by a line LK revolving about J., then the locus 
of a point P on LK so taken that SP is always equal to a 
given constant a, is a conchoid. 

The fixed point A is called the pole, the constant i)arametcr 
a the modulus, and the fixed line OX the directrix of the 
conchoid. 


* ■The conchoid was invented hy a Greek mathematician named Nioomcde.s 
prohaWy m the second century b.c. bike the cissoid, it was invented for the 
purpose of solving the famous problem of the “duplication of tlic cube”- it 

solution of the related, and no less famous, 
problem of tbe trisection of a given angle (see Note 3, below). 
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To derive the rectangular equation of the conchoid draw 
AOY perpendicular, and^.ff parallel, to O.X’, and let OA=c ; 
let P = (x, y) be any position of the generating point, and 
draw the ordinate HMP ; then, from the similar triangles 
AHP and SMP, 


AE-. EP : : SM: MP, 


i.e., 


■ x:y + c:: Va^ — y- 


[since 831=^8^ - = - y^], 


whence ^y"^ = (.y + c)\d? — y^'). 


which is the equation sought. 

The definition of the conchoid, as well as the equation just 
derived, shows that the curye is symmetric with regard to 
the y-axis ; that it lies wholly between the two lines y = a 
and y = — a-, and that it has four infinite branches to each 
of which the a:-axis is an asymptote.* 


Note 1. The polar equation of the conchoid. Let A be the pole, A Y 
the initial line, and P = (p, 6) (or P') any position of the generating 


point; then 


i.e., 


p = AP = AS±SP=OA’^eoe±SP, 
p = c sec ^ d= a, 


which is the desired equation. 

Note 2. The conchoid may also be readily constructed by continuous 
motion as follows: By means of a slot in a ruler, fitting over a pin at A , 
the motion of the line LK is properly controlled; if now a guide pin at 
.s; and a tracing point at P, be attached to this ruler, then the point P 
will trace out the conchoid when the guide point S is moved along the 


line OX. 

Note 3. By means of a conchoid, any given angle may be trisected.f 
Let ABC be any angle, on one side (PT) take any distance, as BH, and 

# It is evident that, if ^0 < OB, i.e., if c < a, the curve has an oval below 
A as shown in Fig. 2 ; if c = «, this oval closes up to a point; and if c> a, 
both parts of the curve lie wholly above A, 

t For the insertion of two mean proportionals between two given lines by 
means of the conchoid, see Cantor, Geschichte der Mathematik, Bd. I., 
S. 336. 
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draw OHX perpendicular to the other side of the angle (BC) ‘ then Islj 
o^:OK=:2BHy and construct the conchoid KEF with B as pole and 
BH = i OK as modulus, and OX as directrix. Draw IIL parallel to BC 
and connect B with Z, then the angle LBC = \ ABC -y for, join Z>, the 



middle point of ML, to H, then ML = OK = 2Bn = 2 HD, and the 
three angles marked a are all equal, as are also the two niai'ked /3; more¬ 
over, /3 = 2 ce, being the exterior angle of the triangle ELD, which proves 
that angle LBC = iABC. 


187. The witch of Agnesi.* The witch may be defined as 
follows : Let OXAQ be a given fixed 
circle of radius a, OA a diameter, and Q 
any point on the circle ; if now the ordi¬ 
nate MQ be produced to P, so that 

MQ:MP::MA-.0A, . . (1) 

then the locus of T*, as Q moves around 
the circle, is the witch. To derive the 
rectangular equation of tlio witcli, let 
^ y') be any point on the curve ; 

then, since 



MQ = VOM- MA = ViiTor, 




* The witch was invented by Donna Maria Gaetana Agnesi (1718-1790) 

an Mian lady who was appointed professor of mathematics at the University 
of Bologna, in 1750. 
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substituting in equation (1) gives 

(2« “ x) ly iz a — x') : 2 . 


( 2 ) 

( 3 ) 


which is the equation sought. 

The definition of the witch, as well as the equation just 
derived, shows that the curve is symmetrical with regard to 
the a;-axis ; that it lies wholly between the ^-axis and the' 
line X = 2 « ; and that it has two infinite branches to each of 
which the line rr = 2 is an asymptote. 


188. The lemniscate of Beruouilli.'*^ The lemniscate may 
be defined as follows : let LTABJSFA^K be a rectangular 
hyperbola, 0 its center, OX and OY its axes, and TE a tan¬ 
gent to the curve at any point Ti Also let (9 be a perpen¬ 
dicular from the center upon this tangent, and let P be the 
point of their intersection; then the locus of P as 7 moves 
along the hyperbola is called the lemniscate. 

To derive the rectangular equation of this curve, let 
OA = a, and let the coordinates of T be and y -^; then the 
equation of the tangent TE is 

— V-lV = 

hence the equation of OG^, the perpendicular upon this tan- 
p'eiit (Art. 62), is 

+ = ... ( 2 ) 


a^lie lemniscate was invented by Jacques Beriiouilli (1654-1705), a noted 
Swiss mathematician and professor in the Lniversity of Basle. It is, how¬ 
ever, only a special case of the Cassinian ovals ; viz., of the locus of the ver¬ 
tex of a triangle whose base is given in length and position, and the product 
of whose other two sides is a constant. See Salmon’s Higher Plane Curves, 
p. 44, Gregory’s Examples, or Cramer’s Introduction to the Analysis of 
Curves. 
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Regarding equations (1) and (2) as simultaneous, the x 
and involved are the coordinates of the point P; more¬ 
over, since the point is on the hyperbola, therefore 

x^^-y^ = a\ • • • (3) 

Eliminating and y-^ between equations (1), (2), and (3) 
gives 

(a? + y'^y = aXx^ - ^2), . , . (4) 

which is, therefore, the equation sought. 



The definition of the lemniscate, as well as the equation 
just derived, shows that the curve is syinmotrie.al witli 
regard to both coordinate axes; that it lies wlif)lly b(!(,\v(!on 
the two lines whose equations are x = — a and x = A- a ; tliat 
it passes through the origin and the two points ( — «, 0) a,nd 
(-fa, 0); and that y is never larger tlnui x\ lunaai the 
lemniscate isalimited closed curve as represcmted in Fig. 128. 

Note 1. The polar equation of the lemniscate is easily derived from 
equation (4) if the x-axis be chosen as initial lino and the origin as pole; 
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for then a; = p cos ^ and y = p sin and equation (4) at once reduces to 

p 2 = a‘2(eos2 6 — sin^ 0) = cos 2 . . . (5) 

which is therefore the required polar equation of the lemniscate. 

Equation (5) shows that: when ^ = 0, p = ± a; when 6 ^<<45°, p has 
two equal but opposite values, each of which is smaller than a ; when 
0 = 45 °, p = 0 , i.e., the angle which the curve makes with the initial line 
is 45°; when 45°<^< 135°, p is imaginary; when 135° <B< 180°, p has 
two equal but opposite values, each of which is smaller than a ; and when 
B = 180°, p = ± a- The curve, therefore, consists of two ovals meeting in 
0 , each lying in the same angle between the asymptotes of the hyperbola 
as does the corresponding branch of that curve, and these asymptotes are 
tangent to the lemniscate at the point 0- 

Note 2. If the two points and F be so located that 

F^O = OJP = -\/ 2 , and if S = (x, y) be any point on the lemniscate, 

then F^S = + M§^ = v5 + + y\ 

and FS = — x'j +y\ 

hence FjS • FS = ^^5 V 2 + V 2 - S'" 

= _ a 2 (a ;2 _ + I* = [by eq. (4)], 

le., FiS.FS = |. 

Hence the lemniscate may be defined as the locus of a jwint-which 
moves so that the product of its distances from two fixed points is con¬ 
stant, and equal to the square of half the distance between the fixed 
points (cf. foot-note, p. 315). 

This definition of the curve easily leads to the equation already 
derived; it also enables one to readily construct the curve thus: with 
F as center, and any convenient radius FS, describe an arc; then, with 
R as center, and a third proportional to FS and OF as radius, describe 
another arc cutting the first in 5; this intersection iS is a point on the 
locus, and as many points as desired may be constructed m the same 

way. 
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IB&a. The lima 9 on of Pascal.^ The limagon may be defined 
as, generated from a circle by adding a constant length to 

each of the radii vectores 
drawn from a point on its 
circumference as origin,— 
proper account being taken 
of negative radii vectores.f 
JE,g,^ let OLA-^Nho, a given 



point on it, A^A = k any 
constant; tlien if any 
radius vector as OP^ be 
drawn from (9, and P^P 
= A^A = k be added to 
I it, then P is a point on the limagon.; and as P^ is made to 
describe a circle, P will trace the limagon. 

The polar equation of the curve is at once written down 
from this definition ; for, if the diameter OOX l)e taken as 
initial line, then the polar equation of the circle is 

p=^2a cos d, . . . ( 1 ) 

whence the polar equation of the limagon is 

p = 2 a cos 0 k. . . . (' 2 ) 

If k be taken equal to a, the radius of tlu^ giv(*n circh^,, 
this equation may be written in tlie more common form 

/} = ^ 1^(1 + 2 (‘.os . . . (->) 


*This curve was invented and named by Blais(i Pascal (Kri.'J-KJdii), a 
celebrated French geometrician and philosopher. It is, lu)\v('vcr, :i special 
base of the so-called Cartesian ovals. 

t The limagon may also be defined as the loons of tlu'. inlcrs(‘ct ion of tlu.^ 
■'two lines OP'and (7P which are so related during llicir n^volnlion about () 
nnd 0, respectively, that the angle XOPm always (Mpial to [1 times tlu', a,ngl(‘ 
XOP. This definition easily leads to the polar cipiation aJriaidy (bn-ived. 
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Tlie definition of the limaQon, as well as the eq[uation just 
derived, shows that the curve is symmetrical with regard to 
the initial line, and that it has the form shown in Fig. 129. 

Kote. The rectangular equation of the lima 9 oh for which k = a is 
easily derived from equation (3). Choosing the initial line and a perpen¬ 
dicular to it through 0 as rectangular axes, so that x = p cos 0, and 
y = p sin 0, equation (3) becomes 

= a + • ( 4 ) 

4 “ 2/2 

Eationalizing equation (4) gives 

(aj2 q. y2 _ 2 axy = a-(x^ -f • • • (^) 

which is the usual form for the rectangular equation of the lima 9 on. 


189^. The cardioid. The cardioid may be defined as a 
special case of the liinaQon; viz., it is a limacon in which 
the constant which is added to each of the radii \ectores. 


is taken equal to the diameter of the fundamental circle. 
If in the equation of the limagon [Art. 189a, equation (2)] 
the constant k be taken equal to 2 a, that equation becoipes 
p = 2 a(l 4- cos . • • (1) 

which is the polar equation of the cardioid. 

The more usual form in which the equation of the cardioid 

is written is ^ 2 a(l - cos 0), ... (2) 


but this amounts merely to turning the figure through 180^ 


in its own pdane. 

I^OTE 1. The rectangular equation of the 
cardioid is obtained as in Art. 189 a. 

It is (x2 -f + ‘2 ax)- = a%x- A /)• 

The curve represented by equations (2) 
and (3) has the form shown in Fig. 130. 

The cardioid is usually defined as the 
locus traced b}" a point on a given circle 
AKA^L, which rolls on an equal but fixed 
circle This definition also leads to 

equations (2) and (3) already derived. 


r 



■X 




320 


ANALYTIC ONOMETRT 


[Ch. XIII. 


190. The Neilian, or semi-cubical, parabola.* This curve 
may be defined as follows : let HTASKL be a given parab¬ 
ola whose equation is 

y^ = ^px-, . . . ( 1 ) 

let TMS be any double ordinate of 
the curve, TT-^^ a tangent at the point 
T=(x^, y{), and AQ-a perpendicular 
from the vertex ui)on this tangent; 
if QA intersects TS in P, then the 
locus of P as T moves along the 
parabola is called a semi-cubical or 
Neilian parabola. 

Its rectangular equation is derived as follows : the equa¬ 
tion of is 

yiy = '2.p(x + x^), ... ( 2 ) 

hence the equation of is 

. (3) 

The equation of T8 is 

X^Xy . . . ( 4 ) 

If now equations (3) and (4) be regarded as simultaneous, 
then X and y are the coordinates of tlie point P in which the 
two lines intersect, and if x^ and j/j be eliminated by means 
of the equation 

yi=^pxy . . . (.r,) 

an equation connecting x and y is obtaiinid. 

*This curve is historically interesting, bocauso it is the lirst one which 
was rectified, Le., it is the first one the length of a,n a,ro of whieli was 
expressed in rectilinear units. This celebrated rcoti/ii^at-ion was performed, 
without the aid of the modern Calculus methods, hy William Neil, a pupil of 
Wallis (see Cantor, Geschichte der Matliematik, Bd. II., S. 827), in 10^7, and 
is, for that reason, called the Neilian parabola. It is also called the semi- 
cuhical parabola because its equation may be written in the form y = axL 



Fifi.131 
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Substituting for and in equation (5), tlieir values in 
terms of x and y as found from equations (3) and (4), gives 




i.e., f = —, • • • (6) 

P 

which is the equation sought. 

This equation shows that the curve passes through the 
origin and is symmetrical with regard to the a^-axis; that 
it lies wholly on the same side of the y-axis as does the 
given parabola; and that it has two infinite branches. 


II. TRANSCENDENTAL CURVES.* 

191. The cycloid.t The cycloid (OFKA) is the path 
traced by a point P on the circumference of a circle (P[NSP') 
Y 



* A few very common transcendental curves have already been examined 
in Chapter III; among these are the curve of sines, the curve of tangents, 
and the logarithmic curve. 

t Because of the tleguice of its properties, and because of its numerous 
applications in mechanics, the cycloid is the most important of the transcen¬ 
dental curves. It has the added historical interest of being the second curve 
that was rectified (cf. Art. 190, foot-note). Its rectification was first accom¬ 
plished by Sir Christopher Wren (1632-1723) and published by him in 1673. 

TAN. AN. GEO.M:. -21 
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which rolls, without sliding, upon a fixed right line (OX). 
The point P is called the generating point; the circle PENS, 
the generating circle ; tlie points 0 and A, the vertices ; the 
line XX perpendicular to OA at its middle point, the axis; 
and the line OA, the base of the cycloid. 

To derive, the rectangular equation of the cycloid let a be 
the radius of the generating circle, and OX tlie fixed straight 
line on which it rolls; also let P be the generating point, 
and let PNS be any position of the generating circle. 
Draw the radius OP, the ordinate MP, the line PL parallel 
to OX, and the radius OH to the point oF cionta-et of the 
generating circle and the line OX. Let OX and OY (the 
perpendicular to it through 0 ) be chosen as axes, and let 
6 be the angle PQH 

Then, ii P = (x, y), 

OM^ OE^MH 
^OE-PL 

= ad — a sin 9 , [since 0E= arc PE= ad'] . 
i.e., x^a(d — Aud'). . . . ( 1 ) 

Similarly, y — a(l — cos ^). . . , ( 2 ) 

Solving equation (2) for 9 gives 
/I €i — y 

cos 9 =- 

a 


t.e. 


and substituting this value of 9 in equation (1) gives 


x = a vers“^ f — V2 av 


: ay - y-, 

which is the rectangular equation sought. 


(^) 
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Note 1. It is usually simpler to regard equations (1) and (2) together 
as representing the cycloid; 0 is then the independent variable, while x 
and y are both functions of it. 

Note 2. The cycloid belongs to the kind of curves called roulettes. 
These curves are generated by a point which is invariably connected 
with a curve which rolls, without sliding, upon a given fixed curve. 

If both the rolling and the fixed curves are circles^ then the curve 
generated is designated by the general name of trochoid. If the gen¬ 
erating point is on the circumference of the rolling circle, and this circle 
rolls on the outside of a fix:ed circle, then the curve described is called an 
epicycloid ; but if it rolls on the inside of the fixed circle, the generated 
curve is called a hypocycloid. The cycloid may be regarded either as 
an epicycloid or a hypocycloid, for which the fixed circle has its center 
at infinity and an infinite radius. 

192. The hypocycloid. Let the hypocycloid APRST • • 
be traced by the point P on the circumference of the circle 
PQR^ whose radius is 5, and which rolls on the inside of the 



fixed circle AQE, whose radius is a. Also let P = (x, y') 
be any position* of the generating point. Draw the line 
OO'Q^ the ordinates HO^ and MP^ the radius O'P, and the 
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line KP parallel to OA, where A is the point with which P 
coincided when in its initial position Let OAX and OF, 
the perpendicular to it through 0, be chosen a.s coordinate 
axes; also let the angles J. 0 ft PO^Q and O'PjST be desig¬ 
nated, respectively, by 6^ and 

Then OM^ 0E+ HM^ OH ^ KP 
= 00' cos 6 PO cos ^ 

= 00' cos ^ + PO' cos (0' — ^), 

[since (56 = 

ir = (a — J) cos 6 -\-h cos (6^—6'). . . . Q 

But since arc J.(>=arc Pft therefore a6 = b6’^ whence 

6’ and equation ( 1 ) becomes 
0 

x^(a — h') cos 6 ■\~h cos- ^—^ ^ . . . (^ 2 ) 

Similarly, y = (a — 6 ) sin d — h sin 

Equations ( 2 ) and (3) are together tlie equations of the 
hypocycloid. A single equation rc])rcsenting the same 
curve may be found, as in the case of the cycloid (Art. Ihl), 
by eliminating 6 between equations ( 2 ) aaid ( 3 ). 

Note. If the radii of the circles be cornmeiisurahh^ y.f., if h equals a 
fractional part of a, then the hypocycloid will be ;i cl()S(‘d curv(‘; but if 
these radii are incommensurable, then the carv(^ will not again pass 
through the initial point A. 

In particular, if a: i = 4 : 1, then the circuinbireuce of the fixed circle 
is 4 times that of the rolling circle, and the hypocycloid becomes a closed 
curve of four arches, as shown in Fig. 134. In this case, (Mpiations (2) 
and (3) become, respectively, 
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SPIRALS 

193. A spiral is a transcendental curve traced by a point 
which) while it revolves about a fixed point called the center, 
also continually recedes from this center, according to some 
definite law. 

The portion of the spiral generated during one revolution 
of the tracing point is called a spire ; and the circle whose 
radius is the radius vector of the generating point at the 
end of the first revolution is called the measuring circle of 
the spiral. Thus, in Fig. 135, ABODE is the measuring 
circle, OQSUWA is the first spire, and is the sec¬ 

ond spire. 

194. The spiral of Archimedes.f This curve is traced by 
a point which moves about a fixed point in a plane in such a 

^ If this equation be rationalized, it becomes 

27 “ 1/")®* 

Althoue;h the hypocycloid is. in .i^eiieral, a transcendental curve, it becomes 
algebraic for particular values of tlie ratio of the radii of the circles. 

t This curve is usually supposed to have been discovered by Conan, 
though its principal properties were investigated by the geometer whose 
name it bears. 
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way that any two radii 
vectores are in the same 
ratio as are the angles they 
make with tlie initial line.* 
From this definition it 
follows that the equation 
of the curve is 

P = k0, . . . Q 
where k is a constant. 

'J’his equation shows that 
the locus passes through the origin, and that tlie radius 
vector becomes larger and larger witliout limit as the num¬ 
ber of revolutions increases without limit. Moreover if 
(Pv ^i) ally point on the curve, and i f (p,^, + o tt) be 

the corresponding point on the next spire, then 

Pi = k0i and = 7f(<9j + d tt). 



whence o . 

but 2kv= OA, hence the distance between the successive 
points in which any radius vector meets the curves is (sonstant • 
it is always equal to the radius of the measuring circle. Tliis 
follows also directly from the definition. 

The locus of equation (1), for iiositivcs valmss of 0 is rep¬ 
resented in Fig. 135; for negative values of 0 (J,,, i.huis is 
symmetrical with the part already drawn, the axis of sym¬ 
metry being the line LF. 


195, The reciprocal or hyperbolic spiral, d'his curve is 
traced by a point which moves about a lixed poini, i„ a 
plane in such a way that any two radii veetorcss arss in tlie 


♦Thiscurre may also be defined thus: U is the pal.li i,raced by .-i peiut 
which moms away from the center with uniform line,,.,- vidoeity whi e ite 

radius vector revolves about the center with uniform iingnhu- vchicitr 
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same ratio as the reciprocals of the angles which they form 
with the initial line. 

From this definition it follows that the equation of the 
curve is 



where ^ is a constant. 

This equation shows that the curve begins at infinity 
when ^ = 0 and winds round and round the center, always 
approaching it, but never quite reaching it; i.e., p = 0 only 
after an infinite number of spires have been described. 

Equation (1) also shows that the constant h is the cir¬ 
cumference of the measuring circle. For the radius of the 
measuring circle (Art. 198) is the radius vector of the gener¬ 
ating point of the curve at the end of the first revolution, 

i.e,, w^hen 6 = 27r; but, from equation (1), this radius vector 
Jc 

is -—, and the circumference of the circle of which this is 

Z IT 

the radius is k. 

Again, if P = (p, S') be any point on the locus of equa¬ 
tion (1), then 

p6 = k 

= circumference of measuring circle ; 

but pB equals the length of the circu¬ 
lar arc described with radius p and 
subtending an angle therefore the 
length of any circular arc as 3/P, 
described about 0, with radius p. and 
extending from the initial line to 
the curve, is equal to the circum¬ 
ference of the measuring circle. 

The locus of equation (1), for positive values of is 
represented in Fig. 136. 
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196. The parabolic spiral. This curve is traced by a 
point which moves around a fixed point in a plane in such 
a way that the squares of any two radii vectores are in the 
same ratio as are the angles which they form with the 
initial line. 

From this definition it follows that the equation of the 


curve is 


i = ke, 


( 1 ) 


where ^ is a constant. 

This equation shows that the curve begins at the center 
when 0 = 0, winds round and round 
this point, always receding from it, 
the radius vector becoming infinite 
when 9 becomes infinite, when 
-i? it has described an infinite number 
of spires. 

The locus of equation (1), for 
positive values of p, is represented 
fig. 137 137^*. 



197. The lituus f or trumpet. This curve is traced by a 
point which moves around a fixed point in a jilane in such 
a way that the squares of any two radii vectores are in the 
same ratio as the reciprocals of the angles whicli they Form 
with the initial line. 

From this definition it follows that the equation of tlie 

Ic 

curve is = . . . (1) 

where ^ is a constant. 

This equation shows that the curve begins at infinity, 
when 0 = 0, and winds round and round the ceifiau-, always 


^ See also Rice and Johnson’s Differential Calculus, p. ;107. 
t This curve was invented and narni'd by Cotes, who died in 1716. 
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approaching it, but never quite reacliing it, i.e., p = 0 only 
after an infinite number of spires have been described. 

The locus of equation (1) is shown in Fig. 138; the heavy 



line being the part of the locus obtained from the positive 
values of p, while the dotted part belongs to the negative 
values of p. 

Note. The four spirals just discussed, and whose forms are given in 
Figs. 135 to 138, are all included under the more general case of the curve 
defined by the equation ^ .... (2) 

if 71 = 1, this is the spiral of Archimedes; if n = - 1, it is the hyperbolic 
spiral; if n = 4, it is the parabolic spiral; wFile if n = - it is the 
lituus. 


198. The logarithmic spiral.^ This curve is traced by a 
point which moves around a fixed point in a plane in such 

^ This curve might have been defined hy saying that the radius vector 
increases in a geometric ratio while the vectorial angle increases in an arith¬ 
metic ratio. An important property of this curve is (see iMeMahmi and 
Snyder’s Differential C^alculus, Art. 120) that it cuts all the radii vectores 
at the same angle, and the tangent of this angle is the modulus of the system 
of logarithms which the particular spiral represents. 
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a way that the logarithms of any two radii vectores are in 
the same ratio as are the angles which these lines form with 
the initial line. 

From this definition it follows that the equation of the 
curve is 

iogp = ke, • • . ( 1 ) 

where ^ is a constant. 

If k be unity, and logarithms to the base a be employed? 
this equation may be written in the form 

p = a\ . . . (2) 

This equation shows that if ^ = — oo, p = 0; tliat p in¬ 
creases from 0 to 1 , while 
0 increases from — oo to 
0 ; and tliat p continues 
to increase from 1 to oo, 
while 6 increases from 0 
to + CO ; the curve has, 
therefore, an infinite number of spires. 

If the constant a equals 2 , then p takes the values •••!, 4-, 
1, 2, 4, 8 , when 6 is assigned tlie values (iu radians), 
••*, 2, 1, 0, 1, 2, 3, •••; big, 139 re 2 )roseiits the locus of 

equation (2), a being equal to 2, for values of 0 from - 
to + 3. In this figure Z FOE = A EGA =Z A. OE = Z BOQ 
=Z{70i) = 57^3, and OE^\, OE=^\, OA = 1 , OB=.% 
00= 4, and OB = 8 . 



■Fig. 139 
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CHAPTER I 

COORDINATE SYSTEMS. THE POINT 

199. Solid Analytic Geometry treats by analytic methods 
problems which concern figures in space, and therefore in¬ 
volve three dimensions. It is evident that new systems of 
coordinates must be chosen, involving three variables; and 
that the analytic work will therefore be somewhat longer 
than in the plane geometry. On the other hand, since a 
plane may be considered as a special case of a solid where 
one dimension has the particular value zero, it is to be 
expected that the analytic work with three coordinate vari¬ 
ables should be entirely consistent with that for two vari¬ 
ables ; merely a simple extension of the latter. The student 
should not fail to notice this close analogy in all cases. 

In the present chapter will be considered some simple and 
useful systems of coordinates for determining the position of 
a point in space, some elementary problems concerning points, 
and the transformations of coordinates from one system to 
another. Later chapters will treat brietiy of surfaces, par¬ 
ticularly of planes and of surfaces of the second order, and 
of the straight line. 
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200. Rectangular coordinates. Let three planes be given 
fixed in space and perpendicular to each other, — the coordi¬ 
nate planes XOT, TOZ, and 
ZOX. They will intersect 
by pairs in three lines, X'X, 
j _^ I Y'Y, and Z'Z, also perpen¬ 

dicular to each other, called 
■ the coordinate axes. And 
-^x these three lines will meet 
in a common point 0, called 
~M' the origin. Any three other 

'z' Fig. 140 planes, MF, XP, and LP, 

parallel respectively to these 
coordinate planes, will intersect in three lines, X'P, L'P^ 
MP, which will be parallel respectively to the axes; and 




N 


m 


these three lines will meet in, and completely determine, 
a point P in space. The- directed distances IJ P, and 

MP thus determined, i.e., the perpendicular distances of 
the point P from the coordinate planes, are the rectangular 
coordinates of the point P. They are represented respec¬ 
tively by X, y, and z. It is clear tliat 


a; = N'P = LL' = mP = OM-, 
y = L'P = MM' = LN' = ON-, 
z = M'P = NN' = ML' = OL. 

It is generally convenient, however, to consider 

X = OM, y = MM', and z = M' l>. 

The point may be denoted by tlie symbol P = (.>;, y, z). 

The axes may he directed at pleasure ; it is usual to take 
the positive directions as shown in tlio figure, 'riiou tlic 
eight portions, or octants, into Avliich s[)acc is divided l)y the 
coordinate planes, wdll be distinguished completely by the 
signs of the coordinates of points within them. 
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If the chosen coordinate planes were oblique to each 
other, a set of oblique coordinates for any point in space 
might be found in an entirely analogous way. 

Unless otherwise stated, rectangular coordinates will be 
used in the subsequent work. 

201. Polar coordinates. A second method of fixing the 
position of a point in space is by means of its distance and 
direction from a given fixed point. Let 
0 be a fixed point in space, called the 
pole; and let p be the distance from 
0 to any other point P. To give the 
direction of p, let OR and OS be two 
chosen directed perpendicular lines 
through 0, determining the plane 
R OS ; then the direction of p will be 
given by the angle 6 from the plane ROS to the plane POM^ 
and the angle 0 from the line OS to p. The point P is 
completely determined by the values of its radius vector p 
and its vectorial angles 0 and and may be denoted as 
jP = (p, 0, cfi). The elements />, 6, (f> are called the polar 
coordinates of the point P. 

It is to be noted that for convenience the positive values 
of 6 and </> are those for rotation in clockwise direction from 
ROS and OS, respectively. And althongli a given set of 
coordinates fixes a single poiiiL yet any point may have eight 
sets of coordinates in a polar system, if, as usual, the values 
of the angles are less than 360°. 

202. Relation between the rectangular and polar systems. 

If the axes OR and OS of a polar system coincide with 
the axes OX and OZ, respectively, of a rectangular sys- 
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tem, tlu! pole and oriprin therefort 
being eoinc.ident, then simple rela 
tions exiHfc between the two sets oi 
coordinates for any 

Z OMAP = !)0° and Z 0AP2>^ 90o^ 
therefore OAT GAP eenO 

— OP sin (l>eoH 6 . 

MAP = OM' sin 6 = OP sin 4 , sin 6 , 


[ 1 ] 

OAP + AIAP^ + MPP. 



and 

0Fca>hcI>; 


that is, 

X = pC0S6Hill<(>, ■ 



24 =psi«esin<t), 



J 


Again, 

op = oaP + m. 

-qji 

i.e., 

p2 = - 1 - »- 

‘9 

also 

tan 0 = 



X 


and 

COS<|> = -- - - 





[ 2 ] 


The above relations give formulas for transformation 
from the one coordinate system to tlie ot.her. 


203. Direction angles: direction cosines. A third useful 
method of fi.ving a point in space 
is a combination of tlie two f 

methods already considered. j 

Tlie axes of reference arc elio.sen 
as in rectangular coordinates, 

and any point P of space is fixed 
by its distance from the origin, 
called the radius vector, and (be 
angles a, p, which this radius 
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vector makes with the coordinate axes, respectively. These 
angles are called the direction angles of the line OP, and 
their cosines, its direction cosines. The point may be con¬ 
cisely denoted as the point P = (p, a, ry). 

Simple equations connect these coordinates with those of 
the rectangular system; for, projecting OP upon the axes 
OX, OX, and OZ, respectively, 


05 = p cos a, 2/ = PCOSP, 25 =p COS 7 , . . . [3] 

and also, — a? A- as in equations [ 2 ]. 

Moreover, the direction cosines are not independent, but 
are connected by an equation; for, by combining the above 
equations, 


~ p2 QQg2 a A- p^ cos^ j3 + p^ cos^ 7, 


z.e., cos^a-f cos-p + cos ^7 = 1. • • • [4] 

Such a relation was to have been expected, since only 
three magnitudes are necessary to determine the position of 
a point, and therefore the four numbers p, a, / 3 , 7 could not 
be independent. 

Any three numbers, a, J, <?, are proportional to the direc¬ 
tion cosines of some line; because if these numbers are con¬ 
sidered as the coordinates of a point, then the direction 
cosines of the radius vector of that point are, by eq. [3], 


cos a=:- 


a 




COS P = 




COS V = 




[5] 


These direction cosines are proportional to «, h, e ; and are 
found by dividing a, 5, (?, respectively, by the same constant. 




Direction cosines are useful in giving the direction of any 
line ill space. The direction of any line is the same as 
that of a parallel line through the origin, therefore the direc¬ 
tion of a line may be given by the direction angles of some 




ANA L YTia (ULOjSIICTH T 




[Ch. I 


point, wliose nulins vector is i»n,rallcl to the line. Sometimes 
iis an equivalent conception, it is convenient to consider the 
direction angles as tliose I'ornied by the line wil.h tliree lines 
winch pass tlirougli some point ol: the given line, and are 
parallel, respectively, to tlie coordinate axes. 


204. Distance and direction from one point to another • rec 
tangular coordinates. A few elementary' prol,lems concerning 

points can now ho easily solved; 
for e.xamphi, tlieprohlcm of find¬ 
ing the distance between two 
points. Let; OX, O Y, OZ be 
a set ol rec,tangular axes, and 
=0''n 



J\ 


be two given points. 'I'hen the 
planes through J\ and paral¬ 
lel, rcsp(ictivcly, to the coordi- 
planes, form a nuitangular 
parallelepiped, of which the required <lista,ncc P />, is ^ 
diagonal. From the figure, 

since Z PiQP.^ = 1)0° and Z = 00°, 

therefore ^ 

= Mlir -I- 

= (-'a - -'’i)'“ + (,//.2 - J/O'^ -h (22 
That is, if d be the recpiired distance, 

d = - * 1 )^ 4- (Pa -. y, J-' yh ^ _ 

Moreover, since the direction of the lini' P^]>.^ is given by 
the angles a, / 3 , -y, which it makes, respccti v.dy, \vitli the lines 
P^X', PjZ', and P^^Z', drawn through P^ parallel to the 




• [<i] 
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axes ; then projection of d = .P-^P^ upon these lines in turn 
gives 

P^P^QOsa^P^X', PiP 2 COS/ 3 =PiF', P^P^cosy^P^Z', 
i.e., cZcos a=:x^—Xp cZcos ^=-y^ — cos y=^z^—z-^. 

and, finally, 


cos a= - 


0C.2 — 


COS p = 


Vi - Vi 


d ’ d ’ d 

These equations give the required direction angles of 

AA- 

20S The point which divides in a given ratio the straight 
line from one point to another. Let ^ 

Pi= (iTp ^ 1 , ^i) and P 2 = (:r 2 , ^ 3 , 
be two given points, and let 
P^=(x^, yg, %) be a third point 
which divides the hne P^Pg in the 

given ratio so that A = Vh, 

^^2 AA '^^2 

Let P -^P g = d^>^ and P ^P 3 — d^ 5 
then by Art. 204, if «, /3, 7 be the direction angles of P-^P^-^ 

x^ — Ei-Zl-Ss • *. ^3 ^ ^ 

^q’ 




[7] 



Mi 


^3 

Fig. 145 


COS a 


= zA 


d. 


do 


■ and 

Similarly, 

and 


2/3 

i®3 


'*'2 ^2 
?nia?.2 + ^W.2CCi 
7n^ + 711.2 

7niJ/.2 + ^n.2Vi 
7tti + 

in^Zo -f 711.2^1 


rg d2 


[ 8 ] 


77li + 771,2 

It will be noticed, as in the similar problem in Part L 
Art 30, that if Po divides the line exteniallv, the ratio 
must be negative ; and the above formulas still apply. 
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IViriii.s 


.. tab, ««stapta 


j ' ? *!**> 


‘"•f it ^ * n - I ^ 


a 5 ^}J : 




[9] 


.i,r >::v"TTTV‘rT 

.."''"''''■»'«iti-Ju;i,itduii’ 

^ t,..r<,.s a,tul Thm the pro- 

upon OI\ of the line 
and of tlie broken line 
are c(iual (Art. 17); 

luUHH), 



■'" P‘‘"j- 0/\ = proj. 

i-f; coH 6 = 031^ eos «j 
+ 714/14' (ios /3j H- 31'J\ cos 7 ,. 

But o)r 

UJJ,, 

'^4 ’4' ^ P. 7., and 31^P, = p^ cos 7 ^; 

P, -'S 0 f,. cos <C, ,.,.s a, +p,, cos ;3^ . 

l•<■<*SPl<‘O.Sp2 -| coSYiCOSVa, [10] 
mid this rrhitiioi (hdornuiics (he ro([nirod a,n,i--le 0. 

It Ihllnus, since any (ua, slrainhl, lines in spaee liave their 
‘ milieus piveii liy Ihe direelhni a.nu'les of radii veetores 

'Vlueh are parallel (,, ...vely, (ha,(, ferinnla [lO] 

applies as well (o th,- ano'le 0 heUveen a.ny (avo st,raight lines 
in space, whese direel ion aiija’Ies a,re tfiven. 

I we special eases arise, ol [)a,rallel and of jiorpondicular 
Imo.s. If (he (Ave sp'ven lines are parallel, ovidoutly 


“■!!' P| Pa- Vi~y 2 ; 


[11] 
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and formula [10] reduces to eq, [4]. If the lines are per¬ 
pendicular, cos 0 =0, and eq. [10] reduces to 

cos aj cos a2 4 COS Pi COS Pa + cos Yi COS 73 = 0. . . . [12] 

207. Transformation of coordinates; rectangular systems. 

The relations found in Art. 202 to exist between rectangu¬ 
lar and polar coordinates of a point may be used as formulas 
of transformation from one system to the other if the origin, 
the pole, and the reference axes are coincident. Two other 
simple transformations may be useful, (1) from one set of 
rectangular coordinates to a parallel set, i,e,, a change of 
origin only; and (2) from one set of rectangular axes to 
another set through the same origin, i,e,, a change of direo- 
tion of axes. Then any transformation between rectangular 
and polar systems can be per¬ 
formed by a combination of 
these three elementary trans¬ 
formations. 

( 1 ) Change of origin 07ily. 

Let the new origin be the point 
0'={h, Jc, y); then, construct¬ 
ing the co5rdinates of any 
point P with reference to 
each set of co5rdinate planes, it is evident, by analogy with 
Art. 71, that 



(c = x' + h, = z = z’-^j. . . . [13] 

(2) Ohafige of direction of axes. Let a second set of rec¬ 
tangular axes, 0 X\ OT', OZ^, have the direction angles 
/3i, 7 i, ^ 2 ' 7 * 2 ' ^ 3 ’ 73 ' i^espectively, with the old 

axes OX, or, 6z. 
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Then if tlie coordinates 
of any point P in the two 
systems are 

r?- = OM, 
y = MM\ 
z = ilf'P, 
and d = OQ^ 

/ = 

= Q^l\ 


then projections of OP and the broken line OQQ^P upon (9X, 
OJ”, OZ^ in turn, will be equal; hence, 


X = X' cos ai + y' cos + z' COS 
y = x' cos Pi + y' cos p^ + cos 
z = x' cos Yi + y' cos 72 + cos 7 {{, 


[14] 


These formulas are for transformation from the hrst sys¬ 
tem to the second. But, also, by projecting OF and 
OMM'P upon OX', OY', OZ', respectively, 

x' =x cos «! -f- «/ COS + z cos 7 i, j 


jr' = a;cos«i-|-^cos/S2-P2 0os72, ^ . . . [15] 

z' = X cos «s + ^ cos + z cos 73 , 

and these formulas are for the reverse transformation, from 
the second system to the first. 


Note. It is to be remembered that in the transfoniuitioM of [11] and 
[15], twelve conditions exist, by eq. [4] and eq. [12], three of each of 
the following types, 


cos^tti + + cos^a^ = 2, 

cos-aj 4* cos2/?j+ cos*-^7j = b 

cos ttj cos + cos cos + cos cos y,, = 0, 

cos cos + cos ag cos + cos «... c< )s /3.^ = 0. 

These equations are not independent, however, but reduce to six 
independent equations. 
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It is clear, by reasoning similar to that of Art. 75, Part I, 
that none of the transformations [13], [14], and [15], neither 
separately nor in combination, can alter the degree of an 
equation to which they may be applied. 

EXAMPLES ON CHAPTER I 

1. Prove that the triangle formed by joining the points (1, 2, 3), 
(2, 3, 1), and (3, 1, 2), in pairs, is equilateral. 

2. The direction cosines of a straight line are proportional to 1, 2, 3; 
find their values. 

3. Find the angle between two straight lines whose direction cosines 
are proportional to 2, 2, 2, and 5, “4, 7, respectively. 

4. The rectangular coordinates of a point are (VS, 1, 2V3); find 
its polar coordinates. 

5. The polar coordinates of a point are ^3, find its rectan¬ 

gular coordinates. 

6 . Express the distance between two points in terms of their polar 
coordinates. 

7. Find the coordinates of the points dividing the line from 
(“2, ”3, 1) to (3, ”2, 4) externally and internally in the ratio 2:5. 

8 . What is the length of a line whose projections on the coordinate 
axes are 4, 1, 3, respectively? 

9. Find the radius vector, and its direction cosines, for each of the 
points (-7, 1, 5), (1, -1, -2), (a, 0, 6). 

10. Find the center of gravity^ of the triangle of Ex. 1. 

11. Find the direction angles of a straight line which makes equal 
angles with the three coordinate axes. 

12. A straight line makes the angle 30° with the r-axis, and 75° 
wdth the 2 :-axis. At what angle does it meet the y-axis? 

13 . Prove analytically that the straight lines joining the mid-points 
of the opposite edges of a tetrahedron pass through a common point, 
and are bisected by it. 

14 . Prove analytically that the straight lines joining the mid-points 
of the opposite sides of any quadrilateral pass through a common point, 
and are bisected by it. 


* See Ex. 15, p. 42. 



CHAPTER II 


THE lOCirS OF AH EQIJATIOH. SURFACES 

208. Attention has been called to the close analogy 
between the corresponding analytical results for the geom¬ 
etry of the plane and of space. It is evident that in 
geometry of one dimension, restricted to a line, the point is 
the elementary conception. Position is given by one vari¬ 
able, referring to a fixed point in that line; and any alge¬ 
braic equation in that variable represents one or more points. 
In geometry of two dimensions, however, it has been shown 
that the line may be taken as the fundamental element. 
Position is given by two variables, referring to two fixed 
lines ^ in the plane; and any algebraic equation in the two 
variables represents a curve, i,e.^ a line whose generating 
point moves so as to satisfy some condition or law. Corre¬ 
spondingly, in geometry of three dimensions the surface is the 
elementary conception. Position is given by three variables, 
referring to three fixed surfaces, since any point is the inter¬ 
section of three surfaces; f and it can be shown that any 
algebraic equation in three variables represents some surface. 


* With polar coordinates, these lines are a circle about the pole with 
radius = p, and a straight line through the pole making the angle 6 with the 
initial line (Art. 23), 

t With polar coordinates, these surfaces are a sphere, about the origin as 
center, determined by the radius vector p, a right cone about the s-axis, with 
vertex at the origin, determined by the angle <p, and a plane through the 
2 :-axis determined by the angle 6 (Art. 201). 
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The study of the special equations of first and second 
degree will be taken up in the two succeeding chapters. 
Here it is desired to show that an algebraic equation in three 
variables represents a surface, and to consider 'briefly two 
simple classes of surfaces : (1) cylinders, 2 . 6 ., surfaces which 
are generated by a straight line moving parallel to a fixed 
straight line, and always intersecting a fixed curve ; and (2) 
surfaces of revolution, z.6., surfaces generated by revolving 
some plane curve about a fixed straight line lying in its plane. 

209. Equations in one variable. Planes parallel to coordi¬ 
nate planes. From the definition of rectangular coordinates, 
it follows that the equations 

a; = 0, 2/ = 0, 2 = 0, 

represent the coordinate planes, respectively, and that any 
algebraic equation in one variable and of the first degree 
represents a plane parallel to one of them. Similarly, an 
equation in one variable and of degree n will represent 7i 
such parallel planes, either real or imaginary. For, any such 
equation, as 

PqX^ + ••• -hPn-i^ -\-p„ = 0, . . ( 1 ) 

can be factored into 7i linear factors, real or imaginary, 

Pq(x - x{)(x - a- 2 )(-) 0 - - = 0; ... (2) 

and by the reasoning of Part I, Art. 40, eq. ( 2 ) will repre¬ 
sent the loci of the equations 

X — = 0, X — = 0^ •••, X — 0, 

each of which is a plane, parallel to the y^-plane, and real if 
the corresponding root is real. In the same way, an equa- 
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tion in y or s only will represent planes parallel to the zx- or 
2 :y-plane. 

Any algebraic equation in one variable represents one or 
more planes parallel to a coordinate plane. 

It follows at once by Art. 89, that two simultaneous 
equations of the first degree in one variable represent the 
intersection of two planes parallel to coordinate planes; 
therefore, represent a straight line parallel to the coordi¬ 
nate axis of the third variable; e.g., y = b, z = e, considered 
as simultaneous equations, represent a straight line parallel 
to the a;-axis. 

210. Equations in two variables. Cylinders perpendicular 
to coordinate planes. Consider the equation 

2a;-|-3y=6, . . . (p) 

with two variables only. In the -plane it represents a 
straight line A£. If, now, from any point P of AB a 



straight line be drawn parallel to the z-axis, the a; and y 
coordinates of every point Q on this line will be the same as 
for J*, and therefore satisfy equation (1). Moreover, if the 
line PQ moved along AB, and always parallel to the z-axis. 
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still the coordinates of every point in it satisfy equation (1). 
As the line is thus moved, it traces a plane surface per¬ 
pendicular to the a;^-plane ; and, as evidently the coordinates 
of a point not on this surface do not satisfy equation (1) 
this cylindrical plane is the locus of equation (1). 

Again: the equation 

_j_ ^2 ^ ^ ^ ^ ^ 2 ) 

represents in the ^^-plane a circle. It is therefore satisfied 
by the coordinates of any point Q, in a line parallel to the 
a;-axis, through any point P of this circle; and also by 
the coordinates of Q as this line PQ is moved, parallel to 



the a 7 -axis and along the circle. The circular cylinder thus 
traced by the line FQ, perpendicular to the y^-plane, is 
the locus of the given equation. 

Similarly, it may be shown that the locus of the equation 




(3) 


is a cylindrical surface traced by a straight line parallel to 
the y-axis, and moving along the hyperbola whose equation 
in the 2 ’; 3 -plane is equation (3). And, in general it is clear 
by analogy that any ahjehraic equation in two variables ref re- 
■.ynts a eylindrical surface tvJiose elements are paraUel to the 
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axi8 of the third variable, and having its form and posi¬ 
tion determined by the plane curve represented by the same 
equation. 

As a direct consequence, it is clear that if a cylinder has 
its axis parallel to a coordinate axis, a section made by a 
plane, perpendicular to that axis, is a curve parallel to and 
equal to the directing curve on the coordinate plane, and is 
represented in the cutting plane by the same equation. 
Thus, the section of the elliptical cylinder whose equation is 
3 + 3/2 ^ 5 ^ cijit by the plane = 7, is an ellipse equal and 

parallel to the ellipse whose equation is 3 = 5. 

211. Equations in three variables. Surfaces. A solid 
figure has the distinctive property that it can be cut by a 
straight line in an infinite number of points, while a sur¬ 
face or line can, in general, be cut in only a finite number. 
A line has the distinctive property that it can be, in gen¬ 
eral, cut by a plane in only one point, while a surface may 
be cut in a curve. To show that the locus of an algebraic 
equation in three variables is, in general, a surface, it is suf¬ 
ficient to show that, in general, a plane will cut it in a curve, 
while a straight line will cut it in a finite number of points. 

Let the given equation be 

/(a;, y, 2)=0, . . . ( 1 ) 

and let z = c , , , (2) 

be a plane parallel to the a; 3 /-plane. The points of inter 
section of these two loci will be on the locus of the equation 

/(2J, 3/, (?)= 0; . . . (3) 

and, by Art. 210, they lie, therefore, upon a plane curve, cut 
from the cylinder whose equation is (3), by the plane whose 
equation is (2). Hence the locus of equation (1) is not a line. 
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Again, let z=^e . . . (4) 

be tbe equations of a straight line (Art. 209), parallel to the 
a:-axis. The points of intersection of locus (1) and the line 
(4) will be also on the locus of the equation 

/(ar, S, ^?)= 0; ... (5) 

which, since the equation is in one variable, of finite degree, 
will represent a finite number of planes parallel to the yz- 
plane, and therefore having a finite number of points of 
intersection with the line (4). Hence the locus of equation 
(1) is not a solid. 

Therefore, the locus of any algebraic equation in three vari¬ 
ables is a surface* 

212. Curves. Traces of surfaces. Two surfaces intersect 
ill a curve in space ; and since every algebraic equation in 
solid analytic geometry represents a surface, a curve may be 
represented analytically by the two equations, regarded as 
simultaneous, of surfaces which pass through it. Thus it 
has been seen that the equations y — h., z = c separately rep¬ 
resent planes, but considered as simultaneous represent the 
straight line wliich is the intersection of those planes. But 
by the reasoning of Art. 41, the given equations of a curve 
may be replaced by simpler ones which represent other sur¬ 
faces passing through the same curve. In dealing with 
curves it is often useful to obtain, from the equations given, 
ecpiations of cylinders through the same curve; i.e., it is 
generally useful to represent a curve by two equations each 
in two variables only. 

Example : The curve of intersection of the two surfaces, 

(1) z- + / + 2 - 25 = 0 and (2) x- -f y- - 16 = 0, 
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is also the intersection of the surfaces 

' a ;2 ^ ^ ^2 - 25 - (x^ + - !()) = 0, i.e., ; 2 : = ± 3, (3) 

with the surface (2). The curve is therefore composed of two circles of 
radius 4, parallel to the ar?/-plane at distances + 3 and — 3 from it. 

Conversely, the curves of intersection of a surface with 
the coordinate planes may be used to help determine tlie 
nature of a surface. These curves are called the traces of 
the surface. 

Thus, the surface = 25 lias the traces 

on the y^-plane, where x = 0, = 25; 

on the ;3aj-plane, where «/ = 0, -j- = 25; 

on the a?^“plane, where = 0, x^A-‘y^= 25. 

Each of these traces is a circle of radius 5, about the 

origin as center; the surface is a sphere of radius 5 with 
center at the origin. 

Since three surfaces in general have only one or more 
separate points in common, the locus of three equations, con¬ 
sidered as simultaneous, is one or more distinct points. 

213: Surfaces of revolution. Analogous to the cylinders 
are the surfaces traced by revolving any plane curve about 
a straight line in the plane as axis. From tlie metliod of 
formation, it follows that each plane section perpendicular 
to the axis is a circle, — the path traced by a point of the 
generating curve as it i*evolves; and the radius of the circle 
is the distance of the point from the axis in tlie 2 )laiie before 
revolution begins. These facts lead readily to tlie equation 
of any surface of revolution, as a few examples will show. 

(a) The cone formed by revolving about the z-axis the line 
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x4ny point JP of the line (1) traces during the reToliition 
a circle of radius iP, parallel to the a;^-plane. The equa¬ 
tion of that path is 


+ f = lF. 


z 



But in the 2 ; 2 -plane, before revolution is begun, LP is the 
abscissa a; of P; hence, by equation (1), 


LP = 



J 


so that the equation of the path of P is 

,, , ( 15 - 82)2 

a^+r=-i— 


( 2 ) 


But P is any point of line (1); hence equation (2) is sat¬ 
isfied by every point of the line, and represents the surface 
generated by the line, which is the required conical surface. 
(6) The sphere formed hy revolving about the y-axis the 


circle 


a2+/=25. 


(3) 


In this case, any point P of the curve traces during the revo¬ 
lution a circle of radius iVP, parallel to the 2 .r-plaue. The 
equation of this patli is therefore 

0 .^ + 22 = NP^. 
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But in the a;y-plane, by 
equation (3) 

HP = x= V25 — y^. 
Hence, substituting above, 
+ 25 - 2 / 2 , 

i.e., x^+y^+z^=2ii-, (4) 

which is the equation of the 
required spherical surface. 

(e) The surface formed 
hy revolving about the x-axis 
the curve 


z=(x-l)(x-2)(x-3') [cf. Art. 37]. . . . (5) 

Any point P of the generating curve traces a circle parallel 
to the ^s-plane, with 


a radius MP equal to 
the a-abseissa in equa¬ 
tion (5). Hence the 
equation of its path is 

^2 q_ g2 _ Jfp2^ 

i.e., y^ + z^=(x- 1)2 
(:r-2)2(^_3)2; ... (6) 

which is the equation 
of the required surface. 

(_d') Of the various 
surfaces of revolution 



those of particular interest are' generated by revolving 
about their axes the various conic sections, giving the 
cones, spheres, paraboloids, ellipsoids, and hyperboloids of 
revolution. 
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The student may verify the equations of the following 
surfaces : * 

The sphere: with center at the point (< 2 , 5, (?), and radius r, 
(a;---a)2-f (y ~ 5)2-{-( 2 --(j)2 = ; ... (7) 

with center at the origin, and radius r, 

... ( 8 ) 

The cone: the surface generated by the right line z^mx-^-c^ 
rotated about the 2 -axis, 

+ = ... (9) 

7?r 


The oblate spheroid: the surface generated by the ellipse 
^ ^ = 1, rotated about the minor axis, 


a? • 


( 10 ) 


The prolate spheroid: the surface generated by the ellipse 
~ + — = 1, rotated about the major axis, 

52 


^+^ 4 .^= 1 . 

52 52 a ? 


( 11 ) 


The hyperboloid of one nappe: the surface generated by 
the hyperbola ^ = 1, rotated about the conjugate axis, 

CF 


The hyperboloid of 

^•2 .^ y 2 

the hyperbola -- — 


( 12 ) 


2! + I^_5?=1 

1 % ■ ■ ' 

two nappes: the surface generated by 
= 1, rotated about the transverse axis, 


b‘^ a2' 


1 . 


(13) 


* See Chap. IV, where diagrams are .given for the corresponding cases 
of the general quadric, with elliptical instead of circular sections. 
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The paraboloid of revolution : the surface generated by the 
parabola aP’ = 4yis, rotated about its axis, 

3? + f = 4:pz. . . . (24^ 

EXAMPLES ON CHAPTER II 

What is the locus of each of the following equations? 

1. — 61 + 9 = 0. 4. ax^ + -f = 0. 

2. 2 X + 4 = 0. S. 4 yx + (i y — 8 a + 1 = 0. 

3. x^-2x!/+>/^+2x — 2y + l=0. 6. s2-9// = !). 

What are the curves of intersection of the surfaces represented bv 
the equations •' 

7. y + 3 = 0, 3x=+3y2 + 332_20? 

8 . = z = 01 

9. + + = 4x2 + y 2 _ 4 -) 

10 . 9(x2 + !/2)_,2=:25_io~ s=±5 ? 

11 . Sx^-if-z^ = l2, ^ + 


Determine the projections upon the coordinate planes of the 
surfaces: 


following 


12. x2H-y2q.4j;2_25; 3_3_ 8*2 _ 4 j,2 _ _ 42 . 


Find the equation of 

14. the paraboloid of revolution one of whose traces is y 2 = _ 5* q. 3. 


15. the curve of revolution one of whose traces is w = - 
whose axis is the axis of y. Find its vertex. 

16. the oblate spheroid one of whose traces is 5? + - 1 

2 3 “ 


5 z’ + 3 and 


17. the prolate .spheroid one of whose traces is - 1 

7 9 ~ 

18. the surface of revolution whose axis is the axis of x and one of 

Whose traces is 1 ^ 2 ^ - 1 = q. ^ 

_ 9 !3 “'I® "^hose traces is 16 x 2 

4x^+ 9!2 'S''® the ellipse 

+ y ?/- - a; = 0 as diameter. 



CHAPTER III 


EQUATIONS OF THE FIRST DEGREE 

Aco + By + C 2 ; -f Z) = 0 

PLANES AND STRAIGHT LINES 


I. The Plane 


214. Every equation of the first degree represents a plane. 

A plane is a surface such that it contains every point on a 
straight line joining any two of its points. 

Let z{) and P^ = ( 0 ^ 2 , be any two points 

of the surface whose equation is 


Ax + J52/+0;2J +D = 0, . . . [16] 

SO that Ax^ -h By-^ + + D = 0 . . . (1) 

and Ax^ 4- By^ + Cz^ 4- _Z) = 0. . . . (2) 

Now, if P^=(x^, yg, ^ 3 ) be any point on the straight line 
from P^ to P 2 ^ distance from P^ and from P^^ then, 
by Art. 205, 

d-^x^ 4- d^Xi _ _ ^ 1^2 d" ^ 2^/1 „ _ ^ 1^2 d~ ^^ 2^1 
^ 3 - d, + d^ '~' ^ 3 - + + ' - 

But this point lies 011 the surface represented by equation 
[16]; for, substituting its coordinates from (3) in equation 
[16], tlie latter becomes 




4 By I + 4- B) — 0, 
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which is a true equation, since each parenthesis vanishes 
separately by equations (1) and (2). Hence every point of 
the line P-^P^ is on the locus of equation [16], and that 
locus is therefore a plane. Pvery algebraic equation of the 
first degree in three variables represents a plane. 


215. Equation of a plane through three given points. The 
general equation of the first degree, 


Ax + Bp JrOz +P = 0, . . . (1) 

has only three arbitrary constants, viz. the ratios of the 
coefficients. If three given points in the plane are 


Pj «/j, gj), P2 — (3^2’ Vo.' ^2)’ -^3 =C*3i Pp 23), 

then these ratios may be found from the three equations, 


Ax.^ + Pyj + Cfej + jD = 0 ,' 

+ %2 + Cfe 2 + P = 0 , 

Axg + Bpg 4 - Ozg + J) = 0,. 


■ ■ ( 2 ) 


considered as simultaneous. 

In solving equation (2) for the required ratios, two special 
cases may occur: (a) The value of one of the coefficients 
may be zero, then the ratios determined must not have tliat 
coefficient in the denominator. B.g., if J) = 0, solution 
should not be made for 4, but for 4, | 

(b) The equations may differ only by constant factors, then 
the three equations have an infinite number of solutions. 
This is explained by the. fact that the points are on a straight 
line, and ang plane through the line will pass also through 
the points. ^ 

216. The intercept equation of a plane. A plane will in 
general cut each coordinate axis at some definite distance 
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from the origin, and this distance is called the intercept of 
the plane on the axis. If 5, c be the intercepts on the 
y-, and ^-axes, respectively, of the plane whose equation is 
Ax -}- + D = 0, . . . (1) 

then the points (a, 0, 0), (0, 5, 0), (0, 0, e) are points of the 
plane, and therefore (cf. Art. 215) 

. Aa + I>=0, 55 + D = 0 , Ce + J) = 0, 


z.e.. 


A = - 


G = --. 
a 0 c 


Hence equation ( 1 ) may be written 
a h e 




HOC ^ 


( 2 ) 


[17] 


and this is the equation of the plane in terms of its intercepts. 


217. The normal equation of a plane. A plane is wholly 
determined in position if the length and direction be known 
of a perpendicular to it ^ 

from the origin; and this 
method of fixing a plane 
leads to one of the most 
useful forms of its equa¬ 
tion. Let OQ be the 
perpendicular from the 
origin 0 to the plane 
A5(7, let be its length, 
always considered as 
positive, and let «, /?, 7 
be its direction angles. Let P = (x^ y, z) be any point of 



the plane, and draw its coordinates OM, MM\ ilf'P. 
projecting upon OQ^ 


Then, 



356 


ANALYTIC GEOMETRY 


[Ch. m. 


proj. OM'P=proj. OP, 

hence proj. 0 i!/+ proj. MU' + proj. M'P = proj. OP, 
that is, a 5 COSa +jACOsp + «cosv=l>- . • • [18] 

This is called the normal equation of the plane. 

There are two special cases to be considered : 

(1) If the plane is perpendicular to a coordinate plane, 
e.g., to the ai^-plane (cf. Art. 210), then 7 = 90°, cos 7 = 0 , 
and equation [18] reduces to 

xQQ&«. + yoos^ = p. . ■ ■ [19] 

(2) If the given plane is parallel to one of tlie coordinate 
planes, e.g., to the xy-'glmQ (cf. Art. 209); then a=/3 = 90°, 
7 = 0°, and eq. [17] reduces to 

z = p. . . . [20] 


218. Reduction of the general equation of first degree to a 
standard form.* Determination of the constants a, b, c, p, 
o, p, y. I. Intercept form. In Art. 216 a method 1ms been 
indicated for reducing the general equation 

+ Py -f“ Oz -|- H = 0 . . . (1) 


to the intercept form. Since tlie points (a, 0 , 0 ), ( 0 , h, 0 ), 
and ( 0 , 0 , c) are on the plane ( 1 ), it follows that the inter¬ 
cepts are 

f. ^ (>-)\ 


D 


Q 


II. Normal form. If equation (1) and the equation 

a; cos a + y cos )8 + 5 ; cos 7 — ^ = 0 . . . (3) 

represent the same plane, then their first members can differ 


* The reduction of this article gives a second proof that the general alge¬ 
braic equation of first degree always has for its locus a plane. 
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only by a constant factor, m (cf. Art. 203, eqs. [5]; also 
Art. 58); 

therefore 

mA = cos a, mB = cos mO = cos 7, mD = — jp, 
but, by [ 4 ], cos^ a + cos^ /3 + cos^ 7=1, 


hence 

Then 


m\A^ + 52 + 6^2)^ and m = 


cos a = - 


COS7 = 


0 


cos p = 
P = 


B 


^A^ + ^2 4. ^2 

-I> 

4- i52 + <72* J 


[ 21 ] 


Equation (1) written in the normal form is then 

A ^ , B 

VA2 + 52+ (72^ VA2 + ^+ 

, g . . -J 

■^VJl 2 + ^+ 02® + t-2’ 


( 5 ) 


therefore, to reduce equation (1) to the normal form, it is nec¬ 
essary only to transpose the constant term to the second mem- 
her of the equation, and then divide both members by the square 
root of the sum of the squares of the coefficients of the variable 
terms. The sign of the radical is determined by the fact 
(Art. 217) that p is taken positive; hence, the siyn of the 
radical is the opposite of the sign of the constant term. 


219. The angle between two planes. Parallel and perpen¬ 
dicular planes. The angles formed by two intersecting 
planes are the same as the angles formed by two straight 
lines perpendicular to them respectively; Ae., is the same 
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as tlie angles between the respective normals from the origin 
to the planes. If 

A^x + B^y + + i>i = 0, . . . (i) 

and + + i>2 = 0, . . . (2) 

be two planes, then the direction cosines of their normals 
are respectively (eqs. [21]) 

cos oil = - CQS;8 t= . . C0ST1=— .. 

V Ai^ C'l^ V Ax^ 4- +Gi^ "n/^ 

coscc^= — , etc., 

and by equation [ 4 ], if d be the angle between the two planes, 
and hence between the two normals, 


cos 0 = - 


AiAiji + + C'iG^2 


+ Cl® 

There are two cases of special interest. 


• • [ 22 ] 


I. Parallel planes. If the planes ( 1 ) and (2) are parallel, 
their normals from the origin will have the same direction co¬ 
sines, and differ only in length ; therefore, by equations [20], 
the equations of the planes must be such that the coefficients 
of the variable terms are the same in the two equations, or 
can be made the same by multiplying one equation by a 
constant. In other words, if the planes (1) and (2) are 
parallel, then 


A2 B-i Ca’ 


[ 23 ] 


and the plane .Ax +By+O zA-K =0 
is parallel to the plane 


(3) 


Ax +By + Oz + J) = 0 ^ 
for all values of the parameter K. 


C4) 



219 - 221 .] 


PLAJSES AND STRAIGHT LINES 


359 


II. Perpendicular planes. If the planes (1) and (2) are 
perpendicular to each other, then cos 0 = 0, 

and AiA.i + + CiCj = 0; . . . f24'| 

and conversely. 

220. Distance of a point from a plane. Let 

be a given point, and 

+ + = 0 . . . ( 1 ) 
a given plane. The perpendicular distance of from the 
plane is equal to the distance from the plane (1) to a parallel 
plane through the point; i.e., is equal to the difference in 
the lengths of the normals, from the origin, to these two 
parallel planes. 

The parallel plane through has for its equation by 
Art. 219, equation (3), 

A.X -f” Py -[- Cz = AiX-^ -f- Py-ji^ *!■ Oz-^» . . . ) 

By [21], the lengths of the normals to planes (1) and (2) 
are, respectively, 

» =_ p' = 4 Pl±^Ma±^ 

VA2 + 52 + 02 -dA^ + B^ + 0 ^' 

therefore ii d = 2 ^^ ^ P the required distance, 

d = P [251 

In formula [25], the sign of the radical is taken opposite 
to the sign of D (Art. 218) ; and the sign of d shows on 
which side of the given plane lies the given point. 

II. The Steaight Len^e 

221. Two equations of the first degree represent a straight 
line. Every equation of first degree represents a plane 
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(Art. 214), and two equations considered as simultaneous 
represent the intersections of their two loci (Art. 39). 
Therefore since two planes intersect in a straight line, the 
locus of the two simultaneous equations of first degree, 

A^x + B-^y + Qi^ + = 0, J-gO? + B^y + O^z + = 0,. . . (1) 

is a straight line. As suggested in Art. 212, it is generally 
more simple to represent the straight line by equations in 
two variables only, standard forms, to which equation (1) 
can always be reduced. 


222. Standard forms for the equations of a straight line. 

(a) The straight line through a given point in a given direction. 
Let = (x^, y^, be a given point, and a, A 7 the direc¬ 
tion angles of a straight line through it. Let P = (a;, z) 
be any point on the line, at a distance d from Pj. Then by 
equation [6], 

dQQS>a — x — x-^, dao^^ — y — y^, (icos7 = ^ . . . (1) 


hence 


X - Xi 

cos a 


fJ - 

COSp C 0 S 7 ^ 


which are the equations of a straight line in the first standard 
form, called the symmetrical equations. 


(5) The straight line through two given points. Let P^ ~ 
(o^i, y^, and P^=(x^, y^, be the given points. Any 
straight line passing through P^ has [26] for its equations. 
If the line passes also through P^, then 


^2 ~ __ ^2 - VX _ ^2 - 

cos a cos yS” cos 7 ’ ' ‘ 

and hence from equations [26] and (2), by division to 
eliminate the unknown direction cosines, 


x~xi y -y\ _z-zi 
^2 “ ~ ^2 “ 2/1 “ ^ - ^1 


• - [27] 
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These are the second standard forms for the equation of a 
straight line. 

(<?) The straight line with given traces on the coordinate 
planes. One of the simplest set of planes for determining a 
straight line is a pair of planes through the line and perpen¬ 
dicular respectively to the coordinate planes (cl Art. 212). 
Then the equation of these planes will be the same as the 
equations of the traces of the line on the corresponding coor¬ 
dinate planes (Art. 210). Thus, if the equation of the traces 
of a given line upon the zx- and y^-planes are, respectively, 

X == mz -h S, 'I 

7 • • ‘ [ 28 ] 

y=nz-\-d,] 

then, considered as simultaneous, these are also the equa¬ 
tions of the given line in z 

space. 

In Fig. 155 the given 
traces are ABV in the 
:S27-plane, and CLN^ in the 
^^-plane ; P is any point 
in the given straight line, 
and jR, S are the points 
where the line pierces the 
2 -y-, ^ 2 ;-planes, respec¬ 
tively. Then it is clear 
that in equations [28] 


m ■ 


tanZ 

tanZ OCD, 



Also, since, by equations [28], 

hn 


A A dyn 

OA = -, AR =- 

m m 


OC: 




dm 
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therefore the points where the given line pierces the coordi¬ 
nate planes are 

^ \ m mj \ n nj ^ ^ 

223. Reduction of the general equations of a straight line 
to a standard form. Determination of the direction angles 
and traces. 

I. Third standard form: traces. The traces of a straight 
line have the same equations as have the planes of projec¬ 
tion of the straight line upon the coordinate planes, respec¬ 
tively. They may be obtained, therefore (Art. 210), by 
eliminating in turn each of the variables z, y, x from the 
given equations. 

This may be illustrated by a numerical example. 

Given the equations 

3.r-j-2?/-|-2!-5 = 0, a:4-2^~22: = 3, . . . (1) 

representing a straight line. Eliminating 2 , y, and successively, the 
equations 

7a:+ 4y-13 = 0, 2a?+ 3 2 :-2=0, 4?/- 72 :-4 = 0 ... ( 2 ) 

are obtained, each representing a plane through the given line and per¬ 
pendicular to a coordinate plane. Therefore these equations are also tlie 
equations of the traces of the line, in the xy-, zx-^ and ys-planes, respectively. 

II. First standard form: direction angles. The method of 
reducing the general equations of a straight line to the first 
standard form, and finding its direction angles, can also be 
illustrated by a numerical case. 

Considering still the line whose equations are (1) above, and whose 
traces are given by equations (2); and taking the equations of any two 
of its traces, e.y., 

2a: + 32-2 = 0, 4y-7;s-4 = 0; . . . (3) 
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these have one variable, s, in common. Equating the values of this 
common variable from the two equations, gives 

-V - ~ -f 2 — 4 

3 ~ 7 ’ 

which may be written, to correspond with equations [26], 

= ■ (4) 

Now, although the denominators 1, — f, ^ of equation [4] are not 
direction cosines of any line, yet, by equations [5], they differ from 
such direction cosines only by the factor 

vTT|Til = iVIoI. 

Kewriting equations (4) in the form 

-6 “ 7 “ 4 ’ * ‘ 

vToi viol Vm 

it corresponds entirely to equations [26]. Therefore the line passes 
through the point (1, 1, 0), and its direction angles are given by the 
relations 

6 7 4 

cos a =-cos 6 =-, cos y = - 

VlOl Viol VlOl 

The method given above is evidently perfectly general. 

224. The angle between two lines; between a plane and a 
line. If the equations of two straight lines be written in the 
form 

. . . ( 1 ) 

X — _ y — _ z — g >2 ^2) 

^2 ^2 ^2 

then by Art. 223, II, their direction cosines are, respectively. 




cos «9 = — ■ 

4 - c} 


cus/3, = _ etc., ... (2) 

Vai^ + + c/ 
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and therefore, by equation [10], the angle between the two 
dines is given by the equation 


COS0 : 


+ ^ 1^*2 


- 1 - 

Again, the angle between the straight line 


[29] 


' __y ■ 


zJh^^ZLh 
h e 


(3) 


and the plane 

Aa; + % + 6fe + i>= 0 ... (4) 

is the complement of the angle between the line (3) and the 
perpendicular to the plane (4) from the origin. Therefore, 
by equations [10] and [21], and Art. 223, II, the required 
angle is given by the equation 

._ aA± h B +cC — ^ 


sm0 =- 


Conditions for perpendicularity and parallelism precisely 
like those of Art. 219 may be obtained from equations [29] 
and [30]. 


EXAMPLES ON CHAPTER Hi 


1 . Find the equation of a line through the points (1, 2, 3) and 
(3, 2, 1). 

2 . Find the equation of a plane through three points (1, 2, 3), 
(8, 2, 1), and (2, 3, 1). 

3. Write the equations of the straight line through the point 
(1, 2, 3), and having its direction cosines proportional to Vh, 1, 2\/3. 

4. What are the traces of the line of Ex. 1 upon the (soordiiiate 
planes? "Where does the line pierce those planes? 

5. Find the equations of a straight line through the point (1, 2, 3) 
and perpendicular to the plane a* + 2 ?/ + 3 2 : = 6. 

Reduce to the intercept and normal forms, and determine Wliich 
octant each plane cuts: 

6. 2a-3y-s = 7; 


7. 5 + 2 s - 1 = a. 
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8. Reduce the equations of the line 

— Sy~z = 7, 6y + 2z — 1 = X 
to the symmetrical form, and determine its direction cosines. 

9. Find the angle between the planes 

2x -zz=:7, 5y + 2s-~l=x. 

10. Find the angle between the line 

a;-l-?/ + 225 = 0, 2x — y-~2z — 1 = 0, 
and the plane Saj + bs: — 5?/4-l = 0. 

11. Write the equation of a plane parallel to the plane 

2a;-2^ + 7z-5=0, 

and passing through the point (0, 0, 0); through the point (-1, 1, “1). 

12. Write the equation of a plane perpendicular to the plane 

3jC“j“0^ — z-j-6 — 0, 

and passing through the two points (3, 1, 2) and (0, “2, -4). 

13. Find the distances of the points (7, ~2, 3) and (3, 3, 1) from the 
plane 2 a; + 5^ — z — 9 = 0. x^re they on the same side of the plane ? 

14. At what angle does the plane ax-{-by + cz-\- d = 0 cut each coordi¬ 
nate plane? Each coordinate axis? 

15. Find the equation of a plane through the point (1, 1, 1) and 
perpendicular to each of the planes 

2x-3y + 7s = l, x-i/-2z = -2. 

16. Write the equation of a plane whose distance from the point 
(0, 2, 1) is 3, and which is perpendicular to the radius vector of the 
point (2, “1, “1). 

17. Write the equation of a straight line through the point (5, 2, 6) 
which is parallel to the line* 

2.r-3z + y-2 = 0, x + yz + 1 = 0. 

18. Find the traces on the coordinate planes of tlie line 

2 r - 3 z + ?/ - 2 = 0, :f + y + z -f 1 = 0. 

19. Prove that the planes 

2 r — 3 // + z + 1 = 0. 

5 a: + z — 1 = (t 
19a- - 3y - 4z - 5 = 0, 
havo one line in common. 
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20. What is the equation of the plgine determined bj the line 

2a;-3g + 2/~2 = 0, a; + y + 2: + l = 0, 
and the point (5, 2, 6) ? 

21. Show analytically that the locus of a point equidistant from three 
given points is a straight line perpendicular to the plane determined by 
those three points. 

22. Derive equation [17] directly from a figure, without using equa¬ 
tion [16 J. 



CHAPTER IV 


EQUATIONS OF THE SECOIO) DEGREE 

QUADRIC SURFACES 

225. The locus of an equation of second degree. The most 
general algebraic equation of second degree in three variables 
may be written 

4- 4 4 2 Fyz -h 2 €hcz 4- 2 JFxy 4 2 Lx 4 2 My 

4 2A«4E: = 0. . . . [31] 

Any surface which is the locus of an equation of second 
degree is called a quadric surface, and is of particular 
interest because of its close connection with and analogy to 
the conic sections. In fact, every plane section of a quadric 
is a conic, as may be easily shown as follows. 

By Art. 207, any plane may be chosen as a coordinate plane, 
and the transformation of coordinates to the new axes will 
leave the degree of equation [81] unchanged; i,e,^ the new 
equation of the locus will still be of the form [31], though 
with different values for the coefficients. To find the nature 
of any plane section, choose the given plane as (say) the xy- 
plane of reference, and transform to the new axes; the new 
equation will be of form (1). Then let 2 = 0. The equa¬ 
tion of the section of the quadric is 

Aoi? 4 - By^ 4 - 2 Sxy 4 - 2 io: -f- 2 My 4 - jST = 0 ; . . (1) 

and this, by Art. 175, represents a conic. 

367 
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Moreover, the trace of the surface on any parallel plane, 
as ^ = a, is given by the equation 

Ax^ -f By^ -I” 2 Exy + 2(L 4- ah')x + 2(i!f + aF')y 

-f (6V + 2i!f^» + J5r)=0. ... (2) 

Now, by Arts. 177, 181, the loci of equations (1) and 
(2) are conics of the same species, and with semi-axes pi^o- 
portional; therefore their eccentricities are equal, and the 
curves are similar. Hence, all parallel plane sections of a 
quadric are similar cofiics, 

226. Species of quadrics. Simplified equation of second 
degree. ‘ As will be seen in the following sections, quadric 
surfaces may be conveniently classed under four species. 
For, although different plane sections of any surface will in 
general be conics of different species, still the general form 
of the surface may be characterized most strikingly by those 
plane sections which are ellipses, hyperbolas, parabolas, or 
straight lines. These species are called, respectively, ellip’- 
soids^ hyperboloids, paraboloids^ and cones; and each species 
has special varieties, depending upon the nature of a second 
system of plane sections. To study these species it will be 
well to simplify the general equation of second degree as 
much as possible by a suitable transformation of coordinates.^' 
A transformation of coordinates changing to a new 
rectangular system having the same origin as the old, by 
equations [14], will transform the given equation of second 
degree to 

-f B^y^^ + + 2 Eyz + 2 a^xz 4- 2 Wxy 4- 2 Ex 

^-2M^y^2N^z^K=0, . . . (1) 

where B\ ••• are functions of the nine direction angles 


^ Compare with Art. 176. 
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«i, «2' ••• of the new axes, which are limited by the six inde¬ 
pendent equations noted in Art. 207 . These angles, therefore, 
may be so chosen that three additional conditions shaU be 
fulfilled; hence, so that the coefficients I”, G', and S' shall 
vanish.- Then the new equation of the quadric will be 

A'x^+ B'y^+ 0'z^+ 2L'x+2 M'y + 2 N'z + A'= 0. (2) 

Now a second transformation may be made to a parallel 
system of axes through a new origin (^, k,f), by equations 
[ 13 ], giving for the new equation 

A'a? -f- B'y^ •+ Q'z^ + 2 B’'x -|- 2 M"y + 2 -|- A"' = 0, (3) 

in which and are functions of the coordi¬ 

nates A, A, and ^ ; and these coordinates may be chosen so that 
L’\ M'\ and N" will vanish, giving for the simplified form 
of the equation of the given quadric, 

A'x^ -1- .By + O'z^ -I- A"' = 0. . . . (4) 

It may happen, however, that the choice given above for 
the direction angles kj, •••, of the new axes is such that 

the coefficient of one more term of second degree, as -will 

also vanish ; then equation ( 4 ) would reduce to 

A'r^ + Ay-f.fir'=0, . . . (5) 

and the surface is a cylinder (Art. 210). Again, if also L", 
M", N" are not independent, and the values of h, k. j as 
given above are therefore indeterminate, then A, k. j may 
be chosen so that, for example, L". M", and K' shall vanish ; 
and the equation of the quadric becomes 

A'x? + B'y'^ + 2N"Z=()* . . . (6) 


* If the coefficients of two quadratic terms vanish, as B’ and C, a change 
of origin first, then of direction of axes, may be chosen so that the equation 
will reduce to the form (0). 
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The two forms of the quadric, not already discussed,^ 
have therefore for their equations, when simplified (dropping 
the accents), 

Ax^ + Bf + 0, . . . [32] 

and Ax^ + + 2 iVi = 0. . . . [33] 

A center of a surface is a point such that it bisects every 

chord of the surface which passes through it. It is clear 

that the locus of equation [32] is a central quadric, while 
the locus of equation [33] is non-central (cf. Art. 178). 


227. Standard forms of the equation of a quadric. For 

convenience of discussion, the intercepts of the locus of 
equation [32] on the coordinate axes may be represented by 
a, 5, (?, respectively, so that 


Then, since A, B, (7, and K cannot be all of the same sign, 
there will be three types of equation [32], according to the 
signs of A, B, <7, and K; viz.: 




= 1 , 


a? 'jfi 
+ & 



^ _ 1 

Similarly, equation [33] may be written for 
the typical forms 

a2 + -J2-®» 

^2-p=«' 


• • ( 2 ) 

• • (3) 

• • (4) 

convenience in 

. . (5) 

. . ( 6 ) 


^ An exceptional case occurs where the general equation can be factored 
into linear factors, and therefore represents two planes. 
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wlieiein, however, a and J are no longer intercepts as in 
(2), (3), and (4). 

Again, if tlie equation [32] has its constant term zero, it 
may be written in two typical forms, 


jg2 


= 0 , 


X^ y2 ^2 
a2 + p-^ = 


(7) 

( 8 ) 


These seven equations are standard forms of the equation 
of second degree, and will be discussed in turn. 


228. The ellipsoid: equation ^ + S^ + ^ = 1. 

equation 



From the 

• m 


the following properties of its locus may be derived ; 

(1) The traces on each coordinate plane are ellipses, having 


z 



^iG.m 
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the semi-axes a and h in the a;«/-plane, h and c in the yz- 
plane, and c and a in the J 3 a;-plane. 

(2) The traces on planes parallel to any co5rdinate plane 

are similar ellipses (Art. 225). 

(3) The equation may be written 

2/2 ^ z ^ _ . 

52(^2 _ a;2) (?(a^ — x^') 

a2 

hence for a plane section parallel to the ^; 3 -plane, the semi- 
axes are real if the value of x lies between — a and -h a, 
imaginary if beyond those limits, and zero if x= :t cc» More¬ 
over, the length of the axes diminish continuously from the 
values h and respectively, when rr = 0 to the value zero, 
when a; = ± 

Similarly for sections parallel to either of the other 
coordinate planes. 

(4) The surface is symmetrical with respect to each co¬ 
ordinate plane. 

This quadric surface, the locus of equation [34], is called 
an ellipsoid. It maybe conceived as generated by a variable 
ellipse, which has its vertices upon, and moves always per¬ 
pendicular to, two fixed ellipses, which in turn are perpen¬ 
dicular to each other and have one axis in common. 


From this definition equation [34] can be easily derived. Let 
CEA and A SB be fixed ellipses perpendicular to each other, and having 



the semi-axis OA in comnion, 
and the second axes OC and 
OB, respectively; and let SPR 
be the variable ellipse, with 
semi-axes AfS and MU. It 
OA, OB, OC be taken as the 
X, y, z axes, respectively; and 
P be any point on the moving 
ellipse, with coordinates OM, 
MM', M'P, then (by Art, 112), 
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M'P^ , MM' 


_ 4- _ 

MS 


MR^ . OM^ 


= 1 . ^ + 


06" 04-“ 


= 1 , 


1/S- ^ 0M-_ 

W ol^ 


i.e, + (1) 

i//e- ifs^ 


By equations (2) and (3). 


mb: , 


+ ^ = (2) 




MR^ = c'^il il/S^ = 62^1 


Substitution in (1) gives 4 - L ^ L = 1 . 


Every algebraic equation of the form 

represents an ellipsoid. If two of the coefficients of the 
variable terms are equal it is an ellipsoid of revolution, 
either an oblate or prolate spheroid; and if the three co¬ 
efficients of the variable terms are equal, it is a sphere 
(cf. Art. 218, eqs. (10), (11), and (8) ). 


229. The uu-parted hyperboloid: equation ^ ^ ^' 

From the equation 


the following properties of its locus may be derived : 

(1") The trace on the 2 :.y-plane is an ellipse, with semi-axes 
a and b ; while the traces on the yz- and zx planes are iiyper- 
bolas, having tlie semi-axes I and e, c and a, respectiveh', 
ami tlie conjugate axes along the a-axis. 

(2j) The traces on planes parallel to any coordinate plane 
are similar conics, ellipses or hyperbolas, respectively 
(Art. 225). 
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(3) The traces on the planes a? = a, i?? = — a, y = J, y = — 6 
are in each case a pair of intersecting straight lines. 



(4) The equation may be written 

_ 1 

_!l_=i 

J 2(^2 _ ^ 2 ^^ 2 _ ^ 2 ^ 


( 1 ) 

( 2 ) 


From equation (1) it appears that the trace on the 
^y-plane is the smallest of the system of ellipses parallel 
to that plane, and that the sections increase continuously 
and indefinitely as z increases from 0 to ± oo. 

From equation (2) it appears that the transverse axis 
of the hyperbolas parallel to the ys-plane is parallel to the 
y-axis. Similarly for the a:2J-sections the transverse axis 
is parallel to the a;-axis. 


229-230.] 


qXJABmC SURFACES 


875 


(5) The surface is symmetrical with respect to each co¬ 
ordinate plane. 

This quadric surface, whose equation is [35], is called an 
un-parted hyperboloid, or an hyperboloid of one sheet. It 
may be conceived as generated by a variable ellipse, which 
has its vertices upon and moves always perpendicular to two 
fixed hyperbolas, which in turn are perpendicular to each 
other, and have a common conjugate axis. Its equation 
can be readily obtained from this definition.^ 

Every equation of the form Aa? -|- By^ — Cz^ -- K^O 
represents an un-parted hyperboloid. If the two positive 
coefficients are equal, i.e., if a = b^ the quadric is the simple 
hyperboloid of revolution (Art. 218, eq. (12)). 


230. The bi-parted hyperboloid: equation 

ct o 

From the equation 


62 



[36] 


the following properties of its locus may be derived: 



^Cf. Art. 227. 
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(1) The traces on the xy- and g5a;-planes are hyperbolas, 
with semi-axes a and J, c and a, respectively, and with the 
transverse axis along the a?-axis, while the traces on the 
planes parallel to the 2 ^ 2 -plane are imaginary if x lies 
between a and — a, real ellipses if x is beyond those limits, 
and points if a; = ± a. 

(2) The traces on planes parallel to any codrdinate plane 
are similar (Art. 225). 

(3) The elliptical sections parallel to the y; 2 -plane increase 
continuously and indefinitely as x varies from + <^ to -j- oo, 
or from — a to — 00 . 

(4) The surface is symmetrical with respect to each 
coordinate plane. 

This quadric surface, whose equation is [36], is called a 
bi-parted hyperboloid, or hyperboloid of two sheets. It may 

be conceived as generated by a variable ellipse which has 
its vertices upon, and moves always perpendicular to, two 
fixed hyperbolas which in turn are perpendicular to each 
other, and have a common transverse axis. This definition 
leads readily to the equation [36]. 

Every equation of the form Ax"^ ~ — Oz^ — K= 0 rep¬ 

resents a bi-parted hyperboloid. If the coefficients of the 
two negative variable terms are equal, i.e., if h — c% the sur¬ 
face is the double hyperboloid of revolution (cf. Art. 213, 
eq. (13)). 

231. The paraboloids: equation = A discussion 

of the equation ‘ 

similar to that of the preceding articles shows that its locus 
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is as represented in Fig, 160, 
symmetrical with respect to \ 
the yz~ and ^a;-plane, but not 
with respect to the a^^z-plane. 

This quadric is the elliptic 
paraboloid, and may be con¬ 
ceived as being generated by 
a variable parabola which has 
its vertex upon, and moves 
always perpendicular to, a 

fixed parabola, the axes of the two parabolas being parallel 
and lying in the mme direction. This definition leads 
directly to equation [37].* 

Every equation of the form Ax^ + By^ — 2 Nz:=:0 repre¬ 
sents an elliptic paraboloid. If the two positive coefficients 
are equal, the quadric is a paraboloid of revolution (cf. Art. 
213, eq. (14)). 

Similarly, the equation = ^ * • • [38] 




* Sf(> Art. 
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has for its locus a surface as represented in Fig. 161. This 
quadric is the hyperbolic paraboloid, and may be conceived as 
generated by a variable parabola which has its vertex upon 
and moves always perpendicular to a fixed parabola, the axes 
of the two parabolas being parallel, but lying in opposite 
directions. Equation [38] may be derived at once from 
this definition.* 

Every equation of the form Ax^ — — 2 repre¬ 

sents an hyperbolic paraboloid. 


232. The cone: equation 


a .2 ^2 


C.y 


0. The equation 



2 2 

^ 4 - = 0 evidently is sat- 

(? 


isfied by the cobrdinates of only 
one real point, viz. the origin. 
No further discussion of this 
equation is necessary. But the 
equation 


0 


[39] 

has a locus of importance, liav- 
ing the following properties : 

(1) The origin is a point of 
the locus. 

(2) The trace on the xy- 
plane is a point. The traces 

on planes parallel to the a;^-plane are similar ellipscbs, whose 
semi-axes increase continuously and indefinitely as 25 increases 
from 0 to ± QO. 

(3) The trace on each of the other cofirdinate planes is a 
pair of straight lines which intersect at the origin. 


* See Art. 228. 
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(4) The surface is symmetrical with respect to each coordi¬ 
nate plane, hence also with respect to the origin. 

(5) The straight line through the origin and any other 
point of the locus lies wholly in the locus. 

This quadric surface is called a cone, and the origin is its 
vertex. It may he conceived as generated by a straight Ime 
which moves along a fixed ellipse as directrix, and passes 
through a fixed point in a straight line which is perpen¬ 
dicular to the plane of the ellipse at its center. 

Every equation of the form Ax^ -|- By^ — = 0 repre 

sents a cone. If the two positive coefficients are equal, it is 
a cone of revolution, or circular cone (cf. Art. 213, eq. (9)). 

The reasoning of Art. 225, applied to the special equation 
of the form [31] which represents a cone, gives an analytic 
proof of the fact that every plane section of a cone is a 
second degree curve (cf. Art. 48; Appendix, Note D). 

233. The hyperboloid and its 
asymptotic cone. The hyperboloid 

— 5 ! —1 

and the cone 

^ _ Q 

ly^ 

are closely related. It is clear 
that, since the equations differ 
only in the constant terms, the 
surfaces can have no finite points 
in common ; while as the values 
of // and z are iuciH'asod imhli- 
tho (‘((riH^spondiiig values 
fur s- froej the I \s o tMpnilioiis he- 
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come relatively nearer. In fact, the hyperboloid may be 
said to be tangent to the cone at infinity, and bears to 
the cone a relation entirely analogous to that between 
the hyperbola and its asymptotes. In the same way, 
the cone “ + ^ — ^= 0 is asymptotic to the hyperboloid 

m ^ * 

EXAMPLES ON CHAPTER IV 


1. Derive the equation [35] directly from the definition of Art. 229. 

2. Derive the equation [36] directly from the definition of Art. 230. 

3. Derive the equations [37], [38] directly from the definitions ot 
Art. 231. 

4. Derive the equation [39] directly from the definition of Art. 232 

5. Show analytically that the intersection of two spheres is a circle. 

6. Find the equation of the tangent plane to the sphere —u)- 
+ (y — -f (z — cY — r% at any point of the sphere. 

7. Show that the equation Ax-^x 4- Bij^y + Cz^z + AT = 0 represents 

a plane tangent to the conic, Ax^ + + Cz^ + K = 0, at the point 

(aTj, Zj) on the quadric. 

8. Find the equation of the cone with origin as vertex and the ellipse 

—f- ^ = 1 in the plane s = — 2, as directrix. 

9 4 


9. Find the equation of a sphere having the line from Pj= (x^, y/p 
to p 2 =(x 2 , ^ diameter. 

10, Show that a sphere is determined by four points in space. 

Write the equation of the quadric whose directing curves have tln^ 
equations: 


11 . 


4. 

2 3 




and 


3 9 


12 . = and 

9 4 


9 16 


13. = and = 

9 4 ’ 4 16 

14. = 16 X, and y/^ = Q x. 

15. — 4 y = 0, and + 3 y = 0. 
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NOTE A 

Historical sketch.* Analytic Geometry, in the form in which it is 
now known, was invented by Eene Descartes (1596-1650) and first pub¬ 
lished by him in 1637, in the third section of a treatise on universal 
science entitled “ Discours de la method pour bien conduire sa raison et 
chercher la verite dans la sciences/' He made the invention while 
attempting to solve a certain problem, proposed by Pappus, the most 
important case of which is: to find the locus of a point such that the 
product of the perpendiculars drawn from it upon m given straight lines 
shall bear a constant ratio to the product of the perpendiculars drawn 
from it upon n other given straight lines. By pure geometry this prob¬ 
lem had already been solved for the special cases when m = 1 and n = 1 
or 2. Pappus had also asserted, but without proof, that when m = n = 2, 
then the locus of this point is a conic. In his effort to prove this fact 
Descartes introduced his system of coordinates and found the equation 
of the locus to be of the second degree, thus proving that it is a conic. 

Analytic geometry does not consist merely (as is sometimes loosely 
said) in the application of algebra to geometry: that had been done by 
Archimedes and many others, and had become the usual method of pro¬ 
cedure in the works of mathematicians of the sixteenth century. But in 
all these earlier applications a special set of axes were required for each 
individual curve. The great advance made by Descartes vras that he 
saw that a point could be completely determined if its distances, say o' 
and ?/, from twm fixed lines, drawn at right angles to each other, in the 
plane, were given : and that though an equation f{x, y)=0 is indetermi¬ 
nate and can be satisfied by an infinite number of values of and //, yet 
these values of r and y determine the coordinates of a number of points 
which form a curve of which the equation f{x, y) = 0 expresses some 
geometric property, i,e., a property true for every point of the curve. 
IMoreover, he saw^ that this method enables one to refer all the curve> 
tlmt may be under investigation to the mine set of ax^s^; 

q'akeii (“liietly from Ball’s llistuxy of Mathematics. 
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order to investigate the properties of a curve it is sufficient to select any 
characteristic geometric property, as a definition, and to express it as an 
equation by means of the (current) coordinates of any point on the 
curve; i.e., to translate ■ the definition into the language of analytic 
geometry—the equation so obtained contains implicitly every property 
of the cm-ve, and any particular property can be deduced from it by 
ordinary algebra. 

While the earlier geometry is an admirable instrument for intellectual 
training, and while it frequently affords an elegant demonstration of 
some proposition the truth of which is already known, it requires a 
special procedure for each individual problem; on the other hand, 
analytic geometry lays down a few simple rules by which any property 
can be at once proved. It is incomparably more potent than the 
geometry of the ancients for all purposes of research. 


NOTE B 

Construction of any conic, given directrix, focus, and eccentricity. Let 
D'D be the directrix, F the focus, and e the eccentricity of a conic 
(cf. Part I, Art. 48), to plot the curve. 



Construction: Draw ZFX perpendicular to D'D, and ZW that, 
if a = ZXZW, tan a = e. Now draw FR perpendicular to ZF, cutting 
ZW then i? is a point of the conic ; it is the end of the latiis rectum. 

Bisect the right angles at F by FH^ and FIR, intersecting ZW in TT^ 
and 7 / 2 , and draw H^A and H^A' perpendicular to ZX\ then A and A' 
are points on the curve; they are the vertices of the conic. 
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Again, from any point G between and on ZW, draw MG per¬ 
pendicular to ZX, cutting it at Af; and from F as a center with MG 
as radius describe an arc cutting MG at P. Then P is a point of the 
curve. 

FR 

Proof: for the point P, = tan a = «; 

ZF 

for the point ^ ^ = ^^tana = e; = 45°] 

for the point P, = tan a = e: 

hence the points P, and P are such that their distances from the 
directrix and from the focus are in the ratio e ; and each is therefore, 
according to the definition given in Art. 48, a point of the conic. By 
plotting various, points P (and the symmetrical points P') and connecting 
them by a smooth curve, the conic may be plotted to any required degree 
of accuracy. 

If a<45°, then tana<l, i.e., e<l, and the conic is an ellipse; if 
a — 45°, the conic is a parabola; and if a>45°, the conic is an hyperbola 
(cf. Part I, Art. 48). 

NOTE C 

The special cases of the conics. The locus of the second degree curve 
has been seen to have three species, according as e<l, e — 1, or e>l. 

If 6 = 0, then, since h is defined by the equation = a-(l — e-), b = a. 
and the curve is an ellipse with equal axes, i.e., it is a circle; in this case, 
also, the directrix is at infinity and the focus at the center, for the equa¬ 
tion of the directrix is x - and the distance from the center to the 
e 

focus is ae (cf. Part I, Arts. 110, 110). 
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Again, suppose the focus F to be on. the directrix. Then, if P is any 
point of the locus, and LP perpendicular to FD, 

FP = e^LP, , . . (1) 

and dmPFL=^ = h ... (2) 

FP e 

hence the angle PFL is constant, with two supplementary values for a 
given value of e. 

The locus consists therefore of two straight lines intersecting at jP, 
and equation (:2) shows that: 

if g > 1, the lines are real and different; 

if e = 1, the lines are real and coincident; 

and if e < 1, the lines are imaginary, and the real part of the locus 
consists of the point F. 

Suppose now the directrix, with the focus upon it, to be at infinity; 
then, if e > 1, the locus is a pair of parallel lines. 

These results agree with those already summarized in Art. 182. 


NOTE D 

Sections of a cone made by a plane. The following proposition is 
due to Hamilton, Quetelet, and others (see Taylor’s Ancient and Mod¬ 
ern Geometry of Conics, p. 204). 

K a right circular cone is cut by a plane, and two spheres are inscribed 
in the cone and tangent to this plane, then the section of the cone made 
by the plane is a second degree curve (cf. Part T, Arts. 48, 175), of which 
the foci are the points of contact of the spheres and the plane, and the 
directrices are the lines in which this plane intersects the planes of the 
circles of contact of the spheres and the cone. 

Construction: Let 0-VW be a right circular cone cut by the plane 
HK in the section RPSQ, P being any point of the section. Inscribe 
two spheres, C-ABF and C'-A'B'F, whose circles of contact with the 
cone are AEB and A'£^'5', respectively, and which are tangent to the 
plane HK in the points F and F'. Through P draw the element OP of 
the cone, cutting the circles of contact in the points E and E'. Also 
pass a plane MN through the circle AEB, and therefore perpendicular 
to the axis OCC' of the cone; it will intersect the plane HK in a straight 
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line GDL, which is perpendicular to the straight line FF. Draw PL 
perpendicular to GDL. 



Then PL makes a constant angle 0 {—LFDA) with the plane 
[since PL is parallel to F'F^, and, if p represents the distance from the 
point P to the plane MN, 

jo = PZsind . . . (1) 


Also PE, being an element of the cone, makes a constant angle a 
with the plane MX ' 

" P — ... (2) 

Again, since tangents from an external point to a sphere are equal, 


PE = PF. 
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Hence, from equations (1), (2), and (3) 

= c, a constant, • • . 

PZ since ' 

z.e., the ratio PF : PL, for every point P of the section SPRQ, is constant, 
and (Part I, Arts. 48,175) the section is a second degree curve, with a focus 

at F, directrix GDL, and eccentricity — 

sin a 

Similarly, F' is the other focus, and the line of intersection of the 
planes ZIK and A'E'B' is the other directrix of the conic SPIiQj hence 
the theorem is established. 

Moreover, the plane VW, being perpendicular to the axis of the cone, 
and OVW, being a section made by a plane passing tlirough the axis, 
a = ZOVW, and is constant for a given cone, while ^ = A OSM, and 
varies only with the plane HK. 

Hence the eccentricity varies with the inclination of the plane HK, 
and there are the three following cases: 

if ^ < (X, then e < 1, and the section is an ellipse; 

if ^ then e = and the section is a parabola; 

ii 6 > a, then 6 > 1, and the section is an hyperbola. 

Again, if the cutting plane HK passes through the vertex 0 of the 
cone, then the focus F is on the directrix GDL, and the section will be 
either a pair of straight lines or a point: 

if ^ the section is a point, the vertex 0 of the cone. 

if ^ = a, the section is a pair of coincident straight lines, an element of 
the cone; 

if ^>a, the section is a pair of intersecting straight lines, two elements 
through the vertex (cf. Note C). 

It is, of course, evident that for every elliptic section of the focal 
spheres both lie in the same nappe of the cone, and touch the plane of 
the section {HK) on opposite sides; while for every hyperbolic section 
these focal spheres lie one in each nappe of the cone, and both on the 
same side of the plane of the section. 

In the above proof, for the sake of simplicity, a right circular cone 
was employed; it is easy to show (see Salmon’s Conic Sections, p. 320) 
that every section of a second degree cone (right or oblique) by a plane 
is a second degree curve. 
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NOTE E 


i"'" “Z3“^!/““ “'“”'“‘^’'*™>» 

ifzt sz” “{ri »'°^”"^VpZ,r,z 

nearly to that of a parabola having the same vertex and focus. 



This is easily shown as follows: 

at i?Lft hfn? 

at Its left-hand vertex, as coordinate axes, is (Part I, Art. 112) 


(X - r,)-l ,/- 

*2 - ■>■- 

■which may be written in the form 

f=^x-^A . . 

a a- 

If now the fixed distance OF be represented by p, then 

P = OF — OC — FC = 0 — V<i- — b-, 
whence JP = 2ap-p'^- 

O IF) 

therefore 


a 


= and = 

d-" a </- 


a 


(1) 


(?) 


*■ Tins fact is of importance in astronomy in connection with the behavior 

of comets. 
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Substituting these values in equation (2) it becomes 



and the limit of this equation as a approaches co,remaining constant, is 

y'^-=.^px\ • • • (‘^) 

which is the equation of aq)arabola, and the proposition is proved. 

In the same way it may be shown that the parabola is the ihnit to 
which an hyperbola approaches when its center moves away to infinity, 
a vertex and the corresponding focus remaining fixed in position 
(cf. also Note D). 


NOTE F 


Confocal conics.—-Two conics having the same foci, and Fg, are 
called confocal conics. Since the transverse axis of a conic pisses through 
the foci and its conjugate axis is perpendicular to, and bisects, the line 
joining the foci, therefore confocal conics are also be., they have 

their axes in the same lines. If the equation of any one of sucli a system 
of conics is 




0 ) 


and if X is an arbitrary parameter, then the equation 


or -}- X b" ■+■ X 


= 1 


( 2 ) 


will represent any conic of the system. For, a and h })eing constant, and 
a>b, equation (2) represents ellipses for all values of X betwo'en co 
and -hyperbolas for all values of X between - //- and - and 
imaginary loci when X< —moreover, the distance from the center 
0 to either focus for eacli of ib(‘sc curves is 

-f X) — (/>“ + X), 

which equals Va- - //\ and is therefore constant. 

The individual curves of tlni system repr(‘S(mi(*d hy eipiation (11) are 
obtained by giving particular values to X, eacli vabie ot X (hhnrmining 
one and but one conic. If any one of these conics is chosen as the 


^ Coaxial conics are, liowevor, not necessarily confocal. 
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fundamentaJ come, and represented by equation (1), then each of the 
o lei conies o t e system may be designated by its appropriate value 



Through any assigned point, Pi=(a:,, y,), of the plane, there passes one 
ellipse and one hyperbola of the system represented by equation (2). 
bor substituting the coordinates and of in equation (2), it gives 
the quadratic equation 


or -j- A. 6*-^ -f- X 


for the determination of X. Equation (3) gives two values of X, hence 
two conics of this confocal system pass through P^. That one of these 
is an ellipse and the other an hyperbola is shown as follows: the quad¬ 
ratic function in X 




is negative when X = + and, as X decreases from + x to — x, this 
function becomes positive just before X - — h% negative again just after 
X = — h% and positive again just before X = -(7“; hence, of the two 
roots of equation (3), one lies between — hr and x, and the other between 
— efi and ~ and therefore of the two confocal conics which pass 
through Pj, one is an ellipse and the other an hyperbola. Aloreover, the 
two confocal conics which pass through any given point, as = (xp yj), 
of the plane intersect at right angles. This is easily seen geometrically 
thus: connect Pj with the foci and P^, then the tangent P^Pj to the 
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hyperbola through bisects the iuterior angle between 1\1\ and P^P^, 
while the tangent P^Pg to the ellipse through this same point bisects the 
external angle formed by these two lines (cf. Part I, Arts. 148, 1(555); 
these tangents are therefore at right angles, hence (cf. Part I, Art. 100) 
the conics intersect at right angles. 

This fact could also have been readily proved analytically by compar¬ 
ing the equations of the two tangents. 

Remark 1. It is easily seen that as X approaches - from the positive 
side, the ellipses represented by equation (2) gro w mor e and more flat 
(because the length of the semi-minor axis H- X approaclxes 0), 
approaching, as a limit, the segment of the indefinite straight line 
through the foci. On the other hand, if X approaches - from hdow, 
then the hyperbolas grow more and more fiat, approaching, as a limit, 
the other two parts of this line. Again, if X approaches — from 
above, the hyperbolas approach the ?/-axis as a limit. 

Remark 2. Since through every point of a plane there passes one 
ellipse and one hyperbola of the confocal system represented by equation 
(2), and but one of each, therefore the two values of X which determine 
these two curves may be regarded as the coordinates of this point; they 
are known as the elliptic coordinates of the point. If the rectangular 
coordinates of a point are known, the elliptic coordinates are easily found 
by means of equation (2). 

E.g,, let ?/i) be the point in question, then the elliptic coor¬ 

dinates of Pi are the two values of X, which are the roots of equation (3). 
So, too, if the elliptic coordinates are given, the Cartesian coordinates can 
be found. 

Remark 3. The above observations concerning confocal conics are 
easily extended to; confocal quadrics, Le., to quadric surfaces whose 
principal sections are confocal conics. They are represented by the 
equation 

I ?/^ I -1 

a^ + X b'^ + X c^- + X ■ 

1885 7 
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